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We address the effect of band filling on the effective electron massand the superconducting critical
temperaturel in a electron-phonon system. We compare the vertex corrected theory with the noncrossing
approximation of the Holstein model within a local approximation. We identify two regions of the electron
density wheren* andT,. are enhanced or decreased by the inclusion of the vertex diagrams. We show that the
crossover between the enhancement at low density and the decrease towards half filling is almost independent
of the microscopic electron-phonon parameters. These different behaviors are explained in terms of the net sign
of the vertex diagrams which is positive at low densities and negative close to half filling. Predictions of the
present theory for doped MgBwhich is argued to be in the low density regime, are discussed.
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[. INTRODUCTION scribed by a quasi-two-dimensional parabolic band with low
density of holes interacting with the lattice vibrations.
Recently, the discovery of superconductivity &t After the discovery ofT;=39 K in MgB,, the idea of

=39 K in magnesium diboride MgB' has stimulated strong Vvarying the hole density of the bands to possibly enhance
interest in the role of band filling in phonon-driven supercon-T. has been the object of several works, both theoretical and
ductivity when the charge carriers stem from low electron orexperimental. A possible route is to provide additional
hole density in the conduction band. Classical examples otharge, electrons, or holes, to the system by chemical substi-
low density superconductors are doped semiconductors suéHtion of Mg or B atoms, although the rigid band scheme is
as GeTe which display critical temperatufEsof the order ~S0mehow questionable. For instance, by substituting Mg
of 1 K or less. Such small, values are understood as basi- with Al it is possible to further decrease the Fermi energy of
cally due to low values of the density of states at the Fermihe pure MgB (Refs. 7,8 and consequently to explore the

. . nonadiabatic regime. It is interesting to see that by increasing
level Ny which goes to zero ablyx\Eg, whereEg is the L
. . .__the Al content the critical temperature decre&$ésit not at
Fermi energy. In this case, the electron-phonon couplin

which scales with the dens_ity of states-g°No, wh_ereg is gtxifhrgﬁfaseﬁ(g:rc;i%hbgngst principles calculations carried on
the_electron-phonon matrix element, also vanisheshas — ap iternative way to chemical substitution is to search
o [Er. This situation changes drastically for systems havingor related compounds with similar electronic properties. For
a marked two-dimensional character of the conduction bandxample, insulating LIBC compounds have been theoreti-
at the Fermi level. In fact, an ideal two-dimensional systencally predicted to display high values of the superconducting
has a finite value oN, even wherEx—0, leading in prin-  critical temperatureT for low hole dopings corresponding
ciple to a sizeabla also for very low charge carrier concen- to Ex<0.5 eV°
trations. Such small values oEg together with sizeable electron-
Magnesium diboride belongs, in principle, to such a clasphonon couplings define a highly nontrivial situation for
of materials. In fact, the peculiarity of MgBresides in its  which the classical Migdal-Eliashbef}yIE) theory becomes
electronic band structure which is built up by three-questionable. A major inadequacy of the classical theory is
dimensionalr bands and quasi-two-dimensioralbands>®  the breakdown of the adiabatic hypothesis occurring when
Both sets of bands have large bandwidths of the order othe Fermi energy becomes of the same order or smaller than
5-10 eV, however, the Fermi energy cuts théand quite  the characteristic phonon frequency sdales w,, (Ref. 11)
near the band edge leadingEg of only 0.4—-0.6 eV. Since or when\ becomes strong enough to give rise to polaronic
the Fermi level crosses the bands around thE point, the  effects’? So far this issue has often been associated with
low-energy physics of the bands is essentially captured by narrow band systems, such as fulleretiesuprates? and
a simple parabolic band structure corrected by a small interanganites® where the Fermi energy is constrained by the
plane hopping elementThe electron-phonon coupling has small electronic bandwidth.
been estimated by several groups and the common agree- As discussed above, however, the nonadiabatic problem
ment is that thes bands are strongly coupled to lattice vi- can also be relevant in large band materials with low carrier
brations of E;q symmetry and frequencw,, of order 70  density provided a nonvanishing electron-phonon coupling
meV, while the m= bands have a somewhat lower \. The nonadiabatic degree,,/Er can thus be tuned by
interaction®~® Hence, the main features of MgRan be de- varying the charge carrier density or alternatively the chemi-
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cal potential through the electronic band up to the(@mpthe  phonon self-energy. These are, however, negligible at suffi-
bottom of the electronic states. ciently low electron densities which is the region of main

The aim of the present paper is to investigate the onset dghterest to us.
nonadiabatic effects in large band systems as a function of If the second term in Eq(3) is neglected, the so-called
the charge density in detail and their implications on thenoncrossing approximatiatNCA) is recovered which, in the
superconducting and normal state properties. We find twdimit of infinite bandwidth, is equivalent to the Migdal-
regions of the electronic filling in which nonadiabatic contri- Eliashberg approximatiot:*° In the following we shall use
butions behave in qualitatively different manners: at suffi-the terminology “noncrossing approximation” in order to
ciently low density they enhance the electron-phonon effectsnake clear the diagrammatic meaning of such approximation
in normal and superconducting state properties, while closen comparison with higher order theories. When the full ex-
to half-filling nonadiabatic effects basically lead to a weak-pression of Eq.(3) is considered, the system is described
ening. within the vertex-corrected approximatigivCA), equiva-
lent to the theory of nonadiabatic electron-phonon interaction
discussed in Refs. 16—-18. For later convenience, and to
maintain a closer connection with the notation used in Ref.
16-18, we define the vertex function

In this section we present a brief summary of the theory
of nonadiabatic superconductivity in term of the Green’s
function formalism'® where the nonadiabatic effects will be
introduced at different stages of complexity. An explicit ana-
lytical derivation of the superconducting equations will be S0 that Eq.(3) is simply

rovided within the local approximation.

