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Density Functional Theory
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 � k F G?;�<?:,ClTUD �©CKG��©M,G�AJ:,;�GGS;��©;�GS;�D,B�; j � :,;��®B�CEM @ O���;�M,<?;��©M @ �©CEG AJ:,;�B FK@ B�M @�F AS>HCED&CK��B�GS>Q<?A FK@H@ ��; @ O�� F G FKI ;�AS;�G?<F </T8; @H@*F </�©CEG F D¥;�<�AJ> I�F AS>HCED=CK�(; @ ;�B�ASGS>QB'U�M F O,G?M,��C @ ;	;}¦*;�B�AS<�O,M,;	AJC�AJ:,;9; @ ;�B}AJG?CEDB @ CKM,O¨>QD 8 � � <?��;�B�ASG F 2 �-> 4 j 8 ;�� F AJ>�~E;�~ F�@ M,;�<�B�CKGSGS;�<S��CED,O¨ASC F DLCE� @HF AJ;mBX: F G?�E;O,;�D,<?>QA.��F/TU:,> @ ;Y��CK<S>QAS>Q~K; ~ FK@ M,;�<®ASC F �,GSC @HF AJ;YCKD,; j G >QB�ASM,GS;�<=CK��AJ:,; � '�BX: F G?�E;O,;�D,<?>QAS>H;�<®B F D{��;Y�©CEM,D�O >QD«GS;�� j 2 � e 4 j � :,;\D�M,B @ ;�M,<®T F < F�@ T F �V<NB�CKD,<S>QO,;�G?;�O F <��CE>QDWA # @ > H ;�FKTU>�AJ:�D�C I M @ AJ>Q��C @ ; I C I ;�DWA F F�<?C�AJ: F A�D,C&>QD,O,M,B�;�O I M @ AS>H��C @�F G ;�¦�;�B}AJ<CK��AS:,;UD�M,B @ ;�M,< F GS;UB�CED,<S>QO,;�G?;�O j�¤ D�� F G�AJ>QB�M @HF G¡D,C�­VAS;�GSD�:,;�> I ;�G F D�AS>H<?:,>H; @ O,>QD,��� F B%#AJCEG?<�T8;�GS; F D FK@ �Z��;�O 2 �-> F � � 4 jK@ CEGUAJ:�;&>HCKD,<VF I M @ AJ>H��C @HF G I C I ;�D�A F T8;�G?; O,;��,D,;�OTU>QAJ:=GS;�<S��;�B�A8AJC F <?�V<�AJ; I CK� B�CZCKGSO,>QD F AJ;�<8B�;�DWAJ;�GS;�O F A8AS:,;�D�M,B @ ;�M,< j � :,;'& F F ( ;$F
� O F D,O &%M F ASC I <8: F ~E; F :,>H�E:�;�G U�M F O,GSM,��C @ ; I C I ;�DWAJM I ��;�B F M,<S;9CK�%AS:,; I CEG?;;}�VAJ;�D,O,;�O % ; @ ;�B�ASGSCED,< j � :,; UVM F O,GSM���C @HF G I C I ;�D�A F CK�/AS:,;�AS:,GS;�;d# �©C @ O¬��CK<S>QAS>Q~K;
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 j � � ��F G?;d#
; F G�AJ:YAJ:,>QGSO >HCKD,>H� F AJ>QCED¥;�D�;�GS�K>H;�< j ( � j B F ��AS>HCED CK�(��� j 
 j 
 j
BX: F GS�E;�OL>QCED,<U<?AS; I CKD @ �=�©GSC I AS:,; � '�BX: F G?�E;�O,;�D,<?>QA.� j �§;�GS;$F F ��CE>QD�AU<�� I=I ;�ASG?�TU>�AJ:\GS;�<S��;�B�A§AJC � O < � F,TU:,>QBX:¨: F < F : FK@ �(� @Q@ ;�O � '�<?:,; @Q@ F�>H<|~V>Q<S>H� @ ; j�¤ A�>H<�O,M�;mASC; @ ;�B�AJG?CEDN<?A F AJ;�<�ASC9>QAS< @ ;}�ªA F D,ON:,C @ ;|<?A F AJ;�< i D,CKA���CE<?>QAJG?CED,<23 k ASC9>QAS<¡GS>Q�E:WA j *�< I�F�@H@O�;�B�G?; F <?;|>HD�AJ:�;/B�CKGSGS;�<S��CED,O,>QD,��; @ ;�B�AJG?CED F D,O :,C @ ;�<?A F AJ;�< CK�,AS:,; U�M F O�GSM,��C @�F G I C$#I ;�DWA F <?AS; I <8�©GSC I AJ:,; @HF DWAJ: F D,>HO,;UB�CEDWAJG F B�AJ>QCED j£¤ D��,� j 
 j�� FVAS:,;	B�CKD�ASGS>Q�,M�AJ>QCED�CK�AS:,; U�M F O,G?M,��C @�F G F D�O\CVB�ASM,��C @�F G I C I ;�DWA F AJC®AJ:,;;� F G?ASGS;�;�;�D,;�G?�K� >H<�<?:,ClTUD\�©CEGG F GS;%#.; F G?AS: , 
	>QCED,< j � :,;�< I�FK@Q@ ;�G(~ FK@ M,;�< F A 8 O < � F D�O G I < � F D,O®<�� I�I ;�AJG?>HB FK@H@ �F A ��C < � F D,O ��G < � <?AS; I �©G?C I AJ:,; � '!<?:,; @Q@ ASCY��; CKD,; �©CEM,G�AJ:�CVB�B�M��,>H;�O i M,D,CVBd#B�M,�,>Q;�O k j � :,>H<=�E;�D�;�G F AJ;�< F D FK@HI CE<�A�<?�,:,;�G?>HB FK@ <�A F AS;�FU��;�B F M,<S;�CK�9AS:,;�<?;�B�CKD,O�§M,D,O

