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D
eterm

ining R
isk-A

djusted C
apital

T
he R

isk-A
djusted C

apital (R
A

C
) of an insurance com

pany is 
evaluated on the basis of a quantitative m

odel of its different 
risks

W
e first need to identify the various sources of risk. O

ne 
usually distinguishes four large risk categories:

1.
U

nderw
riting risk (or liability risk),

2.
Investm

ent risk (or asset risk),

3.
C

redit risk (or risk of default),

4.
O

perational risk

G
enerally insurance com

panies have the know
-how

 to 
m

anage and m
odel their liability risk and are able to m

odel 
the next tw

o categories as w
ell using standard finance m

odels
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D
ependence B

etw
een R

isks is K
ey

R
isk D

iversification
reduces a com

pany’s need for R
isk-

A
djusted C

apital. T
his is key to both insurance and 

investm
ents.

H
ow

ever, risks are rarely com
pletely independent:

�
S

tock m
arket crashes are usually not lim

ited to one stock m
arket.

�
C

ertain lines of business are affected by econom
ic cycles, like 

aviation, credit &
 surety or life insurances.

�
M

otor insurance is also correlated to m
otor liability insurance and 

both w
ill vary during econom

ic cycles.
�

B
ig catastrophes can produce claim

s in various lines of business.

D
ependence betw

een risks reduces
the benefits

of 
diversification.

T
he influence of dependence on the aggregated R

A
C

 is thus 
crucial and needs to be carefully analyzed.
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Influence of C
orrelation on R

A
C

Let us take the sam
e risk tw

ice (lognorm
ally distributed, µ

=
10 and 

σ
=

1) and bundle them
 in a portfolio.

Let us vary the correlation betw
een the risks from

 0 to 0.90.

H
ere are the various diversification benefits, D

,in percent:

1
P

i
i R

A
C

D
R

A
C

=
−
∑

w
here R

A
C

P
is the 

portfolio R
A

C
 and 

R
A

C
i are the R

A
C

’s
of the various risks.
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D
ependence is not A

lw
ays Linear

W
e have learned to m

odel dependence through linear correlation. 
T

he w
hole m

odern portfolio theory is based on correlation.

O
ften dependence increases w

hen diversification is m
ost needed: 

in case of stress. It is thus non-linear.

It is possible to use the copulas
instead of linear correlation to 

m
odel dependences (copula=

“generalized dependence structure”
as opposed to “linear dependence”=

correlation).

T
he dependence structure w

ill influence greatly the needs for R
A

C
 

and the diversification benefits one can obtain.

In the follow
ing, w

e present a statistical study of various 
dependence structures and their influence on diversification.
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A
im

 &
 M

ethod

A
im

T
o show

 the difficulty of statistically estim
ating the right 

dependence

T
o illustrate the im

portance of using the correct C
opula 

dependence w
hen m

odeling dependent m
arginal distributions

T
o analyze the influence of the dependence structure on the 

diversification benefits

M
ethod

S
tochastic sim

ulations and fitting of various dependence m
odels

T
o reproduce the behavior of the hierarchical dependence tree 

that is correlated through 3 C
layton copulas
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B
asics of the M

odel (1/2)

W
e use lognorm

al distributions as the basic risk of our portfolio:

W
e choose µ

=
10 and σ

=
1 for all the risks*

W
e w

ant a sim
ple risk m

odel to study the influence of the 
dependence structure and function

T
he basic risk is then used in various dependence 

configurations and w
ith different dependence functions

W
e choose a configuration that w

e assum
e to be the real one, 

w
hich w

e fit w
ith various other m

odels

2

2
(ln

)
2

1
(

)
0;

0
2

x

f
x

e
x

x

µ
σ

σ
πσ

−
−

=
≥

>

* C
lose to the param

eters proposed by M
. B

agarry
F

or m
odeling insurance risks.
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B
asics of the M

odel (2/2)

R
A

C
 is calculated w

ith E
xpected S

hortfall (tV
aR

) for various 
risk tolerance levels. W

e sum
m

arize the results for the 1/100 
tV

aR
.

T
his is the risk m

easure used in the S
w

iss S
olvency T

est and 
at the basis of our ow

n capital allocation m
odel

W
e also com

pute the V
aR

 at 1/200 as it is the risk m
easure 

recom
m

ended by S
olvency II and w

e com
pare both results
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T
he Lognorm

al D
istribution

Lognorm
al distribution is the single-

tailed probability distribution of any 
random

 variable w
hose logarithm

 is 
norm

ally distributed.

