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Nonadiabatic superconductivity: The role of van Hove singularities

E. Cappelluti and L. Pietronero
Dipartimento di Fisica, Universitali Roma “La Sapienza,” Piazzale Aldo Moro 2, 1-00185 Roma, Italy
and Istituto Nazionale di Fisica della Materia, Sezione di Roma, Roma, Italy
(Received 6 July 1995

We consider the effect of van Hove singularities in the density of st&f€&S) on the generalized theory of
superconductivity that includes the first contribution beyond Migdal's thedmeanadiabatic Most of our
results are not specific to a van Hove singularity and can be extended to the generic situation in which the
Fermi surface is close to a peak in the DOS. Often the effect of a peak in the DOS is discussed in terms of an
enhancement of the electron-phonon couphingsing the standard theory. Here we point out that in the most
interesting situations this peak structure unavoidably leads to a breakdown of Migdal's theorem because the
effective range of electronic energies becomes very narrow. We include therefore the first diagrams beyond
Migdal's theorem that lead to a change in the structure of the theory and not just on the value of the effective
coupling. These nonadiabatic effects lead naturally to an enhancement of the valyevith respect to the
adiabatic theory with the same coupling. This enhancement is mainly due to the predominant role of small
momentum scattering that is a consequence of the peak in the DOS. These results provide therefore a perspec-
tive for the effects of DOS peaks in the theory of superconductivity.

I. INTRODUCTION result of Ref. 5. The expression given by Ed.1) shows
interesting modification not only for the effective coupling,
but also for the isotopic effect that is now substantially re-
duced. On the other hand, in the adiabatic limity(<Tg)

one recovers the standard BCS expression with an effective
coupling,

The idea that density of sta(®OS) peaks may be impor-
tant for superconductivitySC) was first considered foA15
compounds that showed one-dimensional feattiresthe
context of highT; superconductivity, the planar structure of
the CuQ layers leads naturally to a van Ho{egarithmig
singularity of the DOS that could be coincident or very close BTF
to the Fermi energy, depending on the doping. This situation A=A |”( o ) 12

. . . . D
has led various authors to reconsider in greatest detail the

possible effects of DOS peaks in superconductivity, both fowhere\ is the coup_ling that would be obtained in the case of
phonon mediators as well as for other mecharfism. a constant DOS with the same total number of states.

The basic concept is that a peak in the DOS may corre- ANextstep has been the introduction of retardation effects
spond to a large value of the effective electron-phonon couP considering a ladder equation for the gap with the use of
pling A =292N(0)/w,, whenN(0) is the effective DOS at Creens funpuoné?.The results are mainly numerical and, for
the Fermi leveP* Of course, this leads to various ambigu- Weak coupling, essentially confirm the behavior of EQJ),
ities because the previous expressioraforresponds to a but identify also the strong-coupling behavior. The presence
flat DOS. In case of sharp peaks, the valudl¢d) may even of a peak in the DOS, however, unavoidably leads into com-
diverge, but this should then be replaced by an effedti(@ plications with r%spect to the adiabatic hypothesis and
that corresponds to some averaged DOS over an energy wif¥ligdal’s theorem” In fact, the possible enhancementTf
dow defined by the phonon frequericin this perspective, 1S due to the nonadiabatic lin{iEq. (1.1)] or, analogously, to
therefore, the effect of the structure in the DOS is simply to? Strong-couplingdivergen} limit in the adiabatic regime
produce a large value of. A peak in the DOS, however, [Eg. (1.2]. In both situations it is important to consider ef-
leads inevitably to complications with respect to the structurd€cts that are beyond Migdal's theorem, like vertex and cross
of the theory. For example, if the peak structure is correctlyCOrections. A simple estimate of these effects has been per-
considered within a BCS framework, one obtains a differenformed in Ref. 12. The conclusion of this work was that
expression for the transition temperature that does not corr&/€rtex and cross corrections decrease the enhancement of the
spond just to a change of This point of view was devel- transition temperature corresponding to the van Hove singu-
oped first by Hirsch and Scalapiin the context of a BCS larity in the DOS. _
approach for an attractive Hubbard interaction, and it was 1€ problem of the breakdown of Migdal's theorem has

later discussed also for the phonon coupfin§In this case been recently receiving more and more attention in relation
one obtains to both phonon and nonphonon mediatbt#n the past few

years, we have considered the generalization of the many-
body theory of superconductivity beyond Migdal’s theorem
, (1.7 in a rather systematic way. These studies were mainly moti-
vated by the fact that in all high; superconductors, from
where T is the Fermi temperature anohy the Debye fre- the oxides to the g compounds, phonon frequencies are of
quency. In the nonadiabatic limit(z=Tg), one recovers the the order of Fermi energy. This leads to a generalization of
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Eliashberg equatiof’ to include vertex corrections and 6.0 r 1 6.0
other nonadiabatic effecté-1” We have shown that these : ]
effects have a complex structurefrequencyandmomentum 50 F 1 5.0
of the exchanged phonon. This point was not appreciated . 3
before because the momentum dependence was usually ne- . 4.0 ' 7 4.0
glected as in Ref. 12. This complex structure can lead to E ; ]
positive and negative effects with respectta In particular, = 30 L B 3.0
if small momentum scattering is predominant, the value of Z 20 C 3 20
T. can be appreciably enhanced. This situation can be real- Tr 17
ized if one considers the effects of Coulomb correlations in 1.0 E E 1.0
the el-ph scattering process. An alternative possibility, how- T 1
ever, could be to have peak structures in the DOS. Recently, 0.0 F . , | . , 10.0
it has been also pointed out that peaks or singularities in the - Ef2 0 E/2 o0
DOS near the Fermi energy can induce a modulation of the energy

momentum dependence for the electron-phonon coupfing.