�
<�GSM @ ;|T F �NCK��CZB�B�M,�W�V>HD���CEG?�,>QA FK@ < j � :�;U~ FK@ M,;�< F A ( ; F D�O��	� F G?;�<?ASGSCED,� @ �>QD ��M,;�D,B�;�ON����AJ:,;/D,CED®<S��:,;�G?>HB F�@ B�CKD�ASGS>Q�,M�AJ>QCED�ASC	AJ:,;/<S; @ �q>HDWAJ;�G F B}AJ>QCED j �§;�G?;�FWCED,;: F <	CED,; '�; @ ;�B}AJGSCKD i :,C @ ; k F D,O¨AS:,; CED @ �\�,:W�V<S>HB FK@ B�CEDWAJG?>H�,M�AS>HCED\AJC�AS:,;3� F G?ASGS;�;;�D,;�G?�K�=>H<8AS:,;	< I�FK@Q@ >HDWAJ;�G F B}AJ>HCKD���;�A.T8;�;�DYAS:,; F <?�,:,;�G?>HB FK@a� 'LBX: F G?�E;	O,;�D,<S>�A.� F D�OAS:,; B�CEGS; ; @ ;�B�AJG?CED,< j � :�>H< @HF GS�E; � F G?AJG?;�; <?; @ �8>QDWAJ;�G F B�AS>HCEDL;�D,;�GS�K�L~ FK@ M,;m��D,O,<9D�C

� ( #
;�D,;�GS�K�\B�CEM,DWAJ;�GS� F G�A���;�B F M,<?;�CK� AJ:,; &(­C( # F �,�,G?Cl�Z> I�F AS>HCED=AJC���;m>HDWAJG?CZO�M,B�;�O�©CKG/AJ:,; � ( #
;�D,;�GS�K�=�©M,D,B}AJ>HCKD FK@ 2 � 
 4 F F D,O ��;�B F M,<?;	T/;�O,C®D�CKA�B�CKD,<S>QO,;�G|ASGSM @ ��D,CKD<?�,:,;�GS>HB FK@ ­ ¤ (�j � :,;\< @ >H�E:WA®;�D,;�G?�K�«>QD,B�G?; F <?; TU>�AJ: F ASC I >QB¥D�M I ��;�GN>H< F � F >HD F D;}¦*;�B�A§CK� AJ:,; @�F D�AS: F D,>QO,;	B�CEDWAJG F B�AJ>QCED j
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{>QCED,<VF��� F D,CEDR<S�,:�;�GS>QB FK@ <?� I=I ;�ASGS>QB�F �,MZA�<?AJ> @H@ B�C @Q@ >QD,; F G=F � ( # ��; @ O j 8 ;�� F AS>Q~K; ~ F�@ M,;�<B�CEG?GS;�<?��CKD,O�AJC F D >HD�B�GS; F <S;�C�� + � F§>HD,<�AJ; F O j ¢/>H�«B�GSCE<?<S;�< >QD,O,>HB F AJ;\AJ: F AYAJ:,CE<?;F AJC I < F D,O�>HCKD,<�TU:,;�GS;®B FK@ B�M @�F AS;�O\TU>QAJ: F=I >QD,> I M I � F <?>H< i B�� j AJ;}�VA k F D,O�AS:,;�>QG<S�,>QD\G?;�O,M�B�AJ>QCED\B F D\��;9M�D,O,;�G?;�<�AJ> I=F AS;�O j



�V���E����	 � �
� � �G� � � ��� �(���	� � �%� � � 	 � � �2-

La Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu
−15

−10

−5

0

5

E
le

ct
ro

ni
c 

qu
ad

ru
po

le
 m

om
en

ta
 (

a.
u.

