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Several studies have so far investigated transport properties of strongly correlated systems. Interesting
features of these materials are the lack of resistivity saturation well beyond the Mott-Ioffe-Regel limit and the
scaling of the resistivity with the hole density in underdoped cuprates. Due to the strongly correlated nature of
these materials, mainly numerical techniques have been employed. A key role in this regard is thought to be
played by the continuous transfer of spectral weight from coherent to incoherent states. In this paper we
employ a simple analytical expression for the electronic Green’s function to evaluate both quasiparticle and
transport properties in correlated systems. Our analytical approach permits us to enlighten the specific role of
the spectral transfer due to the correlation on different features. In particular we investigate the dependence of
both quasiparticle and transport scattering rate on the correlation degree and the criterion for resistivity
saturation.
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I. INTRODUCTION

The study of transport properties in high temperature su-
perconductors represents a still open issue. Among other de-
bated anomalous features, such as the linear behavior of the
resistivity ��T� as a function of the temperature for optimally
doped compounds, the resistivity saturation presents interest-
ing analogies between the cuprates and the alkali-doped
fullerenes. The concept of resistivity saturation derives from
a semiclassical picture. The basilar argument is that the elec-
tronic mean free path l cannot be lower than the interatomic
distance a. In a Drude-like picture this simple consideration
implies that the conductivity, which is proportional to the
mean free path l, cannot be smaller than a limiting value
�sat=��l=a�, and a saturating value for the resistivity
�sat=1 /�sat.

1 This condition, usually known as the Ioffe-
Regel criterion, is often connected with the Mott limit asso-
ciated with the disorder induced metal-insulator transition
kFl�1.2

From the experimental point of view, the mostly known
materials displacing resistivity saturation are the A15 com-
pounds, where the Ioffe-Regel limit is rapidly achieved in the
physical range of temperature due to the strong electron-
phonon coupling. Coherently with this picture, A15 materials
show a pronounced deviation of ��T� from the linear behav-
ior at high temperature when the mean free path is expected
to become comparable with the interatomic distance.3 How-
ever, both in cuprates and in alkali-doped fullerenes the the-
oretical prediction of the resistivity saturation at the Ioffe-
Regel limit seems to fail.4,5 Experimental measurements in
lightly doped cuprates show a resistivity greater than the
saturation value �sat estimated by the simple quasiparticle
picture,4,6,7 and also transport measurements in the alkali-
doped compounds would predict at high temperatures a
mean free path smaller than the intermolecular distance.5

Although these two classes of materials present signifi-
cant differences, an interesting common trait which is shared
by both families is the relevant role of a strong electronic

correlation. The presence of strong correlation effects ques-
tions the simple Drude-like picture based on the quasiparticle
concept, and the above criterion for the resistivity saturation
is needed to be revised in these materials. On the theoretical
ground, the lack of resistivity saturation in cuprates and
alkali-doped fullerenes has been recently investigated in de-
tail in Refs. 8–12 by means of the numerical quantum Monte
Carlo and dynamical mean-field theory techniques. A simple
analytical criterion, alternative to the Ioffe-Regel one, has
been in addition proposed. In this alternative framework the
resistivity saturation is achieved when the electron scattering
rate �, inversely proportional to the electron lifetime �, be-
comes comparable with the electron bandwidth W. In this
regime the quasiparticle concept is clearly meaningless, the
Drude peak is lost, and the optical conductivity ���� is al-
most structureless up to energies ��W. By considering a
general sum-rule �SR�13 and an opportune model for the op-
tical conductivity ����, Gunnarsson and co-workers10,12 es-
timated thus

�sat � W/TK, �1�

where TK is the electron kinetic energy. It is interesting to
note that, unlike the Ioffe-Regel criterion which involves the
comparison between length scales �l and a�, Eq. �1� relates
the resistivity saturation value to the energy scales W ,TK.
Note also that Eq. �1� is quite general and specific material
details, as the source of the electron scattering, are hidden in
the evaluation of the electron quantities W ,TK. In cuprates,
for instance, due to the strong electronic correlation, the
amount of charge carriers, and hence of the kinetic energy, is
expected to be roughly proportional to the hole doping 	,
namely TK�TK