This is a very important point because we are going to see FIG. 1. Densitv of stat ding to the simol del that

that, if Migdal's theorem does not hold, peaks in the DOS - - Densily ot states corresponding to the simple model tha
we adopt for our calculation. This model shows a van H@ega-

assocw_lted with a modulation of_the el-ph coupling can pIayrithmic) singularity of the DOS. It is easy to generalize our calcu-
a very important role by enhancing..

Th f thi theref is t | t thIations to a more realistic and complex DOS model, but the one
€ purpose ol this paper therefore IS (o analyze, a hown here is quite representative because the critical point is the

same level of completeness of Refs. 16, 17, the problemgs,; e of the singularity.

posed by peaks in the DOS beyond Migdal's theorem. In

particular, we shall focus maln_ly on the van Hove smgulanty,simme model is, however, representative of all the models

but our results could be easily extended to other types of|yse to the same type of singularity.

peaks structures. Following Ref. 2, we use a linearization of the realistic

dispersion near the saddle point
II. IDENTIFICATION OF THE EFFECTIVE

ELECTRON-PHONON COUPLING FOR SYSTEMS L keky
WITH A VAN HOVE SINGULARITY e(k)= o (2.3

In discussing the effect of peak structures in the density 0fyore m is the effective mass anlil( andKk. are limited by
states, it is important to introduce the correct definition for|k |, |k,|<k., wherek, represents the si%e of the Brillouin
X1 Yy c C

the effective electron-phonon coupling. This is essential i, gne, This leads to a very simple Fermi surface made just of
order to be able to make meaningful comparisons betweepyq jines. The total bandwidth is then
different approaches and results. The point is that the usual

simple standard definitioh =2g°N(0)/w, is based on the 2k2

assumption of a structureless DOS. The question of its gen- E= m’ (2.9

eralization in the case of strong fluctuations in the DOS is

not trivial and requires a careful analysis. and the corresponding DOS is

Within the Eliashberg approach, the corracts the one

that can be related to the experimental Eliashberg function N [k ke - 2¢

o’F (w) via the expression N(e)= 2E _kcd K _kcdkya(f_ €(k))==No In El’
_Jw 20°F(w) d 21 29
o © w, 2.9 \where

in which we use the standard notatidigor a flat band, Eq. N

(2.1) corresponds also th=2g>N(0)/w,. The generaliza- NO:E (2.6

tion, however, has to start from E.1), which defines\ in _
an unambiguous way, independently of the eventual structur&ould be the value oN(e) corresponding to a constant DOS

of the DOS. with N states.
It can be shown that Eq2.1) is also equivalent in full For a half-filling system, the Fermi level is just on the
generality t¢° singularity e=0. It should be noted that our specific model
_ for the DOS of a two-dimensional system is actually unstable
. 2(iwp) at half-filling in view of nesting effects. Our point is, how-
A== lim = ! (2.2 ly to f the role of th Hove singularit
eo don | o ever, only to focus on the role of the van Hove singularity

that will be present also in stable situations. For this reason

wheres is the ratio between phonon frequency and the Fermive shall not discuss any further the question of the eventual

energy(we shall call itadiabatic parameterand3 (i w,) and  instability.

w,, are the usual self-energy and Matsubara frequeri@fs. We can now derive the appropriateorresponding to our
We are going to consider now a specific méder the  specific model assuming that the el-ph coupling is constant,

van Hove singularity of the DOS as shown in Fig. 1. Thise.g.,|gk 2~g?. For the self-energy, we have
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2w JE/Z N(e)de

—E2 €~ iwpZ(iwy)’

S(iwg)=—0g°T>,

T (w,— o)+ w%

2.7

where we consider a simple Einstein phonon.
Since the phonon propagator introduces a natural cuigfbr the frequencies, the relevant frequency values will be in a
range from O towy. SO we can approximat&(i w,,) =Z,. Moreover, for low temperatures we can consider the limit

» dw

lim T —. 2.8

T-0 % I 2.8
Then, defining\, by the relationZ,=1+\,, we obtain

N fEIZdEI 26)fOc do ©j0? 1 g

z- °Jo  Z "E) . 27 (wi+ 0?)? 0?+(€lZg)?’ 2.9

where we have used the symmetry of the band that leads al$9d0S on various physical properties like, for example, the
to R4 (i w,)]=0. In addition, we have introduced critical temperature.

A first step in this direction can be done by considering a
_2¢°Ng _ 2¢°N simple “ladder” expansion for the gap equation. In the
T wg  woE’ (2.10 T-matrix approach, this ladder expansion can be written in

. _ the form[Fig. 2(a)]
which would be the value o corresponding to a constant

density of states. T=V+K-T. (3.1
By performing the integrations in E@2.9), we obtain

0

In effect, this expansion is strictly valid in two relevant
cases.
57 ) (2.1) (8) Weak coupling regimg\<<1), but with a generical
@o%o adiabatic parametefe>1). In this regime the further dia-
The energyE/Z, represents in this approximated model the9rams omitted in Fig. @) can be neglected because they are

renormalized bandwidth, and our effective adiabatic param@f @ higher order in the perturbative paramexercorrectly
eter is defined by Eq.(2.13. For the same reason, using Ward’s

identity, we can insert the unperturbated Green functions in-
2woZ stead of the dressed ones. This is essentially the BCS theory,
=—F (2.12  recovered in the Green function framework with a retarded
electron-electron interaction mediated by the phonons. For
Since the effectiva to be taken as a reference value shouldsimplicity, we shall call it “retarded BCS model.” In this

be the adiabatic ongEg. (2.2)], we finally have case it is possible to generalize the theory for a generic value
of & without the need of extra diagrams.

)\Z:)\O In( 1+

A= lim \,=—\g In(e). (2.13
£—0
This is the correct definition of the effectivefor a system T } - T
with a singular DOS in the spirit of the phenomenological
nature of Eliashberg theory. O]
But this is also the only theoretical definition ®f both in (@

a perturbation framework as well as in a conserving ap-
proach (i.e., Migdal’s theoremn Thus the present analyses
have to be performed as function of the previously defixned
We expect just a small difference about the results between
using A or A\ in the nonadiabatic regimisince If¢) is of
order of unity]. But we shall recover in this way also mean- i/\/g
ingful results in adiabatic limit in place of inconsistent ones

obtained in function of\.