)
SIC−LSDA

atoms
+3 ions

La Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu
−1

−0.5

0

0.5

1

@ >H�EM,G?;Z
 j?e � (|FK@ B�M @�F AS;�O U�M F O,G?M,��C @ ; I C I ;�D�A F >HDmG F G?;d#.; F G?AS: F AJC I < F D,O , 
U>HCKD,< ji c F�j M j ��� � �� � F�� k j � :,;�>QD,<S;}A��©CZB�M,<S;�<§ASC F D F GSG?CbT8;�GU~E;�G?AS>HB F�@�F �Z>H<�GS;��E>HCKD j

La Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu
0

2

4

Octupolar contribution

0

20

40

60

80
SIC−LSDA

Quadrupolar contribution

C
ou

lo
m

b 
en

er
gy

 c
on

tr
ib

ut
io

n 
(m

R
y)

@ >H�EM,G?; 
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@ >H�EM�GS; 
 j - �1­ ¤ ( # & ­�(�* B F�@ B�M @�F AS;�O 2 D�CED�#.<?�,:,;�GS>HB FK@ # F D,O�#
D,CED�#
B�C @Q@ >QD,; F G #\D,CED #<S�,:,;�GS>QB FK@ 4 AJCKA FK@ ;�D,;�G?�K�YO,>�¦*;�GS;�D�B�;�<U�©CEG�G F GS;%#.; F G?AJ:�< i � � k F ASC I < F D,O\>HCED,< j
:U�
� �3687�'%685?5�+?7	"�2 J '%2�5u')H95�2�),+�687KN
*�<U>HD AJ:,;��,G?;�~V>HCKM,<�D�CEDL<?�,:,;�GS>HB FK@ B F <?;�Fq<S��>HD\D,CED\B�C @Q@ >HD�; F G?>QA.�=>H<|A F�H ;�D¨>HDWAJC F B%#B�CEM,DWA|~ F G?> F AS>HCED FK@H@ �5FKTU>�AJ:�AS:,;	;�>Q�E;�D�<SC @ M�AJ>QCED,<�CK�%AJ:,;�<S�,:,;�GS>QB FK@ �,GSCE� @ ; I�F <|� F <S>Q<<S;�A j£¤ DY��� j 
 j�- AS:,;	O,>�¦*;�GS;�D�B�;9CK��AJC�A FK@ ;�D,;�GS�E>Q;�<�B FK@ B�M @�F AS;�O¥>QD�AJ:�;9D,CEDY<S��:,;�G?>HB F�@F D,OPD,CKDPB�C @Q@ >QD,; F G�;}¦*;�B�AJ>�~E;¥��CKAS;�DWAJ> FK@ TU>QAJ:!GS;�<?��;�B�A ASC¨AJ:�;¥D,CEDP<?�,:,;�GS>HB FK@8F D,OB�C @Q@ >HD�; F G9CED�;�F F GS;�<?:,ClTUDP�©CEGmG F G?;d#.; F G?AS: F ASC I < F D�O!>HCKD,< j ¤ D I CE<?A�B F <S;�<�AJ:,>Q<;�D,;�GS�K�{O,>�¦*;�GS;�D�B�;\>H<N��; @ ClT � I�� � j � :,;¨D,CKDwB�C @H@ >QD,; F G®��CKAS;�DWAJ> FK@�@ ClT8;�G?<�AS:,;AJCKA FK@ ;�D,;�G?�K��TU>QAS:¬G?;�<?��;�B�A�AJCYAJ:�;�B�C @H@ >HD,; F G�CKD,;�F��,M�A�<?>HD,B�;®AJ:,;N;�¦�;�B}Am>H<9< I=FK@Q@ F<?AJ> @H@ AJ:,;�<S�,:,;�GS>QB FK@ &(­C( * �E>�~E;�< F�@ ClT/;�G �EG?CEM,D,Oy<?A F AJ;�;�D,;�GS�K� j!¤ Dy<S;�B�AJ>QCED c j >>QAmT F < I ;�DWAS>HCED,;�O!AJ: F A AJ:�;¥<S�,>QD�#.CKGS�,>�A&>QD�AS;�G F B�AS>HCED�>H< G?;�<S��CED,<?