P Let us consider a singlepgand electron system interacting Vin(k,k")=V(k,k)[1+P(k,k)]. ®
with phonons. In the normal state, the electron propagator is

II. NONADIABATIC THEORY: NONCROSSING AND
VERTEX CORRECTION APPROXIMATIONS

P(k,k")=> V(k,K")G(K)G(K'—k+k'), 4
k"

The extensions of NCA and VCA to describe the super-
conducting transition are readily obtained by either introduc-
ing the Nambu formalism or by computing the pairing sus-
ceptibility. We adopt the latter formalism here so that the
temperaturd ;. at which the pairing susceptibility diverges is
given by the solution of the following secular equation:

G(K) =iw,— e+ eo—2(K), (1)

where w,=(2n+1)#T is the fermionic Matsubara fre-
quency,T is the temperatures is the electron dispersiong
the chemical potential, an& (k) is the electronic self-
energy. In Eq(1), the indexk stands for the four-momentum
(k,wp). In the following, we assume that the Coulomb con- d(K)=>, Va(k,k)G(K)G(—k')p(k'), (6)
tribution to the normal state self-energy has already been K’

absorbed in the electron dispersion and the chemical pme'i}\'/hered)(k) is the off-
tial. However, for the moment, we do not need to specify thgg

form of ¢,. The electron self-energy (k) is determined by

diagonal self-energy and the kerkfg|

the electron-phonon interaction V(K k) =V(k,k')+ V(KK
S(K)=2, Vn(k,k)G(K'), 2 X > V(KK G(K)G(K' —k+k')+V(k,k")
k’ k”
whereZ,,=—(T/N)2 2. Up to the first order of the ir- X D V(K" K)G(—K)G(—K'+k—k')
reducible electron-phonon interaction, the kernel of the self- K

energyVy(k,k') is given by"18
+ S VKK VK KDY G(K G (K —k—K').
Vi (koK) = V(KK )+ V(K k') v
(7)

The NCA equations are obtained by neglecting all the nona-
diabatic corrections so thaf,(k,k’) is simply V(k,k’). In

In the above expression, the lowest order electron-phonothis limiting case the electron-phonon interaction enters in
interaction V(k,k') is given by V(k,k')=g(k,k’)?2D(k  the same way in the interaction kernels of both the self-
—k’), whereg(k,k’) is the electron-phonon matrix element energy and the superconducting pairing?,(k,k")
andD(k—k") is the phonon propagator. In the following, we =Vy(k,k")=V(k,k"). This is, however, not true in the VCA
assume a phenomenological model @{k—k’), in the framework where, in principley,(k,k") #Vy(k,k"). In par-
same spirit of Migdal-Eliashberg theory in which the ticular the nonadiabatic terms add considerable structure to
phononic degrees of freedom are taken from experimentthe pairing kernel but symmetry considerations permit us to
while the electron Green’s function is calculated self-simplify the structure oV, (k,k’). In fact, if the system has
consistently. Hence, we shall not consider the effects of thénversion symmetryV(k,k’)=V(—k,—k’) and G(—k)

X > V(kK)G(K)G(K'—k+k'). (3
kH
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=G(K)*, whereG(k)* is the complex conjugate @ (k). By  the reduction ofT. given by NCA is counter balanced by the
using these relations it is easy to see that the third term ononadiabatic corrections. Close to the top or bottom of the
the right-hand side of Eq7) is the complex conjugate of the band, we therefore expect a competition between band edge
second term. Their sum is therefore twice the real part of, foeffects which depresg; and nonadiabatic corrections which
example, the second term. Consider now the last term of Egnhancel .. Which of these two mechanisms prevails over
(7). If we replace the summed indéX with —k”+k—k’ the other depends on the chemical potential, on the band-
then the resulting expression is equal to the complex conjuwidth and on the electron-phonon interaction strength. It is
gate of the original term. Then the last term of the gap equamatter of this article to provide quantitative results of this
tion is also real. These considerations permit us to rewriténteresting problem.
Eq. (7) in the more condensed form Local approximationTo focus on the role of band filling

in enhancing or decreasifg,, we employ some approxima-

Va(k,k)=V(k,k)[1+2Pg(kk")]+C(kKk"), (8  tions both in the description of the electron-phonon interac-

where Pg(k,k') is the real part of the vertex function ton and in the way of dealing with the normal and off-
P(k,k') defined in Eq(4) and dlagon_al fself-energles._ First, we assume _that phonon

dynamics is well described by a single Einstein frequency

wq, SO that the phonon propagator is

C(k,k) =2 V(k,KHV(K" k' )G(K")G(K"—k—K')
kH wg

w|2+ wg’