= .
(b)

11l. VAN HOVE SINGULARITY IN ELIASHBERG
THEORY FIG. 2. (a) Diagrammatic representation for the “ladder” expan-
sion of theT matrix. (b) Diagrammatic representation for the self-
The correct generalization of the el-ph coupliagwhich  energy. In weak-coupling limit the heavy linéenormalized Green
we have discussed in the previous section, defines the apprfanction) in (a) can be replaced by tiny lingbare Green propaga-
priate parameter to discuss the effect of singularities in theéor) and(b) becomes an identity.
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(b) Adiabatic regime\ generic and<1). In this case, for  both these two situations a correct definition of the coupling
a fixed, finite value of, the neglected diagrams can be omit- \ is essential.
ted because of Migdal’'s theorem, since they are at least of So, in a general way, within this ladder expansion frame-
second order irx (we shall show in Sec. IV the validity of work, we can now write both theories as, respectively, the
Migdal's theorem also for a van Hove divergent density ofweak-couplingh—0 limit and adiabatice—0 limit of two
state$. The same Migdal's theorem allows us to identify the coupled equations: one for the self-energy and one for the
electronic self-energy with its first-order diagrdfig. 2(b)], superconductivity instability, shown as a diagrammatic pic-
and so we obtain the two usual Eliashberg equations. ture in Fig. 2. The self-energy equation can be easy obtained

We would like to stress that for the correct analysis ofby replacing the explicit DO%2.5) in Eq. (2.7):

B2 deln|2e/E|] 2wqwnZ(iowmy)
2 : 2 _ 2 2 3.2
—en2 ontleZ(ion)] (v,— o)+ g
where we have introduce in the usual way #héunction,
Im[X (i
Z(iwp)=1— M=)l 3.3
i o
while the gap equatiofB3.1) can be written as
(1-K)-T=V. (3.9
The divergence of the matriX for a critical temperaturd is linked with the eigenvalue equation
16=K(To)d (3.5
or, in explicit terms,
. , d3k . . .
d(iwy)=—0¢ Tc% j (ZT)S D(wp—0n)G(K,iwn)G(—K,—iwn) ¢(iwy). (3.6

Of course, as in standard notatidh,andG are the phonon and electron Green functions. Substituting their explicit expres-
sions in(3.6), we have

2w ¢(iwm)

(wn— wm)°+ wg [wnZ(i wm)]2+ €2’

¢(iwn)=—92Tc§ fN(e)de (3.7

where we have usegﬂdle/(Zw)Z:fN(e)de. So, defining the gap functio(iw,) = ¢(iw,)/Z(iw,) and using oum(e)
given by Eq.(2.5), we can write

Al 0m)Z(i o) w}
[wm Z(lwm)]2+€ (w wm)2+wé.

26

(3.8
~E/2

202N E/2
Aliwg)Z(i o) = = OTCEJ de In
wo m

Now, in order to solve in an analytic way the two coupledIt was shown this approximation gives the correct
equations(3.2) and(3.8), we perform two main approxima- Combescdt prefactor €) "2 to T, behavior in the constant
tions. DOS case.

(i) Since the intrinsic cutoff atvy, given by the phonon Finally, we can consider th&./wy<1 limit.
propagator, is omw, and w,, frequencies, the relevant values  According to (3.9) and (3.10, using the short notation
of Z(iw,) in both expressions are in a rangg|<w,. Inthis  A,=A(iw,), D,=D(w,), Z(iw,)=Z,, and
range, we can so approximate, as in a square-well model,
Z(iw,) simply by Z, (Refs. 16, 17, 2D Zo

My=r—S 22,
Z(iwy)=Z,. (3.9 [wmZo]*+ €

(i) We simulate, in the gap equatidB.8), the effect of we write Eq.(3.8) as
phonon Green function by a factorized kerhel:

Dh-m= wg = w% wg =D,D E/2

-m= 2= "2 2 2. 27 :

"M (0 om)?t e it of ont o) n ("3‘ 0 ZoA =N T, 2 J de In ‘D DnMpAp,. (3.1)
. E/2
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From Eq.(3.11), we can easy see the frequency behavior of

Aliw,):

(3.12

. Wo
A(Ia)n)ZAnzAODnZAO m
By replacing Eq(3.12 in Eq. (3.11) and dividing byA,, we
have

E/2
de In

2€ 5
3 DMp. (3.13

Zo=>\oTc§ J'

—E/2

Finally we can write, within this approximations, the two
coupled equations

wiw

Ei2 de In|2€/E|
Zo 0’+(elZy)?

2)\0 * d(,()

_71-_Tc

Zo I

PR P 319

E2 de  In|2€/E| wg
Zy=2\oT J' > 3.1
0 0% 0 Zo wpt(elZg)? (0ot wp)? (319

[since the regular behavior ¢8.14 for T /wy—0, we have
calculated it forT =0].

In weak-coupling limit(retarded BCS modglEq. (3.14)
simply stateZ,=1 and Eq.(3.15 gives the usual; equa-
tion with a retarding factor wgy/(w3+w?2)? instead of
8(wo—|wg|) of the simple BCS model. On the other hand, the
adiabatic limit of Eqs(3.14 and(3.15 corresponds to the
Eliashberg theory, wher€3.14) is previously calculated to
give Z,=1+\ and Eq.(3.15 fixes the critical temperature of
this theory.