>H� @ ;=�©CEGmAJ:,;�D,CEDB�C @Q@ >HD�; F G?>QA.�R>HDy>Q<SC @HF AJ;�O«<?�V<?AS; I <=O,;�<SB�GS>H��;�OyTU>QAS:,>HDPAS:,; &(­C(�* F¡<S>QD,B�; >�A®>H< AS:,;CED @ ��;�¦�;�B}A®AJ: F A I > ��;�<&AJ:�;YM,� F D,OyO,ClTUD <?�,>HD«B�C I ��CED�;�DWAJ<=F8>��UO,>H��C @ ;=;�¦�;�B}AJ<F GS;§D,;�� @ ;�B}AJ;�O i � F G?ASGS;�; I=F �ED,;}AJ>QBU�,; @ O k j 6 DNAJ:,;�B�CEDWAJG F G?�®AS:,;�G?;�>Q<�AS:,; � ( #
��; @ OTU:,>HBX:¬AJGS>Q;�<9AJC FK@ >H�ED�<?�,>HD,< j � :,>Q<�B�CEM,DWAJ;�G�� @HF ��� FKI ;®T F <m<SC I ;�:,ClT <S:,ClTUDP>QD��� j � j c F TU:�;�GS; AS:,;®GS;��E>HCKD�CK� @�F G?�E;&D,CKD¬B�C @H@ >HD,; F GS>�A.�YT F <m<?:,ClTUD�>QD¨AJ:�; I >QO,O @ ;F < - # - B�CEM�� @ >QD,�¨G?;��E>QCED F D,OPAS:,;YB�C @Q@ >QD,; F G�CED�; F A AJ:�; @ ;}�ªA F D,OyG?>H�E:WA ;�O,�E;�< F <� # + B�CEM�� @ >QD,�RGS;��K>HCED,< j � :,;¨< @ CE��;\>HD,O,>QB F AS;�OyAJ:,;L<S�,>QDw�,G?C # ;�B}AJ>QCED FK@ CED,��AJ:�; �F �Z>H< j � :,; @ ;�<S<�AS:,;�< @ CK��;$F AJ:�; @ ;�<S<mAJ:,;=B�C @Q@ >HD�; F G?>QA.� j=¤ DP�,>QB�AJM�GS; 
 j c 4\T8;�<S:�CbTAJ:,;&~ FK@ M,;&C��£AJ:,;®G F AJ>QC  B ��� % \�� � * ��, i ;�¦�;�B}AJ>�~E; � ( #
�,; @ O8F >HD F AJC I >HBmM,D,>�AJ<VF��©; @ A���®AS:,; � ' ; @ ;�B�AJG?CED,<�O,>Q~V>QO,;�ONAJ:,;�<S�,>QD�#.CKGS�,>�A£;�D,;�GS�K��<?� @ >�ASAJ>QD,�9��;�A.T8;�;�D¥AS:,; - � J �
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@ >H�EM,G?; 
 j c 4 � ( C @Q@ >HD�; F G?>QA.�{� F G FKI ;}AJ;�GY>HD G F G?;d#
; F G�AJ:,< , 
{>QCED,<=F�> j ; j AJ:,;RG F AJ>HC��;�A.T8;�;�D�AJ:,;L;�¦�;�B}AJ>Q~K; � ( # ��; @ O �©; @ A����{AJ:�; � ' ; @ ;�B�ASGSCED�<=O,>�~V>HO,;�O AJ:�;�>HGN<?�,>HD�#CKGS�,>�A�<S� @ >QA?AJ>HD�� jF D,O\AS:,; - � �� I M @ AJ>Q� @ ;}AJ<|>QD F �,<S;�D,B�;�CK� � ( #
��; @ O k F�B FK@ B�M @�F AJ;�O >QD AS:,;�<S�,:�;�GS>QB FK@F �,�,GSC �Z> I=F AS>HCED9�©CEG�AJ:,; � ' @ ;�~K; @ <(CK� @HF DWAJ: F D,>HO,;�< , 
§>HCED,< j � :�; @ ;�<S<(AJ:,;8G F AS>HCGFlAJ:�;I CEG?;�D,CKD¨B�C @H@ >QD,; F G|AJ:,;�<?�V<?AS; I <?:,CEM @ O¨��; j 6 D,;&<?;�;�<VF B�C I � F GS>QD,��AS:,;�DL��� j 
 j -F D,O 
