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Poor screening and nonadiabatic superconductivity in correlated systems
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In this paper we investigate the role of the electronic correlation on the hole doping dependence of electron-
phonon and superconducting properties of cuprates. We introduce a simple analytical expression for the
one-particle Green’s function in the presence of electronic correlation and we evaluate the reduction of the
screening properties as the electronic correlation increases by approaching half filling. The poor screening
properties play an important role within the context of the nonadiabatic theory of superconductivity. We show
that a consistent inclusion of the reduced screening properties in the nonadiabatic theory can account in a
natural way for theTc-d phase diagram of cuprates. Experimental evidences are also discussed.
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I. INTRODUCTION

The role of the electron-phonon~el-ph! interaction in the
high-Tc superconducting cuprates has been a matter of
bate for a long time. In early times the report of a negligib
isotope effect onTc at optimal doping, the almost linea
behavior of the resistivity on temperature, also at optim
doping, and other exotic features of the copper oxides le
the common belief that electron-phonon coupling was a m
ginal ingredient to understanding the phenomenology
these materials. However, over the years, there has be
revamping evidence of an important role of the phonons. T
most remarkable ones are, for instance, the discovery o
isotope effect onTc larger than the BCS value (aTc

.0.5) in

the underdoped regime,1,2 the report of a sizable isotope shi
on the effective electronic massm* ~Ref. 3! and on the onse
of the pseudogap,4,5 and the observation of phono
renormalization6 and phonon anomalies atT,Tc .7 More re-
cently, angle-resolved photoemission spectroscopy~ARPES!
measurements pointed out a kink in the electron dispers
the origin of which is probably phononic.8 Clearly, if
phonons are relevant for superconductivity in these mat
als, this cannot be described in a BCS-like framework,
some nonconventional approach including strong electro
correlation is necessary. The study of the interplay betw
electron-phonon interaction and the electronic correlation
a challenging task which has attracted much scientific w
along different lines.

An interesting issue concerns the momentum modula
of the electron-phonon coupling induced by the electro
correlation. In Ref. 9, using a variety of theoretical and e
perimental findings, it is shown that in correlated syste
small-q scattering in the electron-phonon interaction
strongly favored. A strong enhancement of the forward sc
tering at q;0 in correlated systems close to the met
insulator transition, accompanied by a suppression of sca
ing at largeq, was reported, for example, in Refs. 10,11
using 1/N expansion techniques. A recent numerical wo
0163-1829/2003/68~21!/214514~12!/$20.00 68 2145
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based on quantum Monte Carlo technique confirms
picture.12

Different but somehow complementary arguments ba
on poor screening effects in correlated systems have b
also discussed in literature. The basic idea is that as a m
loses its coherence as a function of the correlation deg
approaching a metal-insulator transition, the screening pr
erties of the bare long-range electron-phonon interaction
come less effective resulting in a net predominance of sm
q scattering.13–16,22A similar physical argument applies, fo
example, to doped semiconductors which are commonly
scribed in terms of the Fro¨hlich Hamiltonian, with electron-
phonon matrix elementsugqu2}1/uqu2.

The momentum structure of the electron-phonon scat
ing induced by the electronic correlation has been shown
play a crucial role in the context of nonadiabat
superconductivity.17–19 In narrow-band systems, such as c
prates and fullerenes, the Fermi energyEF is so small as to
be comparable with the phonon frequenciesvph, and the
adiabatic assumption (vph!EF) breaks down. In this contex
Migdal’s theorem20 does not apply and one needs to ta
into account nonadiabatic effects not included in the Migd
Eliashberg ~ME! theory of superconductivity. Detailed
studies have shown that the nonadiabatic contributio
which are well represented by the vertex function, pres
a complex momentum-frequency structure, in which smaq
scattering leads to an enhancement of the effective super
ducting pairing, while large-q scattering leads to its
reduction.17–19 The strong q-modulation of the electron-
phonon interaction due to the electronic correlation is th
expected to give rise to a net enhancement of the super
ducting pairing.

The purpose of the present paper is twofold. On one h
we wish to quantify the microscopic dependence of
screening properties of a correlated system on relevant q
tities such as the electron density of the Hubbard repuls
in addition we apply the derived screened electron-pho
interaction to evaluate the role of the electronic correlation
the context of the nonadiabatic superconductivity and to
rive a qualitative superconducting phase diagram. To this
we introduce a model for the electronic Green’s function
©2003 The American Physical Society14-1



ct
lo
nd
un
-

e
er
ha

o

a
in

r
ti
a
e

ich

tie
pe
ti
pe
tra
m
th

o

io
th
s
of
e
us
-
s
a

-
2

th

c
c

ec
r

dis
ch
ou

in
ni
on

mi-
a

nd
h
a
c-

w-

he
ese
ting
.
le
ron
-
t

i-
ile
-

ber,

ve
the

llic

the
c-
co-

tic
pper
idth

n’s
in

s of
ral
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the system, based on the decomposition of the total spe
function in a coherent, itinerant part, and an incoherent
calized background corresponding to the Hubbard subba
The relative balance between the two parts varies as a f
tion of doping and electronic correlation. This will have im
portant consequences on the electronic screening and h
on theq-modulation of the effective electron-phonon scatt
ing, as well as on the superconducting properties. We s
show the following.

~1! The coherent excitations dominate the screening pr
erties as well as the superconducting ones.

~2! The loss of coherent spectral weight approaching h
filling is thus responsible for the reduction of the screen
properties and for the increase of the forward scattering
the electron-phonon interaction.

~3! In the strongly correlated regime the selection of fo
ward scattering gives rise to an enhancement of the effec
electron-phonon interaction within the context of the non
diabatic superconductivity. These effects however comp
with the reduction of the quasiparticle spectral weight wh
is detrimental for superconductivity.