© D(q)=D())=~
is the so-called cross correction, which is a real functiok of
and k’. Finally, remembering that G(k')G(—k')  where w;=2I%T. In addition, we consider the electron-
=|G(k")|?, we can see that the kernel of the linearized gapphonon matrix element as independent of the momenta, i.e.,
equation in Eq(6) is also real and without loss of generality g(k,k’)=g. This latter assumption disregards situations in
we can choose(k) as a real function ok. which the electron-phonon interaction is strongly momentum
In this article, we study both NCA and VCA as a function dependent such as in strongly correlated metals in which
of band filling for a model density of stat¢®OS) which is  large momentum transfers are suppressed by the rigidity of
constant through the entire electron bandwibtiwhen the  the correlated electronic wave functith?*?>Previous stud-
chemical potentiak, is close to the toggbottom) of the band, ies have shown that in this situation the surviving small mo-
this model effectively mimics a holélectron doped two- mentum scattering has deep influences on the nonadiabatic
dimensional parabolic band, provideg, is smaller than the corrections® In order to focus on the role of the band-filling
entire bandwidth. This modelization is thus a good startingeffects, however, we assume in the following the electron-
point to eventually discuss filling effects in MgBWithin phonon matrix elements and the electronic Green'’s function
the NCA framework, Marsiglio has already considered thisto be independent of the electronic momenta. This assump-
model in his study of the superconducting instabfiityvhat  tion, which corresponds to the local approximation whose
he found was that the critical temperatdredecreases as the validity and limitations will be discussed later, permits the
chemical potentiaé, approaches the bottom or the top of the comparison with an exact solution in the limit of zero den-
band. Naively, this reduction is expected since, close to theity. We note, however, that electronic models interacting
band edges, the average of the DOS over an energy windowith purely local interactions are widely studied as basis for
of order w,, gets reduced. Quantitatively, however, the re-the recent developed dynamical mean-field theory which
duction of T, is also affected by nonrigid band effects in- provides in some cases an exact solution in infinite
duced by the electron-phonon coupling. dimensiong®-2® The local approximation can be viewed as
Within the theory of nonadiabatic superconductivity, thisan average out of the momentum dependence over the whole
situation is drastically modified by the nontrivial band-filling Brillouin zone of electron-phonon matrix elements and of the
dependence of the nonadiabatic corrections. To illustrate thiglectronic propagators. Thus we formally replace the electron
point, let us consider the vertex functié{k,k’) defined in  propagators G(k) by their local expressionsG..(n)
Eqg. (4). In previous studies we have shown that, at half fill- = 2,G(k,n) which depend only upon the Matsubara fre-
ing, the vertex correction has a marked dependence on thguencieso,. The electron self-energy also becomes momen-
momentum transfegq=k—k’, which is positive forvg|q| tum independent and can be rewritten as
<wpp and negative fov,:|q|>wph, wherevg is the Fermi ) )
velocity!®~28|f there is no preference to forward scatterings, (k)= (n)=iw,—iW(n)+x(n), (11)
the average oveq| of the vertex function is generally small whereW(—n) = —W(n) andy(—n) = x(n). With this nota-
and negative, reducing therefore the electron-phonon pairing,, G reduces to
and consequently. as compared to NCA“??As the chemi- » loe
cal potential is moved towards the top or bottom of the band,
the q dependence is more and more weakened and, when the Gioc(N) = f dEiW(n)
distance between the band edge &pds sufficiently small,
the vertex function assumes an overall positive sign withwhereN(e) is the bare electronic DOS and the integral over
negligible momentum dependerfcdn this regime therefore the energies is performed over the whole bandwidth We
the nonadiabatic corrections tend to enhance the pairing, arabnsider here a constant bare DOS systbite)=1/D

(10

N(e)
—et+eg—x(n)’

(12
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[—D/2<e<D/2]. The value of the chemical potential},

=0 corresponds thus to a half-filling case whereas, for zero W(n)=w,— AT D(n—m){[1+\Pg(n,m)]f(m)
electron-phonon couplinggp=—D/2 and e;=D/2 repre- "

sent, respectively, a completely empty and a completely +AP,(n,m)g(m)}, (20
filled band. Wheneq—D/2|<D, this approximation simu-

lates a quasi-two-dimensional parabolic band. By employing

these assumptions, E€L2) reduces to X(n)Z?\T% D(n—m){[1+\Pg(n,m)]g(m)
1 (b2 1 —AP,(n,m)f(m)}. 21
G'OC(”):BJ e W) — e+ eg—x(n) (nmimi o
~br2 0T X The above equations are completed by the relation connect-
1 ing the electron occupation numbemith the chemical po-
=—B[if(n)+g(n)], (13)  tential €p:
where we have defined n=1-— 2D_T En: g(n), (22)

where the factor 2 stems from the spin degeneracy. It is
important to notice that from Eq22), half filing (n=1) is
achieved byg(n) =0, which implies that the imaginary part

of the vertex functiorP,, Eq.(19), is zero. This is consistent
with xy(n)=0 ande,=0 [see Eqs(15),(21)].