0 	�1−	�, where TK
0 is the kinetic energy of the

uncorrelated system. The limiting value of the resistivity
saturation is thus expected to be significantly doping depen-
dent �sat��sat

0 /	�1−	�,11 and it could in particular account
for the lack of saturation in the physical range of temperature
of the low doping regime.
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The aim of this paper is to investigate in a more analytical
way the effect of the electronic correlation on the transport
properties and on the saturation phenomenon. We note that
both the Ioffe-Regel criterion �l�a� and the simple model
introduced by Gunnarsson and coauthors ���W /2� do not
rely on the microscopic nature on the electron scattering
mechanism �impurities, phonons� or on the specific tempera-
ture dependence of it, but they are only related to the abso-
lute magnitude of the scattering channels, parametrized by
the quantity �. In this perspective, in the following we con-
sider an impurity scattering mechanism where the electrons
are elastically scattered by dilute paramagnetic impurities.
Although the temperature dependence of the resistivity in
this case is of course disregarded, this assumption is, how-
ever, sufficient to investigate the phenomenon of the resistiv-
ity saturation which, as mentioned above, depends only on
the absolute value of � more than on its temperature depen-
dence. In our context the impurity scattering rate �0 thus
plays the role of ruling the intensity of the quasiparticle scat-
tering, in the same way as the temperature acts within the
electron-phonon framework. At a first level of approxima-
tion, thus, our analysis as a function of �0 can shed a useful
light on the temperature dependence in other scattering
mechanisms once the dependence of �0 on the temperature is
known ��0�const for impurities, �0�T2 for electron-
electron scattering, and �0�T3 for the electron-phonon one
at low temperatures�. We introduce also an approximate ex-
pression for the one-particle Green’s function to take into
account, in a self-consistent way, the interplay between the
electronic correlation and the impurity scattering. This
simple model permits one to evaluate in an analytical way
the effects of the electronic correlation on one-particle quan-
tities as the quasiparticle scattering rate �, the electron life-
time �, and the kinetic energy TK. We evaluate also the re-
sistivity by using Kubo’s formula, obtaining the behavior of
the resistivity as a function of the correlation degree. We
qualitatively confirm the results of Refs. 11 and 12 and we
predict a significant difference, in the low doping highly cor-
related regime, between the quasiparticle lifetime as ex-
tracted, for instance, from angle-resolved photoemission
spectroscopy and the apparent transport lifetime as extracted
from resistivity measurements by using a simple Drude-like
formula.

II. THE MODEL

A paradigmatic model to discuss the strong electronic cor-
relation effects in solid state physics is the Hubbard model
where propagating electrons described by Bloch-like states
strongly interact with each other through a local repulsion. In
the case of a single nondegenerate band the Hubbard Hamil-
tonian reads thus

H = �
ij�

�tij − 
	ij�ci�
† cj� +

U

2 �
i���

ni�ni�� �2�

where ni�=ci�
† ci�, tij represents tight-binding hopping ele-

ments and U describes an on site Coulomb repulsion. The
chemical potential 
 rules the electronic band filling n. In the

most interesting case close at half-filling �n=1�, the complex
physics of the Hubbard model can be parametrized in terms
of two energy scales: the kinetic energy, which scales with
the electronic bandwidth W, and the Hubbard repulsion U.
The behavior of the system depends strictly on the ratio
U /W, where the U /W�1 regime describes a weakly corre-
lated system with strong itinerant quasiparticle character,
while in the U /W�1 limit the electronic states are almost
totally localized.