At this point, it is possible to obtain a general analytic
solution of(3.14) and(3.15. The first equation, as we have
seen in(2.11), gives

In(1+e~1)
In(e)
where we have expressé&g in function of our definition of

A ande. In a similar way, we can write Eq3.15 in the
compact form

Zo=1+NgIn(1+e H=1-\ (3.16

ZO:W |(tc,8), (317)
wheret.=T.Jwq and
E2 de In|2€/E| wg
| =2T — .
o2 |G g W
(3.18
Using fermionic  Poisson’s formula T2 ,9(iwy)

=—¢(dz/27i)f(2)g(z) and introducingk=€/wy, we have

E. CAPPELLUTI AND L. PIETRONERO

1le tanh(x/2t,) 1
I(te, &)= dx In(xe) X1—xDZ  2(1-x9)
1
~aor) 319

By solving Eq.(3.18 for t.<1,

tee

1.13

1|2 1|1 -1
+§ n(8)+§ n( +e )

I(te,e)=— % |n2(

1 1
-0.63— 7 Si(e)—S,(e)+ > S1(1)+2S5;5(1),

(3.20

where S (x)=—x>—x%2%2-x%3%—--- and S,(x)=x
+x3/32+x°/5%+--- . Now, we can readily derive an analytic
expression fofT . with respect to Eliashberg theory and the
retarded BCS model. The first case is recovered as adiabatic
limit e—0 of Egs.(3.16 and(3.17). The first one gives, by
definition of \,

Zo=1+\, (3.2
while we can easy see, by the second one,
. I(tc.e) te
Zo=h M =iy =M '”(1.13 “3 22
So T, presents the usual expression
1.13 1+
c:f 0 (3.23

This interesting result shows that the critical temperature is
unaffected by a peator even a divergengean the density of
states within Eliashberg theory framework if we use the cor-
rect definition of\ stated by Eliashberg theory itsefhis is
intrinsically due to the adiabaticity of this situation

In order to investigate the effect of a van Hove singularity
in the nonadiabatic regime, we can consider the simple “re-
tarded BCS” scheme. In this situationis assumed to be
small while e can take any value. We have therefore, from
Eq. (3.16), that

Zo=1, (3.29
and Eq.(3.17) becomes
I(tc.e)
1= in(e) - (3.29

By using Eq.(3.20), we can finally derive the transition tem-
perature

2 In(e)
Y

E
5 €X +

T=1.13

=

IN’(e)+ In(1+e~ 1) —1.25+f(e)|, (3.26
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the BCS limit can be properly recovered as shown in Figs. 3
and 4. In Refs. 2, 7, 8 the adiabatic limit is instead problem-
atic and the enhancement ©f in this regime is essentially
related only to the enhancement of a effectd/e

IV. VAN HOVE SINGULARITY AND
VERTEX CORRECTION

In the previous section, we have considered the effect of
van Hove singularities in two limiting cases that do not in-
volve processes beyond Migdal's theorem like vertex correc-
tions and similar effects. In previous papérs’ we have
argued that there are valid reasons to expect that theThigh-
SC materials do not satisfy Migdal’s theorem. The possible

by existence of peaks in the DOS represents an additional ele-
ment in this direction because the electronic energies will
tend to be located in a narrow energy region. It is therefore
very important and, in some sense unavoidable, to consider
processes beyond Migdal's theorem when dealing with peaks
in the DOS. For these reasons we shall now consider in some
detail the effect of a van Hove peak in the DOS on the vertex
) o . correction diagrams as shown in Fig. 5. Such vertex correc-
where, in order to simplify, we have defined tions appear in the theory through the vertex function defined
f(e)=—0.55,(g) —2S,(e) +S,(1) +4S,(1). The results  py (Fig. 5)

of Eq. (3.26) are shown in Figs. 3 and 4. In Fig. 3 we can see
that a nonzero value of the adiabatic parametenhances
the value of T, (for a given\) with respect to the BCS
reference behavior. Note that this enhancement is qualita-

tively different from the case in which a peak in the DOS 1

FIG. 3. Retarded BCS model ;/wy vs coupling constani
defined by Eq(2.13 for different values of adiabatic parameter
(2wg/E): €=0 (solid ling). £=0.1 (dashed ling £=0.2 (dot-dashed
line), £=0.3 (dotted ling. The curvee=0 correspond to BCS be-
havior with the correct Combescot factor.

R 292 f d?k w3
Plw,,0n,0,0q,E)=—T
(on>@m. G 00.B) g 2': (2m)? wi+(w— wp)?

enhances the value of. In fact, here we are comparing Xm
situations in which the value of is fixed but the adiabatic !
parameter becomes different by zero. 1
In Fig. 4 we show the detailed behavior Bf as a func- X - . - —. (4.
tion of ¢ for different values ofA. Note that even a rather loptio—io,—e(k+q)
small value ofe can lead to appreciable enhancementof |t was noted that the relevant dependence of

It should be stressed that our results of Figs. 3 and 4 arp(w,,,w,,,,q; woE) is through the differences,,— w,,,.1" In
similar to those of Refs. 2, 7, 8 for what concerns the nonaprder to focus our interest on this dependence, we put an
diabatic reglmE(SBO.l), although the definition ok is dif- electronic frequency to Zeronzo_ In such a wayw, will

ferent by a factor—ln(s), which in this regime is of order of represent the exchanged phonon frequency‘ Then(Em)
unity. In order to avoid confusion, it is important to clarify pecomes

this point in detail. We have separated the effect of the peak B
in the DOS on the actualalue of A from the effects that 29 ™ f

Bl G B d*k o 1
change thestructure of the theory. In fact, in our approach (@m.Giwo.B)=

(2m)? wé—k w|2 i — E(IZ)

wqo I
1
0.2T 7 0.2 X — _ . (4.2)
(ioptiow)—e(k+Qq)
Following Ref. 16, we can perform the sum an in the
0.15 - 0.15 L .
5 zero-temperature limit. We obtain
80 | T - ]
=~ 01F T 4 0.1
[—40 o B .- .-
0.0 1 0.05
i ||’/ n-m
o777 T30
0 0.1 0.2 0.3 0.4 0.5

FIG. 4. Retarded BCS model. Critical temperatig¢w, in a
function of the adiabatic parameterand different values ok: \
=0.1 (solid line), A=0.2 (dashed ling \=0.3 (dot-dashed ling
A=0.4 (dotted ling.