Lognorm
al P

robability D
ensity 

F
unction

Lognorm
al C

um
ulative D

istribution 
F

unction

2

2
(ln

)
2

1
(

)
0;

0
2

x

f
x

e
x

x

µ
σ

σ
πσ

−
−

=
≥

>

ln
(

)
0;

0
x

F
x

x
µ

σ
σ −




=
Φ

≥
>






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H
ierarchicalD

ependence T
ree

B
ase scenario

: H
ierarchical D

ependence T
ree*

�
H

ierarchy of 4 related m
arginal distributions

�
U

sing significantly different dependence param
eters Θ

R
isk F

actor 3
e.g. F

ire, D
E

R
isk F

actor 2
e.g. N

at C
at, F

R
R

isk F
actor 1

e.g. F
ire, F

R
R

isk F
actor 4

e.g. N
at C

at, D
E

C
om

pany Level

C
layton  C

opula

Θ
=

2

C
layton  C

opula

Θ
=

3

C
layton  C

opula

Θ
=

1

P
roperty D

E
P

roperty F
R

�
T

his is not the usual hierarchical A
rchim

edean 

copula of S
avu

and T
rede

2006 but rather a 

dependence on the aggregate
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A
rchim

edean C
opula: C

layton C
opula

T
he C

layton C
opula C

D
F

 is defined 

by:

W
ith a G

enerator
of the C

opula:

θ
= 0.1

θ
= 0.5

θ
= 1.0

θ
= 2.0

T
he C

layton copula is A
rchim

edean

0% 5%

10%

15%

20%

25%

30%

35%

0.1
0.5

1.0
2.0

C
layton P

aram
eter θ

Diversification Benefits
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A
rchim

edean C
opula: G

um
bel C

opula

T
he G

um
bel C

opula C
D

F
 is defined 

by:

w
here the G

enerator
of the C

opula is 
given by: θ

= 1.0
θ

= 1.5
θ

= 2.0
θ

= 3.0

T
he G

um
bel copula is A

rchim
edean

0% 5%

10%

15%

20%

25%

30%

35%

40%

1.0
1.5

2.0
3.0

G
um

belP
aram

eter θ

Diversification Benefits
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w
here, 

is the inverse of the C
D

F
 N

(0,1) and Iis the 
identity m

atrix of size
n.

T
he rank correlation is an elliptical copula.

E
lliptical C

opula: R
ank C

orrelation

T
he m

ultivariate N
orm

al distribution copula has a m
atrix as a param

eter.  
T

he P
D

F
 of a N

orm
al copula is:

1
0

m
2

0
1

m
1

m
2

m
1

1
0.3

m
2

0.3
1

m
1

m
2

m
1

1
0.6

m
2

0.6
1

m
1

m
2

m
1

1
0.9

m
2

0.9
1

m
1

m
2

m
1
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E
lliptical C

opula: S
tudent’s T

 

W
here, 

is the inverse of the C
D

F
 of the univariate

T
 distribution w

ith
ν

degrees of freedom

T
he S

tudent’s T
 copula is an elliptical copula

T
he m

ultivariate S
tudent’s T

 distribution copula also has a m
atrix as a param

eter.  
T

he P
D

F
 of a S

tudent’s T
 copula is:

1
0

m
2

0
1

m
1

m
2

m
1

1
0.3

m
2

0.3
1

m
1

m
2

m
1

1
0.6

m
2

0.6
1

m
1

m
2

m
1

1
0.9

m
2

0.9
1

m
1

m
2

m
1

ν =3=3=3=3 Effects of m
atrix param

eter changes:
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S
tudent’s T

1
0.6

m
2

0.6
1

m
1

m
2

m
1

ν
= 3

ν
= 6

ν
= 9

ν
= 1
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M
atrix P

aram
eter

Diversification Benefits

0% 2% 4% 6% 8%

10%

12%

14%

16%

1
3

6
9

D
egrees of F

reedom

Diversification Benefits

D
iversification benefits from

 varying the 
m

atrix param
eter (3 degrees of freedom

):
D

iversification benefits from
 varying the 

degrees of freedom
:

Effect of changing degrees of freedom
:



19
A

ggregation and D
ependences

M
ichel D

acorogna
E

rice, O
ctober 30, 2009

R
ank S

catter
V

alue S
catter

Θ=2Θ=1Θ=3

V
alue versus R

ank S
catter

S
ignificance of V

alue versus 
R

ank S
catter

V
alue scatter is used to 

characterize the spread of 
the m

arginal distributions

R
ank scatter show

s the 
underlying dependence 
betw

een the m
arginals

F
or the purpose of analysing

dependence w
e shall display 

only rank scatter from
 here 

on
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F
itting S

cenarios

S
cenarios

: W
e fit the original dependence using the follow

ing 
copula scenarios and calculate the D

iversification and R
A

C

H
ierarchical D

ependence
�

G
um

belH
ierarchy

�
R

ank C
orrelation H

ierarchy
�

S
tudent-T

 H
ierarchy

F
lat D

ependence
�

C
layton F

lat
�

G
um

bel F
lat

�
R

ank C
orrelation F

lat
�

S
tudent-T

 F
lat

T
he base scenario is the hierarchical C

layton
scenario presented 

before
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F
itting S

cenario
T

he C
layton H

ierarchical T
ree is fit by using the sam

e structure*
correlated 

w
ith different copulas for each scenario

T
he results are then displayed on a rank-scatter plot and through 

diversification and R
A

C
 value calculation

F
itting: H

ierarchical S
cenario

R
isk F

actor 3
e.g. F

ire, D
E

R
isk F

actor 2
e.g. N

at C
at, F

R
R

isk F
actor 1

e.g. F
ire, F

R
R

isk F
actor 4

e.g. N
at C

at, D
E

C
om

pany Level

M
arginalD

ependence

C
opula

M
arginalD

ependence 

C
opula

A
ggregate D

ependence 

C
opula

�
T

his is not the usual hierarchical A
rchim

edean 

copula of S
avu

and T
rede

2006 but rather a 

dependence on the aggregate
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F
itting: F

lat S
cenario

B
usiness S

cenario: 

S
m

all com
pany, w

ith a sm
all am

ount of business in each 
basket �

baskets are m
erged.

A
ll m

arginals
m

odeled by one copula

R
isk F

actor 3
e.g. F

ire, D
E

R
isk F

actor 2
e.g. N

at C
at, F

R
R

isk F
actor 1

e.g. F
ire, F

R
R

isk F
actor 4

e.g. N
at C

at, D
E

C
om

pany Level

M
arginal D

ependence

C
opula
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E
stim

ation of C
opulas

T
he follow

ing estim
ation m

ethods w
ere used:

C
layton / G

um
bel:

M
axim

um
 likelihood estim

ation, i.e. estim
ates the param

eter θ by m
axim

izing the log-
likelihood function                             , w

here         is the copula density of point i

R
ank C

orrelation:
E

stim
ate the S

pearm
an’s correlation

for each pair X
 and Y

. T
he correlation m

atrix for the G
auss copula can be derived as

S
tudent’s T

:
E

stim
ate the K

endall

T
he correlation m

atrix can be derived as 

T
he degree of freedom

 ν
is estim

ated w
ith m

axim
um

 likelihood.

∑
=

i

c
))

(
log(

L
M

L
F

i
x

)
(

i
x

c

)]
5.

0
)

(
)(

5.
0

)
(

[(
E

12
)

,
(

R
ankC

orr
−

−
=

Y
F

X
F

Y
X

Y
X

 
 

=
)

,
(

R
ankC

orr
6

sin
2

j
i

ij
X

X
π

ρ

2
(

,
)

sign[(
)(

)]
(

1)
i

j
i

j
i

j

X
Y

X
X

Y
Y

N
N

τ
<

=
−

−
−
∑

 
 

=
ij

ij
τ

π
ρ

2
sin
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F
itting C

onvergence P
lots: M

ethodology

T
he F

itting C
onvergence P

lots are draw
n using the follow

ing m
ethodology:

1.
S

im
ulate

N
observations from

 the reference scenario

2.
F

itthe corresponding scenario to the N
observations

3.
R

esam
ple

the fitted scenario w
ith 50’000 observations

4.
M

easure
the diversification gain

T
he m

ean and standard deviation of the 10 runs per point are calculated.

�
T

he fitting convergence plots show
 the m

ean ±
one standard 

deviation for each N
.

�
T

he fitting error plots show
 the standard deviation for each N

.