A standard way to describe electronic properties in inter-
acting systems is by means of the Green’s function formal-
ism in the context of the quantum field theory. Single-particle
properties are thus taken into account by Green’s function
G�p ,�� which describes the propagation of a one-particle
electronic excitation with momentum p and energy �. From
a generic point of view, the interacting Green’s function
G�p ,�� is usually described in terms of a coherent and an
incoherent part:14

G�p,�� = Gcoh�p,�� + Ginc�p,�� , �3�

where Gcoh�p ,�� describes quasiparticle Bloch-like electrons
for which p is a good quantum number, and Ginc�p ,�� cor-
responds to the incoherent background with a weak depen-
dence on the electronic momentum: Ginc�p ,���Ginc���.

Different analytical approaches have been employed to
deal with the Hubbard model, according to whether the main
interest is paid on the coherent or the incoherent part in the
strong correlated regime. An example of the first case is the
Gutzwiller method,15 reproduced by the mean-field solution
of the slave-boson techniques, which describes a coherent
quasi-particle state with reduced spectral weight Z�Z
1�
and reduced bandwidth Weff=ZW. In the half-filling case and
for U larger than a critical value U�Uc, Z vanishes describ-
ing a metal-insulator Brinkmann-Rice transition.16 From the
opposite point of view, the Hubbard I �Hub-I�
approximation,17 which is exact in the atomic limit, is mainly
aimed at a schematic representation of the localized states,
described by an upper and a lower Hubbard band spaced by
an energy gap of width U. A comprehensive description of
the system should account in a mixed way for both these
features, as it is confirmed by numerical calculations based
on the dynamical mean-field theory.18 The actual predomi-
nance of itinerant quasiparticle states or of almost localized
incoherent excitations is ruled by their respective spectral
weights, Zcoh and Zinc=1−Zcoh, which depend on the micro-
scopic parameters U and n. Physical properties are expected
to be strongly dependent on the amount of the coherent and
incoherent spectral weight.

In this paper we introduce a simple analytical model to
describe the transfer of spectral weight from coherent to in-
coherent states, and its effects on transport properties. In ex-
plicit terms, we approximate the �unknown� coherent part
Gcoh�p ,�� with the Gutzwiller solution and the incoherent
term with the Hubbard I solution. The retarded Green’s func-
tion reads thus19

Gcoh�p,�� =
Z

� − Z�p + 

, �4�
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Ginc��� =
1 − Z

Ns
�
p
� n/2

� − �pn/2 + 
 + U/2
	

+ � 1 − n/2

� − �1 − n/2��p + 
 − U/2
	 , �5�

where Z is the quasiparticle spectral weight evaluated by the
Gutzwiller solution for generic U and n,20 Ns is the total
number of sites, and where the factor �1−Z� has been explic-
itly introduced in the incoherent term in order to preserve the
conservation of the total spectral weight. In addition, due to
the quasilocalized picture of the electronic states in the Hub-
bard bands, we have also approximated the incoherent
Green’s function with its local contribution, so that Ginc���
��1−Z� /Ns�pGHub-I�p ,��. We want to stress that the model
introduced in Eqs. �3�–�5� is not meant to be exhaustive of
all the complex phenomenology of correlated systems. How-
ever, it has the advantage to account in the simplest and
analytical way for the transfer of spectral weight, here ruled
by the parameter Z�U ,n�, from coherent to incoherent states
by increasing the rate of the electronic correlation. This
simple model was recently employed to study the reduction
of the screening properties in strongly correlated systems,
leading to a predominance of forward scattering, and its in-
terplay with the nonadiabatic superconducting pairing.20

Simple arguments to understand the reduction of the screen-
ing properties in correlated systems come from the fact that
the metallic screening of charge fluctuations requires the mo-
mentum p to be a good quantum number and it is mainly
related to the coherent states. As we are going to see, similar
argumentations hold true also for transport properties.

