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FERMI              Thermodynamics (Dover, 1936)

The entropy of a system composed of several parts is very 
often equal to the sum of the entropies of all the parts. This 
is true if the energy of the system is the sum of the energies 
of all the parts and if the work performed by the system 
during a transformation is equal to the sum of the amounts 
of work performed by all the parts. Notice that these 
conditions are not quite obvious and that in some cases 
they may not be fulfilled. Thus, for example, in the case of a 
system composed of two homogeneous substances, it will 
be possible to express the energy as the sum of the 
energies of the two substances only if we can neglect the 
surface energy of the two substances where they are in 
contact. The surface energy can generally be neglected 
only if the two substances are not very finely subdivided; 
otherwise, it can play a considerable role. 



THERMODYNAMICS

MECHANICS (classical, quantum, relativistic ... )

LANGEVIN EQUATION

FOKKER-PLANCK EQUATION

STATISTICAL MECHANICS
LIOUVILLE EQUATION

VON NEUMANN EQUATION

VLASOV EQUATION

BOLTZMANN KINETIC EQUATION

BBGKY HIERARCHY

Br
au

n 
an

d 
H

ep
p

th
eo

re
m

MASTER EQUATION

H theorem

N →∞

THEORY OF PROBABILITIES

ENTROPY FUNCTIONALENERGY



ENTROPIC FORMS

Concave  

Extensive 

Lesche-stable

Finite entropy production    
per unit time

Pesin-like identity (with  
largest entropy production)

Composable

Topsoe-factorizable

BG entropy

(q =1)

Entropy Sq
(q real)

POSTULATE FOR THE ENTROPIC FUNCTIONAL



1

1

1ln     ( 0)
1

                                                          ln ln
                      

 ( ) :        

,     
    

 :

 

q

qDEFINITION q logarithm

Hence the entropies can be rewritten

equa

xx x
q

x

l probabili

x

− −
≡ >

−
=

−

W

i=1

W

i=1

 

  
( 1)

  

1 l

( )

n ln

1  ln   ln

i
i

q i qq
i

ties generic probabilities

k pk W
p

k W

BG entropy
q

entropy S

q R

k p
p

=

∈

∑

∑



C.T., M. Gell-Mann and Y. Sato  
Europhysics News 36

 
(6), 186    

(European Physical Soc., 2005)
2

A. Robledo, Mol Phys 103 (2005) 3025]

F. Caruso and C.

  IDEAL GAS

CRITICAL PHENO

T., Phys Rev E 78 (2008) 021101]

MENA                           
1              

2
9 3 [     

[q

cq
c

δ+
=

+ −
=

Emergent properties, Self-organization, Complexity



THERMOSTATISTICAL DYNAMICAL SYSTEMS:
time-dependent-systems

dynamical
 

attractors
 (stationary
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GROUNDING STAT. MECH.: Entropy extremization

1
 1 ( -generalized Boltzmann weig

Extremization of   with appropriate constraints yields

  

                                         [

( ) [

inv

1 (1 )  ]

erse f   unction of ln ] 

If

h

 

t

,  e

)

 0

xq
q

q

q

qp x q x

S

x

x

qe ββ −−− ≡

=

∝ −

2
1

2  1( ) [1 (1

x

( -generalize

tremization of   yields i

d Gaussian)  ]

n

)

stead

  xq
q q

q

p x q x

S

e qββ −−∝ − − ≡



STRONG CORRELATIONS: 

HOW CAN THE NONADDITIVE ENTROPIC FUNCTIONAL Sq
BECOME AN EXTENSIVE ENTROPY ?
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HYBRID PASCAL - LEIBNITZ TRIANGLE

Blaise
 

Pascal
 

(1623-1662)
 Gottfried Wilhelm Leibnitz

 
(1646-1716)

 Daniel Bernoulli
 

(1700-1782)
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(All three examples strictly
 

satisfy the Leibnitz rule)
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I don’t believe that atoms exist!
Ernst Mach (January 1897, Vienna)
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Asymptotically scale-invariant (d=2)

d+1

(It asymptotically
 

satisfies the Leibnitz rule)
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XY FERROMAGNET WITH TRANSVERSE MAGNETIC FIELD:
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SYSTEMS ENTROPY SBG

(additive)
ENTROPY Sq (q<1)

(nonadditive)

Short-range 
interactions,
weakly entangled 
blocks, etc

EXTENSIVE NONEXTENSIVE

Long-range 
interactions (QSS),
strongly entangled 
blocks, etc

NONEXTENSIVE EXTENSIVE



STRONG CORRELATIONS: 