FIG. 5. First-order vertex correction diagram.
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d2k 1 This is an unavoidable divergence strictly connected with the
singularity in the DOS. It shows that a system with a Fermi
level close a van Hove singularity is automatically near a

] g*
p(w,q,wo,E)=i_f (21)2 w+i[g(|2)—6(12+ﬁ)]

» - j-zero instability(phase separatiopnAnyway, this two limits
0(e(K)) 6 e(K) ] Y(phase separatigmnyway
— Z show a complex dependence er-q variables.
wote(k)  wo—e(k) Now, given these results, we are going to consider

_ O P(w,q;wq,E) in more detail. In order to obtain an analytical

16(e(k+q)) expression for vertex function, we perform a drastic approxi-

w—Ii[wgt+ e(IZ)] mation on the energy dispersion: Keeping fixed the logarith-
. mic divergent DOS given by Ed2.5), we assume the Fermi
i0(—e(k+Q)) surface be isotropiétherefore sphericil This assumption is

w+i[wg— e(k+ M1l clearly inconsistent with the presence of a saddle point at

. However, we shall see the main effect of the saddle

So far, these expressions are quite general. Now, in order tﬁomt is not given by its anisotropy, but is given by the sin-

mtroduceh explicitly t(;'e van Hokve V?/mgularlt%/, WT need 10 g 1arity connected with it. In effect, the results obtained from
specify the energy dispersiog(k). We use the electronic this model show a good agreement in comparison with those

band (2.3), and so we shall directly evaluate the effect of ones derived by correct numerical calculations.

vertex corrections on the previous ladder results. Note that the logarithmic divergence given by the DOS

Before going on with a derivation of the compléx—q) . . . : :
dependence dP(w,d; wo,E), we would like to consider two intrinsically selects states close Fermi energy. It is therefore a

particular limits of this function: thelynamicaland static good approximation expandingk+q) for smallq:
ones. The first one simply states, by a well-known Ward'’s
identity,

4.3

)= ()40 e 400 s &
Py= lm lim P(w,d;wg,E)=Xg IN(1+ € 1). (4.4 elkrq)=ek)+ve-q=elk)toeg Sm(z)’ “8

0—0 §-0
Note that the adiabatic limit 0Py is one of the theoretical where « is the angle betweerk and k+¢. Using
definition of A and is coincident with our definition. About [d%k/(27)%=N(e)def ™ _da/27, we can easy see that
the static limitPs, it is immediately shown that the first two terms of Eq(4.3) will cancel by symmetry.
4.5 Then, denoting y=vgqsin(a/2), Q=q/2kg, E=2E;

Ps= lim lim P(w,q;wq,E)=—c°. =2vkg, we can rewrite Eq(4.3) as

-0 w—0
|
_ wy [EQ dy J’E/Z 2¢ Y(wot+ e—y)+ w? Y(woty—e€)+ w?
P((J),Q,wo,E) )\0 4EQ . m de |n 0(6 y) 2+(w0 y)2 + 0(y 6) (1)2+((1)O+y—6)2 y

(4.7)

where, for the same reasons of £4.6), we have puda=2d sin(a/2). By a change of variables——¢, y— —y, we can
rewrite Eq.(4.7) as

b I wy (EQ dy fE/2 2€| y(wot e—y)+ w? 48
(©,Qi00,8)= 02EQ J ko w2ty? CNE] 02+ (wote—y)2’ (4.9
or, in other terms,
(J)O EQ dy
where we define
E2  In|2€/E|(wo+ e—Y)
Fa(Y)— - J'y € w2+(wo+ E_y)2 ’ (41@
. B 2JE/2 d In|2¢€/E| i1
b(y)__ y 6w2+(wo+e_y)2' ( . :D

The main contribute oF ,(y) andF,(y) corresponds to small values pfbecause the logarithmic term. We can so expand
them fory—0:

Fa(y)= lim Fa(y)+y lim F4(y), (4.12
y—0 y—0
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2
. . ’ y H n

Fp(y)= lim Fy(y)+y lim Fb(y)+? lim Fi(y). (4.13
y—0 y—0 y—0

The only terms in Eq(4.9) that can be a nonzero contribute after their integration are the even ones. So we can reduce Eq.
(4.9:

wy (EQ . . 1
P(w,Q;wg,E)=\ lim Ey(y)+y? lim F.(y)+ = lim F” . 4.1
((1) Q (O] ) 0 2EQ _EQ w2+y2 y0 b(y) y y0 a(Y) 2 y0 b(y):“ ( 4)
The first limit is regular iny=0 and gives, in the limi<E/2,
fim Fo(y)=Fy(0)= In| —— © wzl 14 220 4.1
ylino b(Y)=Fp(0)=w In 2—w0 arctal w_o +w—0 n +? . (4.15

The other contributes need more care. With regaré 1fy), as a first step we divid€ ,(y) by writing In|2€/E|=In|2y/E]|
+In|ely|. Then,