(15 Finally we consider the local approximation in the super-
conductive instability equation$6),(7). By following the
previous steps, and by using Eq$3)—(15), it is straightfor-
ward to deduce that the gap equation becomes momentum
fi'ndependent and that it reduces to

D/2— eyt x(n) D/2+ ey— x(n)
f(n)=arctar§—w(n) ) t VG—W(n) )
(14

W(n)2+[D/2 €0+ x(N)]?
W(n)2+[D/2+ GO—X(H)]

g(n)—

By substituting Eq(13) into the definition ofVy of Eq.
(3), the resulting interaction now depends only on Matsubar
frequencies and reduces to

$(m)

VN(k,k’)—>VN(n,m)=gzD(n—m)[1+)\P(n,m)], $(n)= —TE Va(n,m)f(m) —— W(m)’

(16)

(23

where A =g2N(0)=g%D is the electron-phonon coupling \r/ér;%rse the pairing interaction in the local approximation

constant and®(n,m) is the vertex function
V,i(n,m)=\[142\Pg(n,m)]D(n—m)+A2C(n,m).

P(n,m)= DT, D(n—1)Goe1)Gioe(l —n+m) (24)
|
In the above expressioRy is the real part of the vertex
=Pgr(n,m)+iP;(n,m), (17 function given in Eq(18), while C(n,m) is the nonadiabatic
cross correction resulting from the local approximation of
where the last term of Eq(7):
T
Pr(n,m)=— ) EI‘, D(n=D[g(hHg(l—n+m) C(n,m)= —TDEI D(n=1)D(I=m)Gp(1)Goc(l =n—m)
—f(Hf(l—=n+m 18 T
(Himnem 9 ~-5 = pm-1D(-mghgl-n-m
and
—f(Hf(l=n—m)]. (25
T
Pinm=-5 Z D(n=D[f(1)g(l—n+m) When Egs.(14), (15), (18), (19), (25) are plugged into
Egs. (20—(23), we obtain a closed set of equations which
+f(l—=n+m)g(l)] (199  can be numerically solved for both NCA and VCA to obtain

the normal state self-energy and the superconducting transi-
are the real and imaginary parts of the vertex function. Not¢ion. The numerical solution is achieved by using the usual
that, since g(—n)=g(n) and f(—n)=-f(n), Egs. procedures: first the normal state quantiti&én), x(n) are
(18),(19) imply Pg(—n,—m)=Pg(n,m) and P,(—n,—m) obtained by iteration by constraining the electron density
=—P,(n,m). Now, by applying the local approximation to have a given value. In a second step the gap equ&®ns
Egs.(2) and(11) we can write in a closed form the integral rewritten as an eigenvalue equation ands obtained when
equations foW(n) and x(n): the highest eigenvalue becomes equal to unity.
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Let us stress that this theory could provide a route to 1 L L B Sy e e e
analyze the data from experiments via a theory which is = .
valid even in a very low filling regime, where the Eliashberg 08 —— NCA —
and Mc Millan formulas forT, are no longer valid. In fact . — VCA i
given an electron-phonon coupling(k,k’), as well as a 06 ©O exact ]
calculated phonon spectrum, it is possible to evaluate an ef-
fective local interactiorY, by averaging over thentire Bril- 0.4 0)0/D=0.1
louin zone the produc¥(k,k’)=g(k,k")?’D(k—k’), where '
D(k—k') is the corresponding phonon propagator. Notice 02k mo/D=0'01 |
that in this way filling effects will entebothin filling depen- )
dence of el-ph coupling and of the renormalized phonon fre- T T T
guencies. In this paper we conversely focus on the explicit 0¢ 0.6 05 -04 -03 -02 -01 O
band-filling dependence of the Fermi energy which are the e /D
driving effects at low density. To this aim we therefore 0
choose a simple Lorentzian form ff(k,k’).

FIG. 1. Electron density as a function of the chemical potential
€o evaluated according to NCA and VCA for finitevg/D=0.1)
IIl. NORMAL STATE PROPERTIES and almost zerod, /D =0.01) adiabatic parameters. Empty circles

L . . represent the exact result of the zero density limit evaluated by
Our main aim is to investigate how the electron-phononmeans of the continued fraction within the local theory. The