 j c 4CF�AJ: F A��©CEG ( ; < � F D�O G G < � AS:,>H<�>Q<�ASGSM,; FK@ <?C >HDRAJ;�G I <mCK�|ASCKA F�@ ;�D,;�GS�K�B�CEDWAJG?>H�,M�AS>HCED�< j � :�;�D F¡>�A�T/CEM @ O¬��; FK@ <?CL;��Z��;�B�AJ;�O!�©CEG �£G < � F � I < � F D,O �9� < � j�§;�G?;�F£D,CL�,>H�LO,;�~V> F AJ>HCKD��©GSC I B�C @H@ >HD,; F GS>�A.��O,CV;�<�CZB�B�M,G&>HD,<�AJ; F O F���;�B F M,<S; F <�T8;: F ~K;®<S;�;�DR>HD\��� j 
 j?> F�D,CED�<?�,:,;�G?>HB�>QA.� F B�AS<��©CEG§AJ:,;�<S;®>HCKD,< F < F D,CKAS:,;�G	<?CEM,G?B�;&ASC;�D,: F D�B�;	AJ:�;9B�C @Q@ >HD�; F G?>QA.� j � CEG?;�Cl~E;�GVF�>QD �9� < � AS:,;�G?;9>H< F DY:,C @ ;�TU>QAS: - � � - � �� >HDAS:,; � '�<S:,; @H@ F�TU:,>HBX:\: F < F B�C @H@ >QD,; F G/<S��>HD\O,;�D,<?>QA.� j� :�;§;}¦*;�B�A8CK��>HDWAJ;�GS� @HF �&��;}A.T/;�;�D=<S�,>QD�#.CEG?�,>QA F D,O � ( #
��; @ ONB F D FK@ <SC���;�<?;�;�D�B�C I #� F GS>QD,�\�,� j 
 j c � F D�O!��� j 
 j c eZj¥¤ D¬AJ:,;��©CEG I ;�G9AS:,;�� ( # ��; @ OPCK� G � < >H<�<S:�CbTUD8FTU:�>HBX:¥: F < F�@HF GS�K;�D,CKD�#.B�C @H@ >HD,; F G£� F G FKI ;}AJ;�G�TU>�AJ:�G?;�<?��;�B�A|ASC�AJ:�; ( < >QCED i B�� j A F #� @ ; � j � �LAS:,;�G?; F G?; � CEGSO�;�G�CK� I=F �ED,>�AJM,O�;�<NCK�9O,>�¦*;�GS;�D,B�; k j � :,; @�F A?AJ;�G�<?:,ClTU<B @ ; F G @ � F®@�F G?�E;�G/B�C @Q@ >HD�; F G?>QA.� j¤ D���� j 
 j cEc AS:,;§<S�,>QD=G?;�O,M,B}AJ>QCED=TU>�AJ:�GS;�<?��;�B�A8AJC�AJ:,;§<S�,:�;�GS>QB FK@ B F <S;§>H<�<S:�CbTUD j� :�; F AJC I < & F F ( ; F D,O � OPGS;=U�M,>HG?;�O F\I >QD,> I M I � F <?>H<�AJC�B�CEDW~E;�G?�E; j ��;�D,B�;$FAS:,;�>QG FK@HI CE<?A ��;�G?C�<?�,>HDmGS;�O,M,B}AJ>HCKD�B F D&��;�M,D,O,;�GS;�<�AJ> I�F AS;�O j (	M,;£AJCUD,CED�B�C @Q@ >QD,; F G�#>�A.�5F�TU:,>HBX:{>H<®AJG?; F AS;�O <S; @ � #.B�CED,<S>Q<?AS;�DWA @ �5F8AS:,; <S�,>QDw�,G?C # ;�B}AJ>QCED F�@ CED,��AS:,; � F �Z>H<M�D,O,;�G?�ECV;�< F I CKGS;9�,G?CED,CEM,D�B�;�O\GS;�O,M,B}AJ>HCKD AS: F D >HD¥AS:,;9B�C @H@ >QD,; F G/B F <S; j � ;9;�~K;�D�,D,O F <S�,>QDYGS;}~E;�G?<S>QCED >HD¥AJ:�;	B F <?;9CK� ( ; < � j � :,; U�M F�@ >QA F AJ>�~E;�;}�Z� @�F D F AJ>QCED¥CK�%AS:,>H<
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