_ _ 2y| (E/2 (wote—y) E/2 In|ely|(wo+€e—Y)
Fa(y)=Fa1(y) +Fa(y)=—In E fy € 02+ (0ot e—y)z_ fy € 0+ (0gte—y)2 (4.16
Expanding the first term for smaji, we have
, , 2y (wo+E/2)
)'/'Lno Fa(y)=In E| o2t (wgt E/2)2" (4.19

while we can see that the second term,\fes0, is even iny. So it will give an odd function in the integral, and its contribution
will be zero. Thus we simply havE,(y)=F%,(y). The same procedure can be applied~{{fy), with an opposite-parity
selection, of course. We obtain

im Er v | 2yl  20%(wy+E/2) i1
yILnO b(y)_ n E [a)2+(w0+E/2)2]2' ( . 8)
We can summarize this result in the expression
P(,Q:00.E)=ro ~2 [0 — I [A(w)+B(w)y? IN(2y/E 4.1
(0,Q;wo,E)= 0 2EQ 7EQ(D2Ty2[ (0)+B(w)y” In(2y/E)], (4.19
where
E ) w? 2wg
A(w)=w In| -—]arctan— |+ — In| 1+ —], (4.20
2(1)0 (O] wqo E
Blo) (ot E/2 20%+ (wg+E/2)? 4o
(w)—(wo ) [w2+(wo+E/2)2]2' ( . 1)
Finally, we can perform the last integral gn and we obtain the final result
5 S A EQ jE/z de In|e/E] . CEl2 2w+ (wo+E/2)? (2 L
(0,Q;wo,E)= Eq)arctan -~ o o (wgte)? wo(wo )[w2+(a)0+E/2)2]2[n( Q)—1]
CEl 20w+ (wo+E2)? [ o EQ (2
wolwot BI2) F o (o E12)72 | Eq) @@, | IN(2Q)
. CEl 20+ (wo+E/2)2 [ 0| 1 fEQ/w dz . 4o
wo(wg )[w2+(wo+E/2)2]2 EQ| 2 7EQlw7arC anz). (4.22
The two integrals in Eq(4.22 have no analytic expression. We recall their main limits
0} | E E
fE/Z de In [2€/E| I ( E tréw . wo MIto5.] 2570 4.23
) —————= In| —arctan — .
0 w*+(wyte) 2w wg o 1+£+ In i) ’ £<1,
w (O] (O] w
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EQ EQ
1jEQ/w dz i) — o' e b o
) oz arctariz)=9 _ EQ EQ (4.24
— Inl—|, —>1.
2 w w

The expression in Eq4.22) represents the direct extension parison, the anisotropic energy distributi¢h3). Of course,

of the vertex calculations of Refs. 14—-17 in the case of a vaminlike the previous isotropic model, we have now an explicit
Hove singular density of states. As in these papers, the vertedependence on the direction@fTo make a qualitative com-
function P(w,Q;wq,E) shows a nontrivial dependence of parison, we choose the simple cape(q,q). It gives repre-
momentum and frequency variables. An example of the desentative results of a generical vectprbut we would not
tailed behavior oP(w,Q; w,E) versus frequency at various give a quantitative relevance to this comparison. However,
fixed momentumQ is plotted in Fig. 6, while its sign is Figs. 6 and 7 show a good agreement between the analytic

shown in Fig. 7. As one can see, the regions of positivity antyng numerical results in spite of the substantial differences of
r)eganwty are close, respecnvgly, to the dynamical and statig,o nvo approaches, in particular in the regiorsafall mo-
limits of it. From a general point of view, we expect that a menta

physical selection of smaly will correspond to a positive . L ,
vertex corrections as in Refs. 15-17. As a direct application of the present analytic calcula-

We would like also to compare the present result with alions, we can now prove the validity of Migdal's theorem in
numerical analysis of vertex function beyond the approximathe case of a van Hove singularity. Performing the adiabatic
tion (4.6). In this perspective we have performed the integrallimit 2wy/E<1 in Eqg. (4.22 at fixed w and Q, we easily
in Eq. (4.3 in a numerical way by using, for a correct com- obtain

. T w\[2wq E
lim P(w,Q;wO,E)z)\OE arctarﬁw— —)In —|~N\e. (4.25

e—0

The logarithmic factor in Eq(4.25 was usually interpreted
as a weakening of Migdal’s theorem validiy?? so that this
theorem could be applied just with the accuracy of order , ) } )
¢ In(e). On the other hand, as we can easily see in the same !N the previous section, we have examinated in some
Eq. (4.25, this problem is nonexistent with a correct defini- d&-tail, for a system with a van Hove singularity at Fermi
tion of the coupling constant on which Migdal’s theorem is!€vel, the general behavior of the vertex function
based. So the apparent weakness of Migdal's theorem ®(®,d;®q,E) versus momentum and frequency of the ex-
rather a signal that a “good” definition of is necessary. ~ changed phonon.

V. T WITH VAN HOVE SINGULARITY BEYOND
MIGDAL's THEOREM

1

2 2
0.8 -1 0.8
) 1 0.6 0.6
o o §
= 0.4 0.4
S s
2 ] 0
A~ 0.2 4 0.2
P>0
A | | |
: 0
P 0 0 0.4 0.6 0.8
-1 ™ T T -1 ®/w
0.5 1 1.5 2 ) ) 0 )
O/ 0 FIG. 7. Sign of the analytic vertex functid®(w,Q; wq,E) [EQ.

FIG. 6. Behavior of analyti®(w,Q;wq,E) (curves vs w in
comparison with a numerical approagoints for different values
of Q: Q=0 (solid line, circle3, Q=0.2 (dashed line, squargs
Q=0.4 (dot-dashed line, diamongsQ =0.6 (dotted line, triangles

(4.22] in Q-w space Q=0q/2kg). The solid line represents the
curve P(w,Q; wg,E)=0. On the left side the function is negative,
while on the other side it is positive. We also plot the same quantity
according to a numerical calculation using the dispers®8) (see
text). In this caseQ=0q/k..
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In this section we would like to apply this result in order Eliashberg equatidi at the first order beyond Migdal'’s theo-
to investigate the effects of the first vertex corrections on theem. The respective corrections with respect to the two equa-
determination of the critical temperature. In this perspectivdions are shown in the diagrammatic picture in Fig. 8. In
we are going to insert explicitly the contribute of verfexnd  particular, the phonon-mediated electron-electron interaction
crossg corrections in the framework of a generalization of thebecomes, for the self-energy equation,

9°D(wn— 0m)— V2 (F—K)=g?