~4! The resulting phase diagram shares many similari
with one of the cuprates. In particular, it shows an overdo
region, where superconductivity is suppressed by nega
nonadiabatic effects, an underdoped region, in which su
conductivity is destroyed by the loss of coherent spec
weight, and an intermediate region, in which the predo
nance of small-q scattering leads to an enhancement of
nonadiabatic el-ph pairing which overcomes the reduction
the coherent spectral weight.

We hereby wish to point out that a complete descript
of the rich phenomenology of the cuprates is well beyond
aim of the present paper. In particular, we shall not discu
for reason of simplicity, the symmetry of the gap, which
course is of fundamental importance if one wishes to giv
quantitative description of these systems. We would like j
to remark on this point that ad-wave symmetry of the super
conducting order parameter was shown by many author
naturally arise in the context of a phonon pairing with
significant predominance of forward scattering.21–24 The
competition betweens- andd-wave symmetry in a nonadia
batic electron-phonon system was also studied in Ref.
Taking into account explicitly thed-wave symmetry of the
gap would not change in a qualitative way the results of
present work.

This paper is organized as follows. In Sec. II we introdu
our model Green’s function; in Sec. III we derive an effe
tive form for the electron-phonon interaction. In the last s
tion we write and solve the generalized Migdal-Eliashbe
equations, in the adiabatic and nonadiabatic limit, and
cuss in detail the competition of the different factors whi
determine the superconducting critical temperature of
system.

II. A MODEL FOR CORRELATED ELECTRON SYSTEMS

As briefly discussed in the Introduction, one of the ma
aims of the present paper is to investigate how the scree
properties are affected by the presence of strong electr
21451
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correlation, and to parametrize these effects in terms of
croscopical quantities. In particular, we have in mind
Hubbard-like system where itinerant electrons, with ba
dispersionek and bandwidthE, interact each other throug
an onsite Coulomb repulsionU. As we are going to see,
crucial role is played in this context by the transfer of spe
tral weight as a function of the correlation degree from lo
energy coherent states to the high-energy~Hubbard-like! in-
coherent ones.

In this section we present a simple, minimal model for t
electron spectral function which takes into account th
main effects and which can thus represent a proper star
point to evaluate screening effects in correlated systems

All the possible information about the single-partic
properties of the system is contained in the one-elect
Green’s functionG(k,v). Without loss of generality we as
sume that the Green’s functionG can be split in a coheren
and an incoherent contribution:26

G~k,v!5Gcoh~k,v!1Ginc~k,v!, ~1!

where the coherent partGcoh describes the itinerant, quas
particlelike properties of the electron wave function, wh
the incoherent partGinc accounts for the incoherent high
energy excitations. Due to its localized natureGinc(k,v) is
only weakly dependent on the momentum quantum num
so that the dependence onk can be reasonably neglected.

An important quantity which parametrizes the relati
balance between coherent and incoherent contributions is
quasiparticle spectral weightZ, which is simply given by

E dv
1

p
Im@Gcoh~k,v1 id!#5Z, ~2!

whereas the incoherent part obeys the sum rule

E dv
1

p
Im@Ginc~k,v1 id!#512Z. ~3!

The quasiparticle spectral weightZ can vary between 0 and
1, the two limits corresponding to the insulating and meta
limit, respectively. It depends on the internal parametersU
andd, whered is the hole doping (d512n) andn the total
number of electrons (n51 half-filled case!.

Several techniques have been developed to investigate
Hubbard model.27 Different starting points are employed a
cording to whether main emphasis has to be laid on the
herent ~itinerant! or on the incoherent~localized! features.
For instance, the so-called Hubbard I approximation,28 which
is exact in the atomic limit, is mainly aimed at a schema
representation of the localized states, described by an u
and a lower Hubbard band spaced by an energy gap of w
U. On the other hand the Gutzwiller technique29 and the
mean-field slave bosons solution30 offer a useful tool to deal
with the coherent spectral weight of the electron Gree
function: in this case the quasiparticle spectral properties
the presence of strong correlation are described in term
an effective band of noninteracting fermions with spect
weight Z and bandwidthZE.
4-2
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In this paper we introduce a new phenomenologi
model to take into account in the simplest way and at
same level the coherent and incoherent parts of the Gre
function. We approximate the exact~unknown! coherent and
incoherent parts ofG(k,v) in Eq. ~1!, respectively, with the
Gutzwiller29 and Hubbard I28 solutions

Gcoh~k,v!5
Z

v2Zek1m6 i01
, ~4!

Ginc~v!5
~12Z!

Ns
(

k
F ~12n/2!

v2~12n/2!ek1m2U/2

1
n/2

v2~n/2!ek1m1U/2G , ~5!

wherem is the chemical potential,Ns is the total number of
sites, andZ is the quasiparticle weight obtained in th
Gutzwiller approximation in the paramagnetic state at fin
U and generic filling~Appendix A!. Due to the localized
nature of the incoherent part we have replaced theGinc(k,v)
given by the Hubbard I approximation with its momentu
average. Numerical calculations based on dynamical me
field theory ~DMFT! confirm our qualitative picture of a
spectral weight transfer from a central coherent peak to
incoherent Hubbard-like background with increasingU.31

The behavior ofZ as function of the particle densityn and
of the Hubbard energyU is shown in Fig. 1. The critica
Hubbard energyUc , which determines the Brinkman-Ric
transition atn51 is related to the kinetic energyEkin , which
depends on the bare electron dispersion shape, through
relation Uc58uEkinu.

29 In the following, we employ a bare
constant density of states~DOS! with N(ek)5N051/E for
ekP@2E/2,E/2#. In this case, we haveUc52E. The chemi-
cal potentialm is determined by the total number of particle
In Fig. 2 we show typical density of statesN(v) for the
correlated system described by our model@Eqs.~4! and~5!#.