HOW CAN THEY SUBSTANTIALLY MODIFY THE

CENTRAL LIMIT THEOREM AND ITS ATTRACTORS ?
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GENERALIZED CENTRAL LIMIT THEOREM:

S. Umarov, C.T. and S. Steinberg, Milan J Math 76, 307 (2008)     
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ON THE PHYSICAL MEANING OF q -
 

INDEPENDENCE
 (STRICT OR ASYMPTOTIC) SCALE INVARIANCE:                     

IS IT NECESSARY?   IS IT SUFFICIENT? 
CANDIDATE MODELS FOR q - INDEPENDENCE:

1) N compact-support continuous variables with correlation introduced        
through a N-variate

 
covariance matrix          (strictly scale-invariant)

 W. Thistleton, J.A. Marsh, K. Nelson and C. T., Cent
 

Eur
 

J
 

Phys
 

7, 387 (2009)
[see H.J. Hilhorst

 
and G. Schehr, J Stat Mech

 
(2007) P06003]

2) N binary variables with correlation introduced through the q - product
(strictly scale-invariant)

L.G. Moyano, C. T. and M. Gell-Mann, Europhys
 

Lett
 

73
 

(2006) 813
[see H.J. Hilhorst

 
and G. Schehr, J Stat Mech

 
(2007) P06003]

3) N binary variables with correlation introduced through a family of   
triangles generalizing the Leibnitz one         (strictly scale-invariant)

A. Rodriguez, V. Schwammle
 

and C. T., J Stat Mech
 

(2008) P09006
R. Hanel, S. Thurner

 
and C. T., Eur. Phys. J. B (2009), in press 

4) N-binary-discretized
 

q-Gaussians (asymptotically scale-invariant)
A. Rodriguez, V. Schwammle

 
and C. T., J Stat Mech

 
(2008) P09006 



STRONG CORRELATIONS: 

HOW CAN THEY GENERATE MESOSCOPIC MEMORY ?



Strongly non-Markovian
 

noise Nonlinear homogeneous Fokker-Planck equation:            
A mesoscopic mechanism leading to nonextensive statistical mechanics
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Multiplicative noise Linear inhomogeneous Fokker-Planck equation:                  
Another mesoscopic mechanism leading to nonextensive statistical mechanics
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STRONG CORRELATIONS: 

HOW CAN THEY BE OVERCOME BY FINITE-SIZE EFFECTS ?
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PARTICULAR CASE: PLANCK LAW FOR BLACK-BODY RADIATION!



S.M.D. Queiros, C. Anteneodo
 

and C. T., in Noise and Fluctuations in 
Econophysics and Finance, eds. D. Abbott, J.-P. Bouchaud, X. Gabaix

 and J.L. McCauley, Proc. of SPIE 5848, 151 (SPIE, Bellingham, WA, 2005)

(NYSE)



LONDON STOCK EXCHANGE (Block market):

Data: I.I. Zovko; Fitting: E.P. Borges (2005)

VODAPHONE stocks (31 May 2000 to 31 December 2002)
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CLASSICAL LONG-RANGE-INTERACTING MANY-BODY HAMILTONIAN SYSTEMS
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SOME EXPERIMENTAL, OBSERVATIONAL 

AND COMPUTATIONAL 

VERIFICATIONS AND APPLICATIONS



Hydra viridissima:
A Upadhyaya, J-P Rieu, JA Glazier and Y Sawada,  Physica

 
A 293, 549 (2001)

q=1.5

1 mm



slope 1.24 0.1
hence the prediction 
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COLD ATOMS IN DISSIPATIVE OPTICAL LATTICES:

(i)  The distribution of atomic velocities is a q-Gaussian;

(ii)
0

0

             where        recoil energy

                                                    potential depth

441 R
REq

U
E

U

= ≡

≡

+





Experimental and computational  verifications
by P. Douglas, S. Bergamini

 
and F. Renzoni, Phys Rev Lett

 
96, 110601 (2006)

(Computational  verification:
quantum Monte Carlo simulations)           (Experimental verification: Cs atoms)
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B. Liu and J. Goree, Phys Rev Lett
 

100, 055003 (2008)



LASER COOLING:
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SPIN RELAXATION IN SPIN GLASSES (NEUTRON SPIN ECHO):



Pickup, Cywinski, Pappas, Farago, Fouquet, Phys Rev Lett
 

102
 

(2009) 097202  



SPIN RELAXATION IN SPIN GLASSES (NEUTRON SPIN ECHO):
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RETURNS:  New York Stock Exchange              q-Gaussians

S.M.D. Queiros, Quant. Finance 5, 476 (2005)
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