In the following we are going to employ the model de-
scribed by Eqs. �3�–�5� to investigate correlation effects on
the transport properties induced by impurity scattering. As a
first step toward this aim we need therefore to generalize
Eqs. �3�–�5� in the presence of impurities. A phenomenologi-
cal way to take into account scattering by nonmagnetic im-
purities is by introducing an impurity “self-energy” term
�imp��� which renormalizes the bare electronic frequency �:

� → � − �imp��� . �6�

The explicit expression of the electron Green’s function in
the presence of impurity reads thus

Gcoh�p,�� =
Z

� − Z�p + 
 − �imp���
, �7�

Ginc��� =
1 − Z

Ns
�
p
� n/2

� − �pn/2 + 
 + U/2 − �imp���

+
1 − n/2

� − �1 − n/2��p + 
 − U/2 − �imp���	 . �8�

Note that, generally speaking, taking into account the impu-
rity scattering through a “self-energy” term as done in Eqs.
�6�–�8� is not formally correct since it assumes: �i� that each
contribution of the Green’s function �coherent part, upper
and lower Hubbard band� conserves the same structure
as in the absence of impurities with a simple replacing

�→�−�imp���; and �ii� that the “self-energy” term is the
same for each of those contributions. In this way we are
neglecting then the interferences between impurity and Cou-
lomb scattering and between coherent and incoherent terms
which can in principle take place. In our approach we as-
sume Eq. �6� thus to be valid as an approximation. We note,
however, that Eqs. �7� and �8�, although approximate, are
expected to work well both in the uncorrelated limit U=0,
where the impurity self-energy �imp��� is related to the re-
summation of the T-matrix of the impurity scattering, and in
the highly correlated limit W=0 where no electronic hopping
is allowed, the electrons are localized, and impurity scatter-
ing does not give rise to any decay processes ��imp� ���=0�.

III. ONE-ELECTRON SELF-ENERGY
AND QUASIPARTICLE LIFETIME

In the previous section we have introduced an analytical
model for the electron Green’s function in the presence of
both electronic correlation and impurity scattering. An im-
portant feature of this model is to account in a simple way
for the transfer of spectral weight between itinerant and lo-
calized states as a function of the degree of correlation. In
this section we employ the model to estimate the effect of the
electronic correlation on the finite quasiparticle lifetime due
to the impurity scattering. In order to evaluate the impurity
self-energy we assume the T-matrix resummation,21 which is
exact for uncorrelated systems in the dilute impurity regime
�nimp�1�, to be valid even in the presence of electronic cor-
relation, namely,

�imp��� =
nimpVimp

1 − VimpGloc���
, �9�

where Gloc��� is the local Green’s function:

Gloc��� =
1

Ns
�
p

G�p,�� = Gloc� ��� + iGloc� ��� , �10�

and Vimp the electron-impurity matrix element, here assumed
to be constant. Note that, unlike the case of retarded interac-
tions, Eq. �9� relates the self-energy evaluated at the fre-
quency �, �imp���, only to the Green’s function evaluated at
the same frequency, Gloc���. This gives a significant advan-
tage because, since we are mainly interested in transport and
electronic properties close to the Fermi level, it is sufficient
to evaluate, in a self-consistent way, the zero frequency limit
of the impurity self-energy �imp�����imp��=0�, without in-
volving the full frequency structure of �imp���. In this per-
spective we approximate the impurity self-energy with only
two parameters, � and �, representing, respectively, the real
and imaginary part of the impurity self-energy at the Fermi
level, �imp=�− i�. The impurity parameters � and � will be
thus evaluated in a self-consistent way as a function of the
degree of electronic correlation and of microscopic quantities
as n, U and the coherent spectral weight Z�n ,U�. We have

� =
nimpVimp�1 − VimpGloc� �

�1 − VimpGloc� �2 + �VimpGloc� �2 , �11�
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� = −
nimpVimp

2 Gloc�

�1 − VimpGloc� �2 + �VimpGloc� �2 . �12�

In the absence of electronic correlation, for an infinite band-
width system, Gloc� =0 and Gloc� =−�N�0�, and we obtain the
usual relations, ��U=0,W→��=�0 / 
1+ ��N�0�Vimp�2�,
��U=0,W→��=�0 / 
1+ ��N�0�Vimp�2�, where N�0� is elec-
tron density of states �DOS� at the Fermi level and where
�0=nimpVimp, �0=nimp�N�0�Vimp

2 , are, respectively, the
weak-coupling mean impurity potential and the weak-
coupling impurity scattering rate.