properties(effective mass, superconducting pairing, etle-  gjectron-phonon coupling is set Bt 1.
pend, in both NCA and VCA, on varying the chemical po-
tential as a function of the electronic filling in comparison to =0.1) values of the phonon frequency and for two values of
the phonon energy scalg, and to the large electron energy the coupling constant representative of weak=(0.5) and
scale provided by the total bandwidih In this section we strong (\ =1.0) coupling.
focus on normal state properties while the superconducting In Fig. 1 we report on the behavior of the electron density
pairing will be discussed in Sec. IV. In relation to both theseas a function of the chemical potential evaluated using both
quantities we shall distinguish two regimes. One is at loWwNCA and VCA. No significant difference between the two
electron fillingn, where vertex diagrams enhance the effec-approximations is observed. Note that for small values,of
tive electron-phonon coupling associated with the renormalg, falls below the lower edge,= — D/2 of the bare conduc-
ization of the electron mass and the particle-particle supetion band. This is especially evident when,/D=0.1 for
conducting pairing. The other is at largg where the which e;<—D/2 already forn<0.15. In the zero density
renormalization due to the vertex processes leads to an efmit the chemical potential approaches the bottom band
fective reduction of the coupling. We shall see that, while theedge which corresponds to the ground state energy for a
magnitude of these electron-phonon effects depends on thgngle electron in interaction with phonons. This energy is
strength ofA and on the size of the adiabatic parameteriowered with respect to the bare valug (D= —0.5) by the
wo/D, the typical filling where the crossover between theseelectron-phonon interaction. Note that in the=0 limit of
two regimes occurs is only weakly dependent on thehis local theory the electron and phonon properties can be
electron-phonon properties, suggesting that it is mainly deevaluated in a controlled way as well as in NCA and VCA by
termined by purely electronic methods. The relation of thesgising the continued fraction techniq@CA and VCA cor-
results with the sign and magnitude of the vertex functionrespond to different specific approximations of the continued
will be discussed. fraction).?” This is quite similar to thel=«= case, where the
Concerning the normal state we present results for tw@ocal ansatz is enforced by the infinite dimension lifiTthe
physical quantities: the electron density as a function of theeero density exact result of the continued fraction is also
chemical potential and the effective mass ratio. The firsteported in the figurdcircles. Note that, at least for these
quantity is obtained through Ed22) while the effective value of wy/D and A the vertex corrected theory already
mass ratio is evaluated as the low-energy limit of the renorprovides a rather good estimate of the exact results at zero
malized electronic frequenci¢gq. (20)]: density?® We can thus expect a polaron crossover around
some critical value of the electron-phonon coupling
m*  W(n) which depends on the DOS shape. This feature, however,
m wp, In=o- (26) cannot be reproduced in NCA and VCA since it implies re-
summation of highe(infinite) order vertex diagramgThe
This expression provides a good estimation of the band maseliability of our approach is thus limited to the metallic
as far as the sufficiently low temperature is concerned. Weegime of the electron-phonon system considered here. The
have iteratively solved Eq$20),(21) at several temperatures value A\ =1.544, corresponding to the polaron transition in
until we approached the asymptotic low temperature masthe adiabatic one particle electron-phonon system with rect-
ratio. In this case we found that the electron density alsangular DOS, represents thus an evaluation of upper limit of
converged to its low temperature limit. Calculations havevalidity of our analysis near the adiabatic limit. Note, how-
been carried out at several values of the chemical potentiaver, that forA <\ there is no reduction of the zero density
for very low (wg/D=0.01) and moderately largew(/D ground state energy due to the electron-phonon interaction in
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FIG. 4. (a) Relative difference between effective electron
FIG. 2. Effective mass ratio fan, /D =0.01 according the non- masses evaluated according to VCA and NCA as a function of the
crossing and vertex corrected approximations. In the zero electroglectron filling. (b) Sign of the real part of the vertex function
density limit data are also shown for exact calculations by means oPr(n,m) [Eq. (18)] evaluated at zero frequencies=0, m=0.
continued fraction and for the second order perturbation theory
(2PT). the strictly adiabatic limit, i.e., whewy/D—0.%° This re-
sult, which includes all order vertex corrections, holds true
even when the local approximation is relaxed. Therefore we
expect that the frozen phonon approximation cannot repro-
duce this low density behavior at least for couplings outside
1.5 — T — T T T the polaronic regime.
R _ After having discussed the-¢, phase diagram and the
14 e ee = range of validity of our analysis, we now address the filling
) ——— dependence of the effective mass ratib/m. In Figs. 2 and
= B P T 3 the results of the calculations fary /D =0.01 andwy/D
o 1.30-~ = =0.1, respectively, are reported. Because of band edge ef-
S ¢ == NCA fects the effective electron mass*® is reduced in NCA as
y — VCA the filling approachesmn—0. Increasing the phonon fre-
1.2 x 2pt A 7] quency leads to a broadening of this trend. The introduction
x O exact ) . of vertex diagrams can affect this scenario. In particular, as
S SR |+ 1 shown in Fig. 3(lower panel, for large enough electron-
phonon coupling and adiabatic parametgrD the effective
electron massn* in VCA can belarger at the band bottom
than at half filling suggesting that the increase of the effec-
tive electron-phonon coupling in this regime is because of
P the vertex diagrams.
1.6 P ] The comparison between NCA and VCA can provide an
estimate of the vertex effects alone. In particular for both low
14 — and intermediate phonon frequencies we can distinguish a
A=1.0 i low doping regime in which the inclusion of the vertex dia-
10X T grams increases the effective nfdsand a high doping re-
““0 0.2 0.4 0.6 0.8 1 gime in which the effective mass is reduced by the inclusion
n of the vertex correction$’
In order to single out the effects of the nonadiabatic dia-
FIG. 3. Effective mass ratio foi,/D=0.1. Notations are the grams as a function of the electron filling, we plot the rela-
same as in Fig. 2. tive differences for VCA and NCA results concerning the