Repeat 10 times
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C
onvergence of F

its for 2 M
arginals

S
tarting from

 C
layton θ

=
 1

T
heoretical D

iversification G
ain
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S
tandard D

eviations of the F
its for 2 M

arginals
S

tarting from
 C

layton θ
=

 1
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C
onvergence of the F

its for 4 M
arginals

T
heoretical D

iversification G
ain
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S
tandard D

eviation of the F
its for 4 M

arginals
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N
um

ber of O
bservations m

atters
less than D

ependence M
odels

W
e see that the elliptical copulas keep a system

atic bias 
w

hatever the num
ber of observations

T
he A

rchim
edean copulas fit m

uch better the theoretical value 
w

ith C
layton doing it the best, as expected

T
he error of the estim

ation decreases w
ith the num

ber of 
observations and rem

ains at a certain level even w
ith 50’000 

observations

T
he structure of the dependence (hierarchical or flat) does not 

affect really the diversification benefit w
ith hierarchical being 

slightly better for A
rchim

edean copulas

W
hen the dependence is asym

m
etric (as it is usually the case 

for insurance liabilities), it is difficult to m
odel it w

ith sym
m

etric 
dependence m

odels (use asym
m

etric copulas)
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R
esults of F

it: C
layton F

lat
A

s expected, the tw
o stronger 

dependences are reduced and the w
eaker 

dependence is strengthened.

F
it: θ

= 1.2

T
he R

A
C

 and diversification gain are even 
slightly m

ore conservative. T
he error is 

alm
ost negligible.

T
he Q

/Q
 plot show

s good agreem
ent of 

the m
odels.  

M3,M4 Θ=2Aggregate Θ=1M5, M6 Θ=3
C

layton H
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C
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R
esults of F

it: G
um

bel H
ierarchy

A
s the C

layton, the G
um

bel copula is an 
A

rchim
edean C

opula.

G
um

bel represents the C
layton w

ell in the tail 
region for all 3 distributions

In contrast to the C
layton, the G

um
bel 

introduces a dependence also in the low
er 

tail.

R
A

C
 is slightly underestim

ated

T
he Q

/Q
 show

s fair sim
ilarity of the tw

o 
C

opula types.
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R
esults of F

it: G
um

bel F
lat

T
he coupling on both ends is again visible

O
verall, the fit of the tail region is still 

reasonable

S
ince the dependence of the low

er tail 
reduces the tail dependence in the upper 
tail in the fit, the R

A
C

 is slightly 
underestim

ated.

T
he Q

/Q
 plot still show

s a reasonably 
good agreem

ent betw
een the copulas.

M3,M4 Θ=2Aggregate Θ=1M5, M6 Θ=3
C
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R
esults of F

it: R
ank C

orrelation H
ierarchy

R
ank correlation is sym

m
etric �

strong 
correlation also for the low

er tail.

T
he upper tail is m

uch less pointed than 
for the C

layton.

T
he R

A
C

 is substantially underestim
ated.

T
he diversification gain is unrealistically 

high.

T
he Q

/Q
 plot show

s the deviation in the 
tails.
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C
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R
esults of F

it: R
ank C

orrelation F
lat

T
he flat rank correlation produces alsost

the sam
e results as the hierarchical one.

T
his can be seen in all graphics as w

ell as 
the R

A
C

 calculations.

M3,M4 Θ=2Aggregate Θ=1M5, M6 Θ=3
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R
esults of F

it: S
tudent’s T

 H
ierarchy

A
s the R

ank C
orrelation, the S

tudent’s T
 

copula is an elliptical copula.

T
he S

tudent‘s T
 has one param

eter m
ore 

per dependence than the R
ank C

orrelation

D
ependence is sym

m
etric, i.e. also 

introduced in the low
er tail.

R
A

C
 is substantially underestim

ated.

U
nrealistically high diversification gain

T
he Q

/Q
 plot looks sim

ilar as for the R
ank 

C
orrelation. 
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R
esults of F

it: S
tudent-T

 F
lat

S
im

ilar to S
tudent-T

 H
ierarchy

H
as one param

eter m
ore than the R

ank 
C

orrelation �
S

lightly better

H
as tw

o
param

eters
less

than
the

hierarchicalS
tudent‘s

T
 �

S
lightly

w
orse
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S
um

m
ary of the S

tatistical R
esults
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D
ependence M

odel m
atters

m
ore than D

ependence S
tructure

W
e see that the elliptical copulas do not im

prove by m
oving 

from
 a flat structure to a hierarchical one.