In the following, in order to provide an analytical evalu-
ation of the correlation effects on the impurity scattering, we
employ a constant DOS model with N���=N�0� for
����W /2, for which case the critical Hubbard energy is
Uc=2W. This constant DOS model is here meant to be rep-
resentative of three-dimensional systems with structureless
DOS �as the fullerenes� and also of two-dimensional systems
as the cuprates provided the chemical potential are not too
close to the logarithmic Van Hove singularity. Several energy
scales can be identified in the system, among which the Hub-
bard repulsion U, the bare electron bandwidth W, the “effec-
tive” bandwidth of the coherent states Weff=ZW, the bare
impurity scattering rate �0=�N�0�nimpVimp

2 , and the effective
impurity scattering rate ����0� will be introduced in the
following. The aim of this paper is to focus on the effects on
the impurity scattering of the spectral weight transfer in-
duced by the electronic correlation. In this perspective we
consider a system where in the absence of correlation the
impurity scattering rate is sufficiently small compared to the
electronic bandwidth, �0�W, so that finite bandwidth ef-
fects can be neglected. It should be noted, however, that in
the presence of electronic correlation a new electronic energy
scale appears, namely the coherent quasiparticle bandwidth
Weff=ZW, in addition to the energy scales W and U which
still characterize the Hubbard subbands. Close to the metal-
insulator transition the shrinking of the coherent bandwidth
can be so operative that ��Weff /2=ZW /2. As we are going
to see, in order to preserve physical results, it is thus impor-
tant that the large bandwidth limit �0�W is not confused
with � /Weff�1.

The impurity self-energy can now be analytically com-
puted by using the constant DOS model. Generally speaking,
both the coherent and incoherent parts of the one-particle
Green’s function will contribute to the impurity self-energy
�see the Appendix for an explicit expression of each contri-
bution�. As we are going to show, however, the total impurity
self-energy is mainly dominated by the only coherent part.
From the self-consistent evaluation of Eqs. �11� and �12� we
can also determine the corresponding quasiparticle lifetime �
through the relation �=� /2�, while the effective impurity
potential � is usually disregarded since it gives just a shift of
the chemical potential.

In Fig. 1 we plot the behavior of the impurity scattering
rate � /�0 �solid line, left side scale� as well as the quasipar-
ticle scattering time � /�0 �dashed line, right side scale� as a
function of the amount of electronic correlation parametrized
by the quasiparticle spectral weight Z. As the most represen-

tative case of the strongly correlated regime we consider a
half-filling case 
=0 where Z�U� is univocally determined
by the Hubbard repulsion U: Z=1 corresponds thus to the
uncorrelated limit U=0 while Z→0 describes the
Brinkmann-Rice metal-insulator transition for U→Uc

−.16

Other microscopic impurity parameters are set �0 /W=0.05
and �N�0�Vimp=0.1�0 /W. Since scattering processes are
mainly determined by the coherent propagating electrons, in
the evaluation of the quasiparticle scattering rate � we have
neglected the incoherent contributions of the local Green’s
function �Eqs. �A4� and �A6��. The behavior of � /�0 as a
function of U /Uc is also shown in the inset where we com-
pare the � evaluated by taking into account only the coherent
part �solid line curve� with the total scattering rate including
the incoherent terms �dotted line curve�. The small discrep-
ancy between the two curves points out that the scattering
rate is mainly determined by the coherent part of the one-
particle Green’s function. The small hump of � �dashed line�
in the inset is due to the only incoherent part. It signalizes the
range where the incoherent Green’s function has its highest
spectral weight at the Fermi level, and it roughly corre-
sponds to U�W /2 where a metal-insulator transition is ex-
pected in the simple Hubbard I model.