AR

m*/m
N
1
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renormalization of the electronic massn*[(m* VA 0.05
—m*NCAY/m*NCA] in Fig. 4(a). This plot clearly shows the

two regimes previously mentioned: a low electron density 0.04
regime where the introduction of nonadiabatic vertex dia-

grams (VCA) leads to an enhancement of the electron- g 0.03
phonon coupling with respect to NCA for single particle o i ]
properties (h*/m) and a large electron density regime where 0.02— N

the opposite holds true. An interesting result is that the cross- 0.01 A=0.5 _|
over filling n,~0.15-0.2 where nonadiabatic vertex effects )

change from positive] (m* YCA—m*NCAY /m*NCAS. 0] to 0 N T
negative[ (m* VEA— m* NCAY /m*NCA< 0] is almost indepen- L
dent of the bare electron-phonon couplixgnd of the adia- 012 o m e =
batic ratiowy/D. We would like to stress again that for these 0.1 4

values ofn the chemical potentiatg, in particular forwg £ 0.08

=0.01D, can be quite far from the bottom of the band with =
respect to the phonon energy, so that the crossover is not — 0.06

simply related to band edge effects as described by a rigid 0.04 -—- NCA
band picture. — VCA A=1.0
In order to better clarify the origin of this crossover from 0.02
a VCA m*-enhancement regionn0.15-0.2) to a VCA 0 RN [N R NN S S S S
m* -reduction one 16=0.15-0.2), we plot the size of the 0 0.2 0.4 n 0.6 0.8 1

vertex functionPg(n,m) [Eq. (18)] evaluated in the static
limit n=0m=0 in Fig. 4b). Previous studies showed that  FiG_ 5. Critical temperatur@,/w, vs the electron fillingn for
the static limit can indeed be representative of the effects of,,/D=0.01 in NCA and VCA.

the vertex function on static quantities suchnats. The com-
parison of panelga) and (b) of Fig. 4 points out striking

N o . .2 the continued fraction, converges uniformly for the values of
similarities between the filling behavior of the two quantities.

Itis th dentifv the sian & he di in of N and wy/D considered here. In this situation the vertex

t:]'St l;]s easy to It entify the sign F}i?ﬁ t\f’c A'reft Ci”g'ﬂ O corrected theory can be considered qualitatively representa-
f enhancement or suppression ot the CIECITONIC MASR,e of the infinite resummation exact restfitThis picture is

m* with respect to NCA. Once more we would like to Stressexpected to be less and less accurate as soon as one ap-

that while the magnitude of the discrepancy between NCAproaches the : - - :

. polaronic regime. For instance, we note that in
and VCA[panel(a)] or Pr [panel(b)] depend on the adia- yhe aimost adiabatic cases§/D=0.01) VCA already pro-
batic parametetw,/D and on the electron-phonon strength

\, the electron fillingn.~0.15-0.2 where vertex diagrams
are almost perfectly balanced is only weakly dependent on 0.05
electron-phonon properties.

Another interesting issue to be investigated is the depen- 0.04
dence of the electron-phonon renormalization on the degree
of the diagrammatic approximations employed. Such a de- & 0.03
pendence can be traced out in a controlled way in the zero l:o
electron density limit where different theories correspond to 0.02
different degrees of diagrammatic approximatiéhs We 2205
thus compare the NCA and VCA witfh) second order per- 0.01— T |
turbation theory(2PT), where only the lowest order diagram

with bare propagators is taken into account, namely, in Egs. 0 B : I : I : I : I : ]
(20), (21) the right-hand side is evaluated witNi,= w,, x 12—~ 7
=0, andPg=P,=0 and (ii) with the exact result for the B T ]
local theory obtained by the infinite resummation of the con- 0. ]
tinued fraction. g 0.08 —
For all the adiabatic parametets,/D and coupling\ |:o 0.06 ]
considered heréFigs. 2,3 we observe a monotonous in- A -
crease of the effective mass enhancemeitm from second 0.04 -- NCA =10 ]
order perturbation theory, to NCA, VCA, ending up with the 0.0 — VCA ’ _
exact result. This suggests that vertex diagrams in the zero T T T T
density limit are defined to be positivéhe well defined posi- 00 0.2 0.4 0.6 0.8 1
tive sign of the vertex function in the zero density limit was ) ) n
analytically pointed out in Ref. 34and the resummation of
higher and higher vertex diagrams, as taken into account by FIG. 6. Same as Fig. 5 fapy/D=0.1.
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vides a good estimation of the zero density exact result ever
for large coupling\=1.0. This can be understood by re-
membering that electron-phonon polaron correlations are
frozen in the adiabatic limit up ta=<\., while they diverge
atA=X\..2"3°0n the contrary, fow,/D=0.1 the approach-
ing of the polaron crossover is reflected in different proper-
ties (here, for instance, in the electron mass renormalization
even forh<\.. This means that the qualitative trend from
2PT to NCA, VCA, and to the exact result at=0 is still
preserved, but it lacks under the quantitative side as far as
getting closer to\.?°

Summarizing the results of this section, we have identi- .
fied two distinct regions of the electronic filling where the £ 0.025