FIG. 1. Quasiparticle spectral weight as determined by
Gutzwiller solution at finiteU andn. Left panel:Z as function ofn
for ~from top to the bottom! U/Uc50.4,0.8,1.2,1.6,2.0. Righ
panel: Z as function of U/Uc for ~from top to the bottom! n
50.6,0.8,0.9,1.0.
21451
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We would like to stress that the phenomenological mo
described by Eqs.~4! and ~5! is not meant at all to be ex
haustive of the complex physics of a strongly correlated s
tem. In fact, retardation effects are neglected, since we
assuming the separation into two species of electrons to
independent of frequency. More sophisticated methods of
lution, including DMFT, permit one to treat the self-energ
of a strongly correlated system in a more careful way, reta
ing the correct frequency dependence of the self-energy.

Our model has the advantage of being extremely sim
and easy to handle, and it allowed us to obtain explicit
pressions for all the relevant quantities of the coup
electron-phonon system; in particular, we focus on the sp
tral weight transfer from the coherent to the incoherent p
of the Green’s function when increasing the degree of e
tronic correlation. As we are going to see, this feature w
have important consequences on the electronic screening
on the momentum dependence of the electron-phonon
pling.

III. SCREENING AND ELECTRON-PHONON
INTERACTION

A. Correlation effects on Thomas-Fermi screening

The momentum dependence of the electron-phonon in
action usually plays a marginal role in determining t
electron-phonon properties of common metals. The ba
reason for this is that the bare long-range electron-pho
interaction is effectively screened by the long-range C
lomb repulsion leading to a weak momentum dependenc

The conventional Migdal-Eliashberg theory, which d
scribes electron-phonon effects of both the normal and
superconducting states, is formally derived starting from
effective electron-phonon Hamiltonian, in which the Co
lomb electron-electron repulsion does not appear, apart f
a weak residual electron-electron contribution in the Coo
channel,Uk,q , which gives rise the to the Morel-Anderso
‘‘pseudopotential’’ termm5N(0)U.32 The physical quanti-
ties appearing in this effective Hamiltonian are thus cons
ered to have been already renormalized by the long-ra
Coulomb interaction. In particular the electron-phonon m
trix elementsgk,k1q and the residual electron-electron repu

e

FIG. 2. Density of statesN(v)5(1/p)(kImG(k,v1 i01) re-
sulting from our model, forU52Uc and different values of doping
At half filling the system is an insulator, and its density of states
represented by two Hubbard-like features at distanceU from each
other; moving away from half filling a coherent peak starts formin
with increasing weightZ. Dashed regions represent filled states
to the chemical potentialm ~dotted line!.
4-3
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sion are usually considered to have a negligible momen
dependence, so that the Eliashberg equations depend on
the frequency variables.

This drastic assumption works quite well in many conve
tional low-temperature superconductors with large car
density since, in this case, the long-rangeq dependence o
the bare electron-phonon and electron-electron interac
@V(q,v)}1/uqu2)] is removed by the large metallic scree
ing. This well-known effect is usually expressed in terms
the ~static! dielectric functione(q), which in the random-
phase approximation~RPA! reads

e~q!511
kTF

2

uqu2
, ~6!

where kTF is the Thomas-Fermi screening momentum d
fined as

kTF
2 52 lim

q→0
4pe2P~q,v50!, ~7!

with

P~q,v!5
2

Ns
(

k
E dv8G~k1q,v1v8!G~k,v8!. ~8!

The effective long-range interaction results thus screened
conduction charge and one obtains the following Thom
Fermi expression:

Veff~q,v!5
V~q,v!

e~q!
}

1

uqu21kTF
2

. ~9!

In free-electron systems the Thomas-Fermi vector is
rectly related to the bare density of states via the sim
relation limq→0P(q,v50)522N(0), where N(0) is the
density of states per spin at the Fermi level, so thatkTF

2

58pe2N(0). In common metals, sincekTF is typically
larger than the Brillouin-zone size (kBZ), the effective
~electron-electron, electron-phonon! interaction Veff(q,v)
can be considered in first approximation to the almost in
pendent of the exchanged momentumq.

Things are expected to be very different in correlat
narrow-band systems. As we have mentioned bef
strongly correlated electrons, due to their reduced mobi
are much less effective in screening external perturbatio
especially at small wavelengths. For instance, the reduc
of the screening properties approaching a metal-insul
transition in disorder alloys as well as in cuprates has b
experimentally signaled in Refs. 40,41.

In this section we employ the simple model introduc
above for the description of the Green’s function to quan
the reduced screening properties of correlated systems
their dependence on microscopic parameters, such as
hole dopingd or the Hubbard repulsionU. In order to do
this, we compute the Thomas-Fermi vectorkTF , defined in
Eq. ~7!, using the model described by Eqs.~4! and ~5! to
evaluate the RPA response functionP(q,v) according to Eq.
~8!. While higher-order~vertex! diagrams are not taken int
account in this framework, we shall show that this simp
21451
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model is already sufficient to describe the reduction
screening properties due to transfer of spectral weight fr
the coherent to the incoherent states.

Using Eqs.~4! and ~5! the response functionP can be
written as a sum of three different contributions:

P5Pc-c1Pc-i1P i-i , ~10!

where the first one describes scattering processes which
volve only coherent states; the second term describes sca
ing between the coherent peak and the Hubbard lower/up
~incoherent! bands; the last one describes processes wh
involve only localized incoherent states in both the Gree
functions of Eq.~8!. In general we expect that the tota
screening will be dominated by the first contributionPc-c
since the itinerant coherent states are much more effec
because of their mobility, in screening external perturbatio
than the localized ones.