Figure 1 points out two main regimes: a low correlation
regime, ruled by the parameter 2� /Weff�1, where the scat-
tering rate � depends very weakly on the degree of the elec-
tronic correlation; and a strong correlation regime, character-
ized by 2� /Weff�1, where the scattering rate � is strongly
reduced as Z→0. In this latter regime both the effective
bandwidth Weff of the coherent states and the scattering rate
� vanish for Z→0, but with a different behavior, Weff�Z and
��
Z���Z��
�0ZW /��. In this regime the imaginary part
of the one-particle self-energy is thus larger than the coherent
bandwidth itself, the electronic momentum p is no more a
good quantum number, and the concept of quasiparticles
breaks down.

FIG. 1. Impurity scattering rate � /�0 �solid line, left side scale�
and quasiparticle lifetime � /�0 �dashed line, right side scale�
as a function of the quasiparticle spectral weight Z for 
=0,
�0 /W=0.05, and �N�0�Vimp=�0 /W. Inset: same quantity � /�0

�solid line� plotted as a function of the reduced Hubbard repulsion
U /Uc and compared to the scattering rate where the incoherent
terms are fully included �dashed line� as discussed in the text. The
vertical dotted lines mark the condition �=Weff /2.
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On the right side scale of Fig. 1 �dashed line� we show
also the corresponding quasiparticle lifetime �, which is sim-
ply given by �=� /2�. The vanishing of � for Z→0 corre-
sponds thus to an infinite lifetime �→�. This is understand-
able considering that for Z→0 the electronic system is
completely localized and impurity scattering cannot trigger
any decay processes. This seems in apparent contradiction
with the previous scenario where we have described this re-
gime as a nonquasiparticle one where scattering rate is larger
than the bandwidth itself. We remind, however, the quasipar-
ticle properties are ruled by the ratio 2� /Weff. As we have
seen above, this parameter can be significantly larger,
2� /Weff�1, pointing out the failure of the quasiparticle con-
cept, even if �→0 since the effective bandwidth Weff van-
ishes quicker than � for Z→0. Note that, in this perspective,
the self-consistent evaluation of the impurity scattering rate
� is fundamental to recover the correct physical limits for
Z→0. If we would evaluate the impurity self-energy from
Eq. �9� by using Eqs. �4� and �5� instead of Eqs. �7� and �8�
we would predict indeed a finite � for Z→0, since the limit
��Weff /2 is in this case implicitly enforced.

IV. TRANSPORT PROPERTIES

In the previous section we have found how the electronic
correlation influences quasiparticle properties like the self-
energy and the quasiparticle scattering time. Now we focus
on transport properties of correlated systems. In particular
we are interested in the resistivity �, or, equivalently, on the
electrical conductivity �=1/� which is evaluated as

� = − lim
�→0

Im ����
�

, �13�

where Im ���� is the retarded part of the current-current
correlation function,

���� = −
i�

3Vcell
�

−�

�

dtei�t��t���j†�t�,j�0��� , �14�

and where j is the current operator j= �e /Ns��p,�vpcp,�
† cp,�,

and Vcell the volume of the unit cell.
The evaluation of the conductivity requires thus the evalu-

ation of ����, which is in principle a two-particle function
of the system. A standard way to relate ���� to the one-
particle Green’s function is through a skeleton diagram ex-
pansion which can be obtained by expanding Eq. �14� as a
function of the impurity scattering term. From a diagram-
matic point of view, this expansion corresponds to the infi-
nite sequence of bubble diagrams in which there are one or
more impurity scatterings which link the Green’s functions
on both sides of the bubble �Fig. 2�. In a Drude-like theory
the current-current response function ���� is approximated
with the only first term of Fig. 2, in the so-called simple
bubble approximation. In this scheme the dc electrical con-
ductivity simply reads21