0.050

0.050

<
0.025 &

vertex diagrams are, respectively, positive and negative & 2z
leading to a corresponding increase or reductiombdfwith § 0.000 0.000 §

respect to NCA. We have also shown that the extension of =° «
this filling region does not vanish in the adiabatic limit. The g 0.025 0.025 g>

Rl

positivity of the vertex diagrams can be better understood in >

the zero density limit. This is a quite general result and we -0.050
believe that the physics of this limit can be qualitatively 0 0.2
representative of the low doping regiom<£0.15-0.2) at
least in the case where no phonon renormalization effects are i, 7. (3 Relative difference betweeh, evaluated in VCA

explicitly taken into accountnote, however, that the phonon g4 NCA (TYCA_TNCA) I TNCA (1) Relative difference between the
screening vanishes as the charge density goes t0.28n6e  maximum eigenvectar,a, of Eq. (24) evaluated in VCA and NCA

again we stress that at large fillimg=0.15-0.2 the system (,VCA_,NCAY/,,NCA The symbols are as in Fig. 4.

behaves in quite a different way, since, for instance, the in-

clusion of vertex diagrams leads taeductionof the effec-
tive massm* instead of an enhancement of it.

-0.050
040 0.2 0.4

in the Cooper paring even at intermediate coupling.
Although m*/m and T, behave in a qualitative similar

manner, interesting differences can be singled out by looking

at the relative change df, due to the vertex diagram inclu-

H VCA NCA NCA H
The competition between band edge effects and nonadigion (Te " —T¢)/T¢ " [Fig. 7(@]. We observe that the
batic contributions on the critical temperature shares strikindilling n¢ at which the inclusion of vertex diagrams changes

IV. CRITICAL TEMPERATURE

similarities with the case of the effective electron mass
In Figs. 5 and 6 we report the results oy in both NCA and
VCA frameworks, respectively fotwy/D=0.01 and for
wo/D=0.1, as a function of the electron density

its character from positive to negative with respect to the
superconducting critical temperature is now quite sensitive
of the electron-phonon coupling and of the adiabatic ratio
wo/D. In particular,n; increases ad and wy/D increase.
This is in contrast with the case of the electron mass where

In analogy with the renormalized electron mas$/m, . n
the NCA results show thaF,, reduces as the electron occu- Nc Was almost independent of electron-phonon quantities.
pation numben deviates from half filling 4=1). This can There are two baqur reasons which account for this differ-
again be naively understood in terms of reduced density ofnce. First, we remind the reader that, while the electron
states as the band edge is approached within a phonon ener@\#Ss renormalization |saat|c.quant|ty.(e.g., it is evaluated
window. The resemblance with tiedependence afh*/mis &t zero frequenay the calculation off; involves the knowl-
also maintained when nonadiabatic corrections are include@dge of the electron-phonon kerriehd of the vertex func-
at half filling T is reduced with respect to NCA while, at tion) in an energy window- + w,. The overall structure of
sufficiently lown, T, is enhanced. This result is in agreementthe vertex function can thus be remarkably depe_ndt\a/gt\ on
with previous studies on the density effects on nonadiabati@nd wo/D affecting the global balance for whicli;
correctiong>23 At first sight it could appear surprising that =T¢ . An additional source of discrepancy comes from
an enhancement of the critical temperature is found in théhe fact thafT is by definition a finite temperature quantity.
presence of a corresponding enhancement of the effectivEhe value ofT itself is thus a\-wy/D dependent quantity
massm* since strong renormalization of* is usually as- and finite temperature effects can be drastically important in
sociated with a depletion of spectral weight. However, it wasFig. 7(a).
shown that even in adiabatic theory in the strong coupling In order to single out these finite temperature effects we
limit both critical temperature .= A) and effective mass evaluate the maximum eigenvalug,, of the superconduct-
(m*/mo\) increase’ In addition it was pointed out in Ref. ing electron-phonon kernél,(n,m) [Eq. (24)] at low tem-

32 and later explicitly shown in Refs. 16—18 that a differentperature in the normal state. This provides an estimate of the
mechanism based on nonadiabatic contributions leads to superconducting pairing which is not affected by finite tem-
reduction of the spectral weight which is counterbalanced byerature effects. A zoom of the interesting regid vy

the additional opening of nonadiabatic interaction channels-vhor)/vher~0] is shown in Fig. Tc) as well as a corre-
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sponding zoom of -(\C/CA_TEICA)/TEICA~0. As a first re- Which, on the other hand, rule the size of the corresponding

mark we note that, contrary to Fig(lj, in Fig. 7(c) there is ~ €nhancement or decreaserot andT;. .

only a weak dependence of on the electron-phonon cou-  The results for the low electron density regime are com-
pling \. As a matter of fact the dependenceloin Fig. 7(b) ~ Pared with the zero density limit for which the exact solution
mainly stems from finite temperature effects, with a laxge Of this local problem is known. In this limit we have shown
— 1.0 associated with higher temperatur@s£0.1-0.12) in  that the inclusion of diagrams with higher and higher order,
comparison withT,~0.03-0.04 for smalh=0.5. Once fi- rom second order perturbation theory to the noncrossing
nite temperature effects are disregarded, we still note a sigdPProximation and to the vertex corrected theory, monotoni-
nificant dependence on the adiabatic raig/D in Fig. 7(c) cally _approaches the exact results_. Su_ch an improvement as
which does not appear, for instance in Fig. 4. As above disfunction of the degree of approximation suggests that the
cussed, we trace this residual dependence)gfD back to positive sign of the vertex function leads to a series with
the important role of the frequency dependence in the supeROSitive terms, which should steadily approach the exact so-
conducting kernel. Interesting, in the almost adiabatic regimé!tion if a resummation of infinite order diagrams were