In Fig. 3 we plot the RPA response function in units of t
bare DOS:2 limq→0P(q,v50)/2N0 as a function of the
electron filling. Since forn→0 the screening properties ar
determined only by the coherent part regardless of any
relation effects, this is also equivalent to plotting th
Thomas-Fermi momentumkTF

2 as function of the electron
density n: kTF

2 (n)/kTF
2 (n50). As shown in Fig. 3 the ne

value of the Thomas-Fermi momentum is mainly determin
by the coherent-coherent excitations. Simple scaling con
erations show that the coherent-coherent contribution to
response function is just equal toAZ times the Thomas-
Fermi momentum of an uncorrelated system. The expl
expressions of the other two terms are a bit more com
cated and they are reported in Appendix B. Figure 3 show
drastic reduction of the screening properties of the system

FIG. 3. Effective Thomas-Fermi screeningkTF
2 ~solid line! as a

function of the electron densityn for a correlated system describe
by our model (U58Uc). The different contributions to the tota
screening are also shown: coherent-coherent particle-hole proc
~dashed line! and coherent-incoherent1 incoherent-incoheren
contribution~dotted line!. Apart from half filling, where the coher-
ent contribution vanishes and the screening is determined by
only residual incoherent polarization, the static screening prope
of the system are dominated from the coherent quasiparticle e
tations.
4-4
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the metal-insulator transition is approached at half filli
(U.Uc). In this case the spectral weight of the cohere
part is zero, and the only residual small contribution to
screening is due to incoherent excitations which vanish
U→`.

B. Poor screening and momentum dependence
of the electron-phonon interaction

From Fig. 3 it is clear that the assumption of a Thom
Fermi momentum much larger than the exchanged pho
momentaq breaks down as electronic correlation effects
more and more relevant, namely, approaching half filling.
this situation the effective electron-phonon interaction can
no longer considered weakly dependent onq in the long-
range limitq→0. On a microscopical ground the screeni
of long-range Coulomb interaction renormalizes both
bare electron-phonon matrix elementgk,k1q

0 and the phonon
frequenciesVq . The el-ph matrix element can be useful
written as gk,k1q

0 .c(Vq)/uqu, where c(Vq) is a well be-
haved function ofq in the limit limq→0 and it mainly de-
pends on the phonon frequencyVq . If both the screening
effects ongk,k1q

0 and Vq are properly taken into account33

one can get the following expression for the effective to
electron-phonon interaction:

Veff
el-ph~q,v!5

c2~vq!

uqu2e~q!
Dq~v!, ~11!

where both the phonon propagatorDq(v) and the coupling
function c(vq) are written in terms of the screened phon
frequencyvq . Equation~11! shows that the long-range be
havior of the total el-ph interaction}1/uqu2, when written as
function of the screened phonon frequency, is correct by
dielectric functione(q).

For an optical mode,vq is only weakly dependent onq
and the leading dependence onq of Eq. ~11! comes from the
term }1/@e(q)uqu2#. These screening effects can be conv
niently dealt with by introducing the screened el-ph mat
elementgq :

gq
25

ugq
0u2

e~q!
}

1

uqu21kTF
2

. ~12!

The el-ph scattering is thus roughly described~we remind
that these expression were derived in the limitq→0) by a
Lorentzian function in the spaceuqu. It is also useful to in-
troduce the dimensionless variablesQ5uqu/2kF and Qc
5kTF/2kF , so that

ug~Q!u2.g2
1

Q21Qc
2

. ~13!

The parameterQc represents a cutoff for the exchanged ph
non momenta: the electron-phonon scattering will be ope
tive for Q&Qc , and negligible forQ*Qc .

The momentum structure resulting in Eq.~13! plays a
crucial role in the Cooper pairing in the coherent-coher
channel where the momentum is a good quantum num
21451
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For these contributions the total strength of the electr
phonon coupling is linked with the momentum average
Eq. ~11! over the Fermi surface. For an isotropic syste
using polar coordinates*dV5*0

2pdf*0
1d cosu and remind-

ing thatQ5sin(u/2), we obtain

^ug~Q!u2&FS5

E dfE
0

1

QdQ
g2

Q21Qc
2

E dfE
0

1

QdQ

5g2lnS 11Qc
2

Qc
2 D .

~14!

In common metalsQc;0.5–1 so that ln@(11Qc
2)/Qc

2# is of
the order of 1. On the other hand, in poorly screened syst
Qc!1 and the resulting el-ph coupling is sensibly enhanc
In the following, we shall considerQc.0.7 as a representa
tive case of uncorrelated usual metals.

For practical purposes, following Refs. 18,19, we a
proximate the Lorentzian behavior of Eq.~13! with a Heavi-
sideu function:

ug~Q!u2→g2au~Qc2Q!. ~15!

In order to preserve in this mapping the total strength of
el-ph coupling, the prefactora has to be determined by re
quiring the resulting el-ph coupling strength, namely, the
erage ofg2 over the Fermi surface, to be equal for Eqs.~13!
and ~15!. With this condition we find that

ug~Q!u25g2
1

Qc
2

lnS 11Qc
2

Qc
2 D u~Qc2Q!. ~16!

As a final remark of this section we note that the mome
tum dependence ofug(Q)u2 is not expected on the other han
to be effective in the incoherent-coherent and incohere
incoherent contributions to the electron-phonon interacti
where the exchanged momentumq is no more a good quan
tum number. In this case the effective incoherent electr
phonon coupling is roughly given by its momentum avera
on the Brillouin zone, which we shall set in the followin
discussion to be equal tog2.

IV. GENERALIZED MIGDAL-ELIASHBERG EQUATIONS

In the previous sections we have introduced a sim
model for an electron-phonon system in the presence of e
tronic correlation. In particular we have reduced, in an a
proximate way, the complex problem of the interplay b
tween electron-phonon and electron-electron interactions
purely electron-phonon system described by an effec
one-particle Green’s function@Eqs.~1!, ~4!, and~5!# and an
effective electron-phonon matrix elementg(Q) @Eq. ~16!#.
After this mapping, the Baym-Kadanoff theory35 assures that
the functional form of the superconducting equations will
the same as that of a purely electron-phonon system:

F5Fel-ph@g,G,F#, ~17!