� =
2��e2

3NsVcell
�
p

�vp�2� d�A2�p,���−
dnF���

d�
	 , �15�

where nF��� is the Fermi-Dirac distribution and A�p ,�� is
the electron spectral function A�p ,��=−�1/��G��p ,��. In
our model for correlated systems the electronic spectral func-
tion is composed by a coherent and an incoherent term:

A�p,�� = Acoh�p,�� + Ainc��� , �16�

so that the resulting conductivity contains three contribu-
tions:

� = �coh + �coh-inc + �inc. �17�

The term �coh is associated to coherent scattering events be-
tween states with a well-defined momentum. The other two
contributions are related to the incoherent part of the elec-
tronic Green’s function; in particular, �coh-inc takes into ac-
count the interference between coherent and incoherent
states, while in �inc scattering processes associated to the
excitations between the two Hubbard bands are considered.

By using the constant DOS model introduced above and
using also a constant electron velocity �vp�2��vF�2, we obtain

�coh = �0
�0

�

Z

�
�Icoh�Z� + A�Z�� , �18�

�coh-inc = �0
4N�0��0�1 − Z�

�
Icoh�Z�Iinc�Z,U� , �19�

�inc = �0
2N�0��0�1 − Z�2

�
Iinc

2 �Z,U� , �20�

where

�0 =
e2�vF

2N�0�
3Vcell�0

�21�

is the weak scattering ��0�W /2� uncorrelated electrical
conductivity and where the explicit expressions of the func-
tions Icoh, Iinc, and A are reported in the Appendix. The func-
tions Icoh, Iinc are defined to be regular ��const� for
2� /Weff�1 and A→0 in the same limit, so that the leading
term in the weak scattering �0→0 or dilute impurity
nimp→0 limits is the coherent one, �coh��0, while the other
contributions involving incoherent spectral weight are negli-
gible ��coh-inc ,�inc��0N�0��0�. The relevance of each con-

FIG. 2. Diagrammatic representation of the current-current cor-
relation function. Solid lines represent the one-particle Green’s
function in the presence of impurity as given by Eqs. �7� and �8�,
the dashed line the interaction between electrons and impurities
�crosses�. We neglect here interference of scattering between two or
more impurities, which is unimportant in the limit of small impuri-
ties concentration nimp�1.
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tribution of � in the whole range of correlation is shown in
the inset of Fig. 3 which points out that the electrical con-
ductivity is mainly dominated by the coherent terms of the
spectral function.

The dependence of only the coherent contribution to � is
also shown in the main panel of Fig. 3 on a double-
logarithmic scale in order to point out the asymptotic behav-
ior of � in both weakly and strongly correlated regimes,
respectively, Z→1 and Z→0. We find a linear behavior of
the electrical conductivity with Z in both of these regimes.
The weak correlation regime, characterized by 2� /Weff�1,
is essentially identical to the dilute impurity limit, ���0
�see Fig. 1� and a linear behavior �coh=Z�0 is essentially
enforced by the spectral factor Z weighting the coherent pro-
cesses. More delicate is the opposite case of strong correla-
tion Z→0. In this limit, as discussed in Sec. III, the impurity
scattering rate is no more than the smallest energy scale of
the system since Weff /2=ZW /2��, and a ZW /2��1 ex-
pansion should be employed. Different energy scales, �, Weff

go to zero as Z→0, as the total effect of the electronic cor-
relation of the electrical conductivity has to be determined by
the asymptotic behaviors. In particular, using the asymptotic
expressions Weff�ZW and ��
�0ZW /� valid for Z→0,
we can check in an analytical way that in the dilute limit
nimp�2�0 /W�1�coh-inc /�coh��0 and �inc /�coh��0

2 �we
use here also the property U→Uc

−�W /2� so that the coher-
ent contribution to the electrical conductivity �coh is domi-
nant even in this regime. The asymptotic behavior of �coh as
a function of Z can be determined by the same expansion,
�coh=2Z�0, resulting in a linear dependence even in this re-
gime, although with a different prefactor. The crossover be-
tween these two opposite regimes is shown in the main panel
of Fig. 3 �solid line� where the asymptotic behavior of �coh
for Z→0 �dashed line� has been also superimposed.