9
wo/D=0.01, the same value af,=0.15 as found for the performed: _ _
electronic mass and fd?x(n=0m=0) is recovered, signal- The enhancement of the effective electronic nra$sand

ing the static nature of that value. It is significant that by©f the superconducting critical temperatufg in the low
taking into account both the retarded nature of the supercorf/€ctron density region is expected to be relevant in two-
ducting pairing and finite temperature effects yields an in-dimensional systems where small charge density is accom-
crease of the low doping region where the nonadiabatic veanied by a finite density of states at the bott@ntop) of
tex diagram enhance the electron-phonon coupling. Théh_e band. Thus, in principle, our results _could concern the
valuen=0.15-0.2 can thus be considered as a conservativaigh-Tc compound MgB and the hypothetical d.OPedOL'BC
estimate of this regime. recently proposed to superconduct with even higher° In

In order to focus on the effects of nonadiabatic electron-Particular in MgB the hole carrier density related to the
phonon contributions, we have not considered the role oPandsn,=0.08<n; (Ref. 3 sets the system in a region
Coulomb repulsion between electrons in this work. In thewhere these effects are relevant, although the large band-
simplest scheme, the electron-electron repulsion can be iWidth of the o bands in MgB compared with the relevant
cluded by adding an Hubbatd term in Eq.(6), as done in Phonon frequency leads t,/D~0.01, corresponding to a
Ref. 20. By treatindJ as a parameter independent of electronduite weak effect om™* andT,. These effects can, however,
filing we have performed calculations &, in both NCA  be further enhanced via Al substitution. Interestingly, the ex-
and VCA. We have found that the inclusiondfleads to an ~ Perimentally observed reduction df; as a function of Al
overall reduction off, and to a magpnification of the differ- doping® cannot be accounted for within a McMillan
ences between NCA and VCA reported in this section. How-Schemé even when the Coulomb pseudopotentid is in-
ever, no qualitatively new physics is induced Uyalthough ~ troduced to account fol ;=39 K in the undoped MgB
we expect an additional reduction & when the electron compound.
density is sufficiently low to poorly screen the Coulomb in- A quantitative enhancement @ from vertex corrections
teraction. However, the role of screening was not the aim of? MgB; could be argued by considering two distinct effects

this paper, and its effects will be investigated in a futurenot considered in the present paper, namglythe intrinsic
publication. momentum dependence of thare electron-phonon matrix

elements andb) the momentum dependence of the renor-
malized electron-phonon vertex. Let us discuss them sepa-
rately.

In this paper we have addressed the role of band filling in  (a) Several first principle calculations have shown that the
some normal and superconducting properties of electrorelectron-phonon coupling in MgBhas a strong momentum
phonon systems. In particular, within a local approximation,dependence and is particularly strong nearIthpoint atq
we have identified two regions of the electron band filling in=0.%® In this situation, neglecting the momentum depen-
which electron-phonon properties behave in qualitatively dif-dence of the electron-phonon matrix elemegfs,~g be-
ferent manners. At sufficiently low density, the inclusion of comes a poor ansatz just as in the case of strongly correlated
vertex diagrams beyond the noncrossing approximation leadslectron system¥:?*2°A proper inclusion of the predomi-
to a strengthening of the electron-phonon effects reflected bygance of forward scattering at smajlhas been shown to
an enhancement of the effective electron nma$sand of the  lead to an intrinsic selection of the positive sign for the ver-
superconducting critical temperatufie,.. On the contrary, tex diagrams and to favor a corresponding enhancement of
close to half filling, the vertex corrected approximation re-m* andT,.®
sults in a net decrease of* and T. with respect to the (b) Even neglecting the momentum dependence of the
noncrossing approximation. We have shown that these diffelbare electron-phonon matrix elements the renormalized ver-
ent behaviors are governed by the net sign of the vertexex acquires a momentum dependency due to vertex correc-
diagrams which is positive in the low density regime andtions. The local approximation treat these effects by averag-
negative close to half filing. The density valug, ing the intrinsic dependence of the vertex diagrams on the
=0.15-0.2 separating these two regimes depends onljnomentum transfegq=k—k’. In extreme cases the local
weakly on the microscopic electron-phonon parametergssumption can estimate the total phase space available for

V. DISCUSSION AND CONCLUSIONS
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these vertex processes incorrectly and hence the magnitude Both effects could be separately considered to properly
of the vertex diagrams. This is the most evident, for instanceaccount for vertex corrections in MgBWork in this direc-

in the low density adiabatic regime where the available transtion is in progress.

ferred momenta are limited, in the weak coupling regime, by

~|q|=2kg, while the local approximation would integrate

them over the whole Brillouin zone. In this limit, for ACKNOWLEDGMENTS
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