Z5Zel-ph@g,G,F#, ~18!
4-5
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whereF is the superconducting order parameter; the Gree
functionG and the matrix elementg are defined by Eqs.~1!,
~4!, ~5!, and~16!, as mentioned above. In order to obtain
explicit expression for Eqs.~17! and~18! we should specify
in which frameworkwe are going to treat the electron
phonon interaction. In particular, we observe that the c
ventional ME theory, in particular, is based on the assum
tion that the phonon frequencies are much smaller than
electronic Fermi energy,vph!EF ~adiabatic limit!. This
theory works quite well in the conventional low-temperatu
superconductors, where no electronic correlation is pre
and EF is of the order of 5–10 eV. On the other hand, t
strong band renormalization in correlated systems descr
in Sec. II questions the adiabatic assumption, especially
approaching half filling, the renormalized bandwidth;ZE
can be comparable withvph. In these systems a more su
able description can be obtained in the framework of
nonadiabatic theory of superconductivity.17–19 Equations
~17! and ~18! can be rewritten as

Zn511
Tc

vn
(
m

GZ~@G#;vn ,vm!hm@G#, ~19!

Fn5Tc(
m

GF~@G#;vn ,vm!
Fm

vmZm
hm

D@G#, ~20!

where the electron-phonon kernelsGZ(@G#;vn ,vm) and
GF(@G#;vn ,vm) contain the nonadiabatic vertex~P! and
cross~C! contributions to the self-energy and to the Coop
pairing channels:

GZ~@G#;vn ,vm!5ln2m@11lP~@G#;vn ,vm ,Qc!#,

GF~@G#;vn ,vm!5ln2m@112lP~@G#;vn ,vm ,Qc!#

1l2C~@G#;vn ,vm ,Qc!2m.

Hereln2m is linked with the electron-phonon spectral fun
tion a2F(v) through the relation ln2m
52*dva2F(v)v/@v21(vn2vm)2#, l5ln2m50, and m
is the short-range residual electron-electron repulsion.
breakdown of the adiabatic hypothesis determines the n
for the explicit inclusion of the vertex~P! and cross~C!
functions in Eqs.~19! and ~20! and it affects the expressio
of hm@G#5(kG(k,v) and hm

D@G#5(kG(k,v)G(Àk,
2v) through finite bandwidth effects. The momentum d
pendence of the superconducting equations has been
aged on the Fermi surface and it gives rise to the str
dependence onQc in the vertex and cross terms. In Eqs.~19!
and ~20! we have moreover implicitly expressed the fun
tional dependence of the electron-phonon kernelsGZ andGD

as well as of the quantitiesP, C, andh on the Green’s func-
tion G which, we remind, is modeled as in Eqs.~1!, ~4!, and
~5!.

Before solving Eqs.~19! and ~20! in the whole range of
doping, we would like to discuss the different roles of t
coherent ~itinerant! states and the incoherent~localized!
states, described, respectively, by Eqs.~4! and ~5!, on the
superconducting properties. As we have seen in Sec. III,
electronic screening is mainly dominated by the coher
21451
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term of the electronic Green’s function, which describes m
bile electrons for whichk is a good quantum number.

Similar considerations can be made also for supercond
tivity: we expect, in fact, that the coherent electrons, wh
have a high mobility, will give a more relevant contributio
to the superconducting critical temperature. To check the
lidity of this hypothesis, we have solved Eqs.~19! and ~20!
in the ME limit ~i.e., neglecting vertex corrections!, once
using an integral kernel containing the full Green’s functi
@Eq. ~1!# and once an integral kernel with only the cohere
part of the Green’s function@Eq. ~4!#, as a function of the
Hubbard repulsionU. In Fig. 4, we show as empty circles th
results obtained with the full kernel, and with solid line th
critical temperature obtained using only the coherent p
The two sets of data are hardly distinguishable, pointing
that the increase ofTc due to the coherent-incoherent an
incoherent-incoherent couplings is negligible.

After this observation, in the following, the functional de
pendence on the total Green’s functionG in Eqs. ~19! and
~20! can be in good approximation replaced by the only c
herent part, explicitly: GZ@Gcoh#, GF@Gcoh#, P@Gcoh#,
C@Gcoh#, hm@Gcoh#. As we show in Appendix B, when the
reduced spectral weight and bandwidth are taken into
count, this corresponds to a proper rescaling of the analyt
expressions for these quantities evaluated in the absenc
correlation in Refs. 36,37.

It is interesting to compare our model with the two-ba
superconductivity,38 which has recently driven a considerab
attention due to MgB2.39 In that case, the opening of inte
band scattering channels leads to an enhancement of
critical temperature. In some respects, our model could a
be seen as an effective two-band system, made up of a
narrow band of mobile electrons and another band of loc
ized electrons, coupled to each other. However, we note t
since the spectral weight of each single band is not c
served, the onset of the high-energy bands of localized e
trons is accompanied by a decrease of the quasiparticle s
tral weight, resulting in an effective reduction of the Coop
pairing.

FIG. 4. Comparison of the critical temperatureTc as a function
of U for the half filling case, using the full integral kernel in Eq
~19!–~20! ~empty circles! and using only its coherent part~solid
line!.
4-6
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A. Doping effects and phase diagram
of the nonadiabatic superconductivity

Equations~19! and ~20! represent our tool to investigat
the loss of the superconducting properties due to the e
tronic correlation approaching half filling. We can in fa
evaluate all the relevant quantities, such as the elect
phonon interaction kernelsGZ , GD , the electron Green’s
function G, the vertex and cross functionsP, C, and the
momentum cutoffQc as a function of the microscopic pa
rameters as the hole dopingd and the Hubbard repulsionU.
We shall show that the phase diagram as a function of
doping is governed by two competing effects: one driven
the reduction of the coherent spectral weight approach
half filling, which is detrimental for superconductivity, an
the other by the complex behavior of the nonadiabatic ter
which increases the effective pairing asd→0 and decrease
it as d→1.

Since we are mainly interested in the regiond→0 of the
phase diagram, we disregard for simplicity the analytical
pendence of the nonadiabatic terms on the chemical po
tial. The behavior of the ‘‘bare’’P and C as a function of
doping is in fact determined by the density of electronsn
512d); this dependence is much weaker than the dep
dence ofZ andQc close to half filling~see Figs. 3 and 1!.