D(wn—wm)-i-)\oD(wn—wm)E TE G(|Z',iw|)G(|Z'+5—|Z,iw|+iwm—iwn)
K |

XD(wy—w)) |, (5.1

and, for the gap equation,

9°D(wn— 0m)— VA ((B—K) =07 D(wp— @) + 2\ D (w0p— @) 2 T G(Kiw)G(K +Kk—p,iw+ion—iwp)
I( |

XD (wp— @)+ No TZ D(wy— @)D (@— 0n)G(K',iw)G(K +k—p,iw+ion—iwy)|. (5.2
K

Equation(5.1) can be easily written as

Vi (B~ K) = g?D (@ — o) [ 1+ P(@y,0m,p—K; 0, E)], (5.3
while in Eq. (5.2) the productD,_,D,_,, due to the cross factor can be approximéatdsy D,_,,D,_, in the region of
reasonable frequencies. Then we can so draw the corresponding interaction for the gap equation in a similar fofdi3as Eq.

Vi m(B—K)=g2D (w0~ wm)[1+2P( 0, 0m,p— K; wg,E) + P(wpn , 0, B+ K; 09, E)]. (5.4

The two new equations obtained by using these corrected interactions are too complex to handle in a simple way. It is
necessary for performing further approximations. The first one is the usual average on the Fermi surface. In this way we
neglect, for the moment, the explicit momenta dependence of vertex and cross contribution;

Vam(B= K=V m(B=K))es,
gzp(wn 1wm15_|2;w01E)4’<<92P(wn :wmvﬁ_lz; wO!E)>>FS'

9°P(wn,0m,B+K wg,E)—{(9?P(@n,0m, B+ K 00,E)))rs

(we include the matrix element in the average in order to extend, in a next step, our analysis to the case of a momenta
dependence df). In the same spirit of a Fermi surface average, we would like to apply a similar procedure to the vertex and
cross with respect to the dependence on frequencies. In particular, we could substitute them with a weighted average on the
two frequenciess, andw,, using a weighp, = w 3/(w 5+ w ) to simulate the effect of the phonon propagator. Since the vertex

and cross depend essentially on the frequency difference, weype® and perform the weighted average only e .

Explicitly,

2
2 m (w <<g P(w,=0 wmvp: )>>FS
9°Pyc(e)= o - (5.9
> " 2t k)

After these manipulations we can eventually draw the new equations of the generalized Eliashberg theory at first order
beyond Migdal’s theorem:

E/2 D¢
Z,=1-N\2T % E/Zde In|& | MuDn- mZm. (5.6)
wn )
AZ, )\éTE J Elzdeln M D mAmZm, (5.7)

where
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f\z

:)\0[1+ Pv(s)]E - |n(8) )

(5.9

A
In(e)’

Equations(5.8) and (5.9) are formally identical to the classic Eliashberg equations that we have previously solved in an
approximated analytic way. In the same context, we can therefore generalizE@8s.(3.26) to include first-order vertex
and cross corrections:

=Ao[1+2P,(g)+Pe)]=— (5.9

E 2ZyIn(s)
Te=1.13— exg =\ =~ —+ Inf(e)+ In(1+e7H=1.25+1(e) |, (5.10
[
were ac15H)
loe5l=0” _TQ_ED —, (612
Zo=1-N In(1+& " Y/In(e). (5.11) (0(a:= 1P =KD D pers

- - where we have normalized it in order to recover the fixed

In these expressions” and\* depend themselves onand  experimental in the adiabatic limit for any parameter, .
e. Now, in order to get a numerical value of the critical  In this way the averages on the Fermi surface turn out to
temperature by Eq5 10, we have to explicit the effective depend on, besides a parameteq, . By varying it we can
coupling constanta? andA* or, in other words, to perform probe the specific relevance of different momenta regions.
the average procedures. In particular, we focus our attentiomhe average of the vertex correctiéh22 does not present
on the average on Fermi surface. particular difficulties, because the cutoff works just on the

In the previous section, in fact, we have argued, as in thgariable Q=|p-k|/2ke . Unfortunately, the average of the
case of a flat band, a positive contribute of the vertex correceross contribution cannot directly calculated in the same way
tions in the small exchanged momenta region. On the otheiecause in this case it is a functionlof p so that that the
hand, we expect that, in the present case, these momenta &jgoff condition on the vectok—p is not easily related to
the most relevant because of the logarithmic divergence ithe vectork+ p. However, we can make some considerations
the density of states. connected with the particular geometry of the real Fermi sur-

Thus, in order to investigate the relative dependence oface. In fact, as one can see from Fig. 9, for the Fermi sur-
the critical temperatur&, on a particular region off space, face of dispersior{2.3) a cutoffg, on k—p gives the same
we include the first-order corrections beyond Migdal’s theo-cutoff on the vectork+p. In this case the average of the
rem in function of a paramet&)., which represents a cutoff cross term is equal to the vertex one. This argument is quite
selection of momentg. We shall follow essentially the pro- general, and it is only related to the linearization of the Fermi
cedure of Ref. 17, applying it to the present system. In parsurface near the saddle point. So it is valid for any Fermi
ticular, we introduce a nonconstant matrix element

1 1

[ e<0 >0 |

o I A =S A S _ e>0 |
: <6>W o5 AN J1os

2 0 0
Ve - p EF
= -0.5 ~ 4 -0.5
T = T - T L J
=== re>0 £<0 ]
-1 PEIRI Rt | -1
1 -0.5 0 0.5 1
k /k
X c
* T * g T FIG. 9. For the electronic dispersid@.3), a momenta selec-
» tion of |k p| at g, (with k andp lying on Fermi surfacecorre-
(b) sponds to same selection pa p|. This result is not strictly related

to the particular Fermi surface, but it is verified for any linearization
FIG. 8. First corrections beyond Migdal's theorem for self- of the Fermi surface near the saddle point, that is, the region of
energy and gap equations. smallq,.
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1 0.5 0.2 1 0.2
b 0.4 0.15 | 0.15
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—_ ] 2 ]
OF ] <, otf { 0.1
a 1 0.2 = : ]
] 0.05 |- 1 0.05
1 0.1 [ ]
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€ £

FIG. 10. Momentum and frequency averages of the vertex FIG. 11. Behavior of the critical temperatufie [Eq. (5.10]
contribution P,(¢) plotted vs the adiabatic parameterfor \, of genera!lzed Eliashberg equations to |n(;|ude first corrections
=0.3. The different curves correspond @,=0.05 (solid line), ~ beyond Migdal's theorem. We pldt; as function ofe for A=0.3

Q.=0.25 (dashed ling Q.=0.45 (dot-dashed line Q.=0.65 and different values ofQ.: Q.=0.05 (solid ling), Q.=0.25
(dotted ling. (dashed ling Q.=0.45 (dot-dashed ling Q.=0.65 (dotted ling.