T
he G

um
bel copula slightly im

proves if used in the appropriate 
dependence structure.

T
he elliptical copulas grossly underestim

ate the risk and show
 

undue diversification benefits.

G
um

bel copula is able to produce reasonable results on the left 
tail but also em

phasizes a dependence on the right tail that 
does not exist in the benchm

ark m
odel.
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U
nderestim

ation starts already
w

ith w
eak dependence
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A
genda

D
escription of the m

odel
2

C
onclusion

6

W
ays to m

odel the dependence
5

Influence of dependence structure and m
odels

4

Influence of the num
ber of observations on calibration

3

R
isk-A

djusted C
apital and dependence

1
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H
ow

 to E
stim

ate D
ependences?

D
ependences can hardly be described by one num

ber such as a linear 
correlation coefficient.

W
e just saw

 that it is possible to use the co
p

u
las

to m
odel dependences.

In insurance, there is often not enough liability data to estim
ate the 

copulas.

N
evertheless, copulas can be used to translate an opinion about 

dependences in the portfolio into a m
odel:

S
elect a copula w

ith an appropriate shape 

�
increased dependences

in the tail
–

this feature is observable in historic insurance loss data

T
ry to estim

ate conditional probabilities by asking questions such as 
“W

hat if a particular risk turned very bad?”

�
T

hink about adverse scenarios
in the portfolio

�
Look at causal relations

betw
een risks

P
art III, S

C
O

R
 S

w
itzerland’s internal m

odel
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S
tochastic S

im
ulation

S
cenario

Insured Loss

E
xam

ple: W
indstorm

C
ollect the exposures from

 all policies per zip-code area in an 
accum

ulation control system

H
ere: P

rivate hom
es and industrial plants

S
cenarios =

 W
indstorm

s*

R
andom

 V
ariable  =

 insured w
indstorm

 claim
s

d
d

b
b

a

a
3118 27

c
c

*T
here are com

m
ercial m

odels of this type available for m
ajor peril regions. P

art III, S
C

O
R

 S
w

itzerland’s internal m
odel
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S
cenario based sim

ulation

D
ependences betw

een random
 variables m

odeled on the sam
e 

scenarios is incorporated autom
atically

E
xam

ple: dependence in “our”
w

indstorm
 

m
odel betw

een losses on industrial risks 
and on private hom

e ow
ners

B
uilding a realistic m

odel of that type
is challenging

D
istribution based sim

ulation

V
ia jointsim

ulations of the individual distribution

D
ependent sam

pling of the joint uniform
 random

 num
bers

�
copula

C
alibration is an issue

D
escribing D

ependences

P
art III, S

C
O

R
 S

w
itzerland’s internal m

odel
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S
trategy for m

odeling dependences

U
sing the know

ledge of the underlying business, develop a 
hierarchical m

odel for dependences in order to reduce the 
param

eter space and describe m
ore accurately the m

ain 
sources of dependent behavior

W
herever w

e know
 a causal dependence, w

e m
odel it explicitly

S
ystem

atically usage of non-sym
m

etric copulas: C
layton 

copula

W
herever there is enough data, w

e calibrate statistically the 
param

eters

In absence of data, w
e use stress scenarios to estim

ate 
conditional probabilities
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A
genda

D
escription of the m

odel
2

C
onclusion

6

W
ays to m

odel the dependence
5

Influence of dependence structure and m
odels

4

Influence of the num
ber of observations on calibration

3

R
isk-A

djusted C
apital and dependence

1
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S
um

m
ary

N
eglecting dependences leads to a gross underestim

ation
of 

the R
isk-A

djusted C
apital

N
eglecting the non-linearity of dependences leads also to an 

overestim
ation of the diversification benefits

D
ependences in insurance risks are usually asym

m
etric: 

stronger on the negative side than on the positive one

A
 suitable copula to m

odel those type of dependences is the 
C

layton copula

T
o get the right diversification benefit the choice of the right

dependence m
odel m

atters m
ost

W
ith a relatively m

odest num
ber of data it is possible to obtain

a reasonable estim
ate of the diversification benefit w

ith C
layton 

copula
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F
urther research

D
evelop the em

pirical exploration of dependences

A
nalyze retarded dependences: causal relations

P
ursue the study of the influence of the hierarchical tree on 

total R
A

C
 w

ith m
ore branches and depth