Before solving Eqs.~19! and ~20! numerically to obtain
the critical temperatureTc as a function of doping, we wish
to discuss the phase diagram of our model in terms of sim
intuitive physical arguments, based on an effective electr
phonon coupling. Let us consider for the moment t
electron-phonon interaction alone, without any residual C
lomb repulsion, namely,m50. Equation~20! can be rewrit-
ten in a simplified way as

Fn.Tc(
m

Zl@112ZlP1ZlC#Kn2mFm , ~21!

where we have simplified, according to Appendix B, t
main dependences onZ5Z(U,d) of each quantity. In this
way, we can roughly see the total electron-phonon coup
as the product of two terms: an effective electron-phon
coupling of ME theory renormalized by the electronic cor
lation, lME, and the enhancement due to nonadiabatic ve
and cross~VC! diagramsgVC:

leff5lMEgVC,

lME5Zl,

gVC5112ZlP~Qc!1ZlC~Qc!.

The schematic behavior of these quantities as a functio
the hole dopingd is shown in the upper panel of Fig. 5. Th
physics behind thed dependence oflME can be easily re-
lated to the loss of spectral weight approaching the me
insulator transition ford→0. This effect, which is presen
also in gVC, is however in that case competing with th
enhancement of the effective coupling due toP(Qc) and
C(Qc) which will be maximum and positive close to ha
filling ~where Qc→0) and negative at high dopings. Th
21451
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interplay between these two effects will give rise to a ma
mum of gVC, and hence ofleff, somewhere in the smal
doping region where the competition between the spec
weight loss and the positive nonadiabatic effects is stron
~see upper and middle panels in Fig. 5!.

We can now also consider the effect of the residual Mor
Anderson-like repulsionm; first of all, we observe that the
reduction of spectral weight will lead to an effective repu
sionmeff.Zm. Superconductivity will be possible only whe
the net electron-phonon attraction overcomes the repul
term:leff2meff.0 ~see lower panel of Fig. 5!. The resulting
total coupling is expected to exhibit a ‘‘bell’’ shape which
mostly due to thed dependence of the nonadiabatic fact
gVC. It is interesting to note two things. First, in the extrem
caselME&meff, where no superconductivity would be pre
dicted in the wholed range by the conventional ME theory
we could expect finiteTc in a smalld region, due to purely
nonadiabatic effectsleff5lMEgVC.meff. Second, it is clear
that within the ME framework a net attractive interaction
the Cooper channel at a certain dopingd, which corresponds

FIG. 5. Graphical sketch of the different contributions to t
effective superconducting coupling. Top panel: the coupling fu
tion lME is mainly determined by the coherent spectral weight, a
it exhibits a monotonous growing behavior as a function of dopi
The vertex factorgVC tends to enhance the effective coupling at lo
doping and to depress it at high doping. Middle panel: the to
effective electron-phonon couplingleff5lMEgVC has a maximum
at some finite value ofd; when the effective Morel-Anderson
pseudopotential is subtracted, superconductivity is suppresse
high doping. Lower panel: resulting phase diagram for superc
ductivity: superconductivity is only possible in a finite region
phase space~gray region!, whereleff2meff is positive.
4-7
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to lME.meff, would imply a superconducting order also
largerd since the two quantitieslME,meff scale in the same
way }Z; on the other hand, in the nonadiabatic theory
perconductivity,Tc is expected to be limited to some max
mum value of doping, due to the negative contribution of
nonadiabatic diagramsP andC at larged ~largeQc’s!.

We can now quantify the simple arguments discussed
far. A quantitative estimate of the strength of the superc
ducting pairing is given by the highest eigenvaluevmax of the
superconducting integral kernel in Eq.~20!, computed at low
T; at a given temperatureT and dopingd superconductivity
occurs ifvmax>1 and the superconducting pairing~andTc) is
stronger asvmax is larger.

In Fig. 6 we compare the behavior ofvmax as a function of
d, obtained atT50.01v0 using an Einstein spectrum fo
different values ofm in ME ~open symbols, dashed lines!
and in the nonadiabatic theory~full symbols, solid lines!.
The Hubbard repulsion was set atU58Uc and the phonon
frequency at v050.8E/2, where E/2 is the bare half-
bandwidth~unrenormalized by correlation effects!. The cor-
responding phase diagramTc versusd is reported in Fig. 7.
In agreement with our previous discussion in the ME fram
work vmax andTc decrease monotonously as the hole dop
is reduced. On the other hand, the corresponding resul
the nonadiabatic theory display a more complex behav
showing that the effective nonadiabatic pairing is larger th
the ME one at low doping and smaller at high doping.

As we have already discussed, the bell shape of the h
est eigenvaluevmax and of the critical temperatureTc can be
attributed to the dependence of the magnitude and sign o
nonadiabatic terms onQc , which, in turn, strongly depend

FIG. 6. Maximum eigenvaluevmax as a function of doping,
evaluated atT50.01v0 for different values ofm, with l51, v0

50.8E/2, andU58Uc . Empty symbols~dashed lines! represent
ME theory, filled symbols~solid lines! the nonadiabatic theory de
scribed by Eqs.~19!–~20!.
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on doping. For high doping the nonadiabatic contributio
are negative and decreasevmax and Tc with respect to their
ME values. On decreasingd the nonadiabatic terms tur
from negative into positive andvmax andTc increase up to a
maximum value. As the hole doping is further decreasedd
→0), the loss of spectral weight becomes the dominant
fect and it finally leads to the complete suppression of sup
conductivity. The inclusion of the residual Coulomb repu
sion in the Cooper channel,m, leads to an overall reduction
of the superconducting pairing. The effect is more p
nounced in the nonadiabatic theory than in ME, since in t
case a very small value ofm is enough to suppress superco
ductivity in a large region of phase space at high doping

V. DISCUSSION AND CONCLUSIONS

The main aim of the present paper is the description,
microscopical grounds, of the hole doping dependence of
electron-phonon and superconducting properties of
strongly correlated system within the context of a nonad
batic electron-phonon theory. The need for a nonadiab
treatment of the electron-phonon interaction in correla
systems comes from the fact that, as a metal-insulator t
sition is approached, the electronic bandwidth is strongly
duced, and the adiabatic assumptionvph /EF on which
Migdal’s theorem is based breaks down.