These curves are compare with the behaviolf pbbtained by the

surface and for ani;,f) enough close to the saddle point. As Same calculations without including vertex and cross corrections
we are interested just in this region of momenta, we car{circles:

assume that the contribution of the cross correction is equal

to the vertex correction.

As a result of the selected average on the Fermi surfacéjove-singularity in the density of states. We have shown
we obtain then a dependence Bf(=P.) on a further pa- this definition allows us to go from a classilow) critical
rameterQ : temperature to a van Houkigh) behavior ofT, by varying

the adiabatic parameter=wy/Er. Another question due to
P,(e)=Pc(e)=P,(&,Qc). (5.13  the nonadiabaticity is the evaluation of the corrections to
The behavior of OF, (s, Q) versus the adiabatic parameter oGcl i o van Howe DOS, we have performed an analytc
e for different value ofQ is shown in Fig. 10. Itis qualita- ;50 jation of the vertex diagram in the function of momen-
tively similar to the constant DOS caSe. ' tum and frequencyfw—q) of the exchanged phonon. The

We can now evaluate thg effect of the first verte>§ and diabatic validity of Migdal's theorem for such a system is
cross corrections on the critical temperature as function of,qvered at the same order of the usual flat DOS system.
the parameters, e, andQ. [Tc=Tc(e)]. From Figs. 11 and v 00ver we obtain a complex structure of vertex function
12, we can see that these corrections give substantially albrsusw and q where the region of small exchanged mo-

enhancement of;, and th's e_nhance_ment IS as more markedq']enta gives essentially a positive contribute. Finally, we
as the momenta selection is restricted. Thus the effect o

vertex corrections for an opportune selection can even lead
to a factor of 2 to the value of the critical temperature. Any-
way, it should be stressed the basic increas@& oWith re-
spect of Migdal-Eliashberg theory is given by the simple
nonadiabatic expressiof8.26) also in the strong-coupling '
regime without vertex corrections in spite of the large con- 0.2 F
tribute of them for smallQ.. This result can be read as o '
evidence of the automatic selection in the momenta region

due to the logarithmic singularity. In this case is clear that a ~°
further cutoff on this region can just amplify the effects of 0.1
vertex corrections, but they are not necessary to recover a

high T.. To make a direct comparison among the different
approaches, we show in Table | the critical temperature for

the respective theories. 0

03 7 0.3

VI. CONCLUSIONS
FIG. 12. T, vs X of generalized Eliashberg equations with vertex
In this paper we have analyzed the role of the nonadiabacorrections at fixed=0.1 and for differenQ,: Q.=0.05 (solid
ticity in the context of a van Hove scenario applied to superiine), Q.=0.25(dashed ling Q,=0.45(dot-dashed ling Q.=0.65
conductivity. A first crucial step is the identification of the (dotted ling. The circles correspond to the same theory without
coupling constanh. By a general definition of it, we have vertex and cross corrections and the diamonds to the adiabatic be-
identified\ for a system with a logarithmic singularityan  havior (Migdal-Eliashberg
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TABLE I. Comparison among the critical temperatuiigsof a  in being an enhancement more marked as relevant momenta
system with a van Hove singularity obtained from different gre small. We would like to conclude, underlining some

approaches: Migdal-Eliashberg theofdiabatic limi}, retarded  points we have not discussed. The first is the smearing of the

BCS model, nonadiabatic strong-coupling modeithout vertex  gingyjarity due to the disorder and to the three-dimensional
corrections, Eliashberg theory generalization to include vertex andStructure of the real materials can invalidate this model
cross correction with a cutoff on exchanged momenta, respectivel;rb\bout this point there are now manv bapers pointing out tha.t
Q.=0.65 and Q.=0.05. The parameter choice s=0.3 and P y pap P 9

wy=1000 K. We point out the drastic increase f in the nona- this effect should be negligibisee, for example, Ref. 23n

diabatic regionalso with smalle) for any approach. any case in our perspective the divergence in the DOS is not
essential and similar qualitative results can be recovered also
e T, (K) with a sharp, but not divergent, peak in the DOS.
- - Besides, we would like to stress that our analyses focus
Migdal-Eliashberg 0 9

on the singularity in the density of states. This characteristic

Retarded BCS 0.1 4 can explain some features of layered superconducting mate-
Strong Cofp"ng 0.1 48 rials as a highT, or small isotopic effect. There are, how-
Vertex Q. =0.65 0.1 62 ever, many other properties due to the peculiar geometry of
Vertex Q.=0.05 0.1 89

the Fermi surface close to the saddle pdfot example, we
have not investigated the possibility of anisotropic supercon-
ductivity which can be favored or not by the saddle
have included these corrections beyond Migdal's theorem ipoint*!9). In effect, it is worth remembering, as some authors
a simplified generalization of Eliashberg equations with ahave shown, that a Fermi level near the saddle point can lead
further paramete®,. which represents a physical selection of to marginal Fermi liquid properties and to linear behavior of
small momenta. The effect of these correctionsTgnesults  the resistivity*>8or a short coherence lengtii®
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