Past studies have shown that the inclusion of nonadiab
effects can lead to a strong enhancement or depression oTc
depending on the value of the exchanged momenta and
quencies: if a microscopic mechanism leads to a predo
nance of the forward scattering in the electron-phonon in
action,Tc is strongly enhanced. This effect was schematiz
in the past with the introduction of an effective cutoff in th
electron-phonon interaction (Qc), which was argued to be

FIG. 7. Phase diagram ofTc vs d for the adiabatic~empty sym-
bols, dashed lines! and nonadiabatic~filled symbols, solid lines!
theory. Details as in Fig. 6.
4-8
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POOR SCREENING AND NONADIABATIC . . . PHYSICAL REVIEW B 68, 214514 ~2003!
due to strong correlations effects.
In this work we have related the existence ofQc with the

reduction of the screening properties due to correlation o
metal approaching a metal-insulator transition. The same
fects which are responsible for the reduction of the screen
~namely, the loss ofk-space coherence! are however also
strongly detrimental to superconductivity. In this work w
have analyzed how the interplay between these effect
reflected on aTc versus doping phase diagram.

We have introduced a simple analytical model to simul
the effects of the strong correlation on the one-elect
Green’s function. This model has also been employed to
timate the role of the electronic screening on the electr
phonon scattering in correlated systems. We have shown
the reduction of the metallic character due to the electro
correlation implies a reduction of the ‘‘effective’’ Thomas
Fermi screening approachingd50, where correlation is
stronger. This results in a predominance of forward~small-q)
scattering, which has been parametrized in terms of a pho
momentum cutoffQc5kTF/2kF , wherekTF and kF are, re-
spectively, the Thomas-Fermi and the Fermi vectors.

We have also shown how the different parts of the el
tronic Green’s function contribute to the superconduct
pairing; in particular, we have shown that the supercondu
ing critical temperature is mainly determined by the coher
excitations. The similarities and differences between
model and the two-band superconductivity38,39 have also
been discussed.

Solving the nonadiabatic generalized ME equations,
obtained aTc versusd diagram, which can be ideally divide
into three regions.

~a! A high doping region, where superconductivity is su
pressed by the negative contribution of the nonadiab
channels to the electron-phonon pairing.

~b! An extremely low doping region, where the poor m
tallic character is reflected in a vanishing coherent spec
weight. In this region, superconductivity is extremely u
stable and it can be overwhelmed by other electronic
structural instabilities induced by spin and charge degree
freedom ~antiferromagnetic fluctuations, stripes, charg
density waves, pseudogaps,. . . ).

~c! An intermediate doping region, in which the loss
coherent spectral weight is not large enough to prevent
perconductivity, which is in turn enhanced by the positi
contribution of the nonadiabatic channels of interactions.

The resulting phase diagram bears strong resembla
with that of cuprates. We have in fact an overdoped reg
where superconductivity is triggered on by the positive c
tribution of the nonadiabatic channels as doping is
creased; an optimal doping region, where the enhancem
due to the nonadiabatic interaction is counterbalanced by
reduction of the metallic character; and an underdoped
gion, where superconductivity disappears due to the incip
metal-insulator transition. In the qualitative scenario outlin
here the origin of superconductivity in cuprates can be
derstood by focusing on the overdoped region, where
materials retain defined metallic properties; on the ot
hand, the exotic phenomenology of the underdoped regio
only marginal. The occurrence of different kinds
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electronic/structural instabilities, not discussed in the pres
paper, is thus thought to be a byproduct of the loss of me
lic character, which also drives thesuppressionof Tc as d
→0, more than the secret of the superconducting pairing

Once more, we wish to stress that what we present in
paper is a general scenario, based on the microscopica
scription of the interplay between nonadiabatic effects a
strong electronic correlation. A quantitative understanding
the specific phase diagram of cuprates should of course
into account specific features of these materials, such as
Hove singularities and thed-wave symmetry of the gap. Th
possibility of ad-wave pairing within the context of electron
phonon superconductivity has been discussed elsewhe25

we remind here thatd-wave symmetry was shown to be fa
vored by forward scattering, which in our model is enhanc
asd→0.

The qualitative behavior of our results would be howev
left unchanged by the inclusion of these effects.

On the experimental ground we observe that the pres
scenario is supported by a detailed analysis ofTc versus
normal-state properties in different families of cuprates.
Ref. 40, for example, the complex behavior ofTc approach-
ing the metal-insulator transition either by reducing the do
ing or by increasing the disorder was nicely pointed out
Osofskyet al. The relation betweenTc and reduced screen
ing properties was also discussed there. Although we do
attempt to discuss the scaling relations close to the me
insulator transition in region~b!, where a more specific treat
ment of the electronic correlation is needed, we think o
analysis is somehow complementary to that of Ref. 40. T
scenario can also open new perspectives on the remark
increase ofTc in granular metals and alloys.41

Furthermore, a strong doping dependence of the elect
phonon properties in cuprates has also been reported b
elastic x-ray measurements of the phonon dispersion.6 Ex-
perimental data in Nd-based compounds were shown to
compatible with the theoretical calculations, based on
shell model, assuming a negligible Thomas-Fermi vec
(Qc50) for the strongest correlated undoped compoundd
50), whereas a Thomas-Fermi momentumkTF.0.39 Å21,
comparable to that for La-based compounds, was estim
for d.0.14. The corresponding dimensionless cutoffQc
would be hence estimated,Qc.0.26, by using an in-plane
Fermi vectorkF

ab.0.74 Å21.34
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APPENDIX A: GUTZWILLER SOLUTION FOR
GENERIC U AND n

In this appendix we provide a brief overview of the an
lytical solution of the Gutzwiller approximation for gener
filling and Hubbard repulsion.
4-9
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Let us write the Hubbard Hamiltonian within th
Gutzwiller approximation~in the paramagnetic state! as

H52g~U,n,d!u ēu1Ud, ~A1!

wheren is the total electron filling,d the density of double
occupancy sites,ē the kinetic energy for site, and

g~U,n,d!5
2~n22d!

n~22n!
@A12n1d1Ad#2. ~A2!

Minimizing Eq. ~A1! with respect tod yields

05@A12n1d1Ad#22S n

2
2dD @A12n1d1Ad#2

Ad~12n1d!

12S U

Uc
Dn~22n!, ~A3!

where we have introduced as usualUc58u ēu.
After expanding the squares@A . . . 1A . . . #2 one can

now isolate on the right-hand side the remaining squ
roots:

2n~22n!S U

Uc
D1~122n14d!

5S n

2
2dD ~12n12d!

Ad~12n1d!
22Ad~12n1d!, ~A4!

and, by squaring both the sides of Eq.~A4!, all the remaining
square roots are removed and we are left with a third-or
polynomial expression ford. We obtain

A3d31A2d21A1d1A050, ~A5!

where

A3516n~22n!S U

Uc
D , ~A6!
21451
e
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A254n~22n!S U

Uc
D Fn~22n!S U

Uc
D26n15G , ~A7!

A15~12n!F4n2~22n!2S U

Uc
D 2

14n~22n!~122n!S U

Uc
D2nG , ~A8!

A052
n2~12n!2

4
. ~A9!

Equation~A5! can be easily solved to obtaindmin , and, in the
standard notations, the Gutzwiller factorZ(U,n)
5g(U,n,dmin).

APPENDIX B: ANALYTICAL EXPRESSION
OF DIFFERENT PHYSICAL QUANTITIES

1. Thomas-Fermi Screening

In this section we provide some useful analytical expr
sions for the different contributions (Pc-c, Pc-i , P i-i ) to the
response functionP involved in the evaluation of the
Thomas-Fermi screening as limitkTF

2 } limq→0P(q,v50).
In the RPA approximationP(q,v) is given by

P~q,v!5
2

Ns
(

k
E dv8G~k1q,v1v8!G~k,v8!.

~B1!

We employ the simple model of Eqs.~1!, ~4!, and~5! for the
electron Green’s function in the presence of correlation.

From simple scaling relation it is straightforward to re
ognize that

Pc-c5ZP~Z50!52ZN0 . ~B2!

The analytical expressions forPc-i , P i-i are straightfor-
ward but more cumbersome since they involve the expl
integration over the upper/lower Hubbard bands. One obta
Pc-i522N~0!2~12Z!H FZE/21U/21S 12
n

2DE/2G lnFZE/21U/21S 12
n

2DE/2G
2FZE/21U/22S 12

n

2DE/2G lnFZE/21U/22S 12
n

2DE/2G2FU/21m1S 12
n

2DE/2G lnFU/21m1S 12
n

2DE/2G
1FU/21m2S 12

n

2DE/2G lnFU/21m2S 12
n

2DE/2G1~U/21nE/41ZE/2!ln~U/21nE/41ZE/2!

2~U/22nE/41ZE/2!ln~U/22nE/41ZE/2!2~U/21nE/42m!ln~U/22nE/42m!

1~U/22nE/41m!ln~U/22nE/41m!J . ~B3!
4-10



en

s

-

POOR SCREENING AND NONADIABATIC . . . PHYSICAL REVIEW B 68, 214514 ~2003!
The incoherent-incoherent contribution gives

P i-i522N0
2~12Z!2$~U1E/2!ln~U1E/2!

1~U2E/2!ln~U2E/2!2@U1~n21!E/2#

3 ln@U1~n21!E/2#2~U1@12n#E/2!

3 ln@U1~12n!E/2#%.

2. Superconducting properties

Here we report the explicit expressions for the coher
contribution to different quantities in Eqs.~19! and ~20!.

Let us consider, for instance,hm@Gcoh#. In this case
hm@Gcoh#5hm

D@Gcoh# and

hm@Gcoh#5E deN~e!
Z

ivm2Zek2m

Z

2 ivm2ZeÀk2m

5
Z

Evm
FarctanS ZE2m

2vm
D1arctanS ZE1m

2vm
D G .

~B4!

Expression~B4! corresponds just to thehm(E) for an
uncorrelated system with reduced spectral weightZ and
rescaled bandwidth ZE: hm@Gcoh#(E)5Zhm(ZE).
Similar considerations apply for the vertex and cro
function: P@Gcoh#(E,Qc ;n,m)5ZP(ZE,Qc ;n,m),
C@Gcoh#(E,Qc ;n,m)5ZC(ZE,Qc ;n,m), where P(E,Qc ;
n,m) and P(E,Qc ;n,m) in the absence of electronic corre
lation were computed in Refs. 17, 18, 36:
d

,
a-

.
r,

rre

.
ys

g

21451
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s

P~E,Qc ;n,m!5T(
l

D~vn2v l !H B~n,m,l !

1
A~n,m,l !2B~n,m,l !~v l2v l 2n1m!2

EQc
2

3FA11S 2EQc
2

v l2v l 2n1m
D 21

2 lnS 1

2
A11S 2EQc

2

v l2v l 2n1m
D 2D G J ,

~B5!

C~E,Qc ;n,m!5D~vn2v l !D~v l2vm!

3H 2B~n,2m,l !1arctanS 2EQc
2

uv l2v l 2n1mu D
3

A~n,2m,l!2B~n,2m,l!~vl2vl2n2m!2

EQc
2uvl2vl2n2mu J,

~B6!

where

A~n,m,l !5~v l2v l 2n1m!FarctanS E

2v l
D

2arctanS E

2v l 2n1m
D G , ~B7!

B~n,m,l !5~v l2v l 2n1m!
Ev l 2n1m

2@~E/2!21v l 2n1m
2 #2

2
E

2@~E/2!21v l 2n1m
2 #

. ~B8!
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