Figure 3 shows that in both weakly and strongly corre-
lated regimes the conductivity, which is substantially given
by the coherent term, scales with the spectral weight param-

eter Z, so that the resistivity, �=1/�, scales with the inverse
of the quasiparticle spectral weight Z. In physical terms this
means that as the degree of the electronic correlation is in-
creased, the electronic states become localized, the conduc-
tivity vanishes, and the resistivity diverges.

Let us now discuss in which way the present results affect
the analysis of the experimental resistivity measurements.
From the experimental point of view, a common way to ana-
lyze transport properties is by means of a so-called phenom-
enological Drude-like model, where the electrical conductiv-
ity is expressed as22

� =
e2�vF

2N�0�
3Vcell�tr

, �22�

where vF and N�0� are one-particle properties estimated by
band structure calculations in the absence of electronic cor-
relation and where �tr represents an “effective” transport
scattering rate. The same Drude-like model predicts a quasi-
particle scattering rate � which is usually assumed to be of
the same order of �tr.

If we apply this phenomenological model to our corre-
lated case we find an effective Drude-like transport scattering
rate �tr:

�tr =
��

Z�Icoh�Z� + A�Z��
, �23�

where � is the quasiparticle scattering rate defined in a self-
consistent way by Eq. �12�. Equation �23� suggests that the
transport and quasiparticle scattering rates, extracted in a
phenomenological way from the experimental data within a
simple Drude-like model, can significantly differ from each
other.

In Fig. 4 we compare the behavior of the quasiparticle �
and of the transport scattering rate �tr as a function of the
spectral weight parameter Z. As mentioned above, �tr differs
significantly from the quasiparticle scattering rate � for any
finite degree of electronic correlation and they approach the
same value only in the uncorrelated limit Z→1.

V. RESISTIVITY SATURATION AND CORRELATION
EFFECTS

So far our analysis has focused on the effects of the elec-
tronic correlation on the quasiparticle and transport proper-

FIG. 3. Coherent contribution to the electrical conductivity
� /�0 from the simple bubble approximation �solid line� and
asymptotic value of the coherent term in the limit ZW /2��1
�dashed line� as a function of the spectral weight parameter Z. Inset:
comparison between the coherent and incoherent conductivity com-
ponents. Microscopic parameters and details as in Fig. 1.

FIG. 4. Quasiparticle scattering rate �solid line� and transport
scattering rate �dashed line� as a function of the spectral weight
parameter Z in the half-filling case. Microscopic parameters and
details as in Figs. 1 and 3.
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ties in a regime where the coherent part of the Green’s func-
tion is found to dominate �zero temperature, low impurity
concentration�. The resistivity saturation phenomenon on the
other hand is expected to appear in the opposite regime
where quasiparticle properties are poorly defined. In anelas-
tic scattering mechanism �phonons, electron-electron Cou-
lomb interaction, …� this regime is usually achieved at large
temperature. A similar role is played in our approach by the
bare impurity scattering rate �0 which rules the broadening
of the quasiparticle peak and the balance between coherent
and incoherent contributions. The resistivity as a function of
�0 is shown in Fig. 5 at half-filling for the uncorrelated case
�U=0, Z=1� and for an intermediate-highly correlated case
�U /Uc=0.84, Z=0.3�. In low impurity scattering regime,
where quasiparticle properties are well-defined and the con-
ductivity is mainly related to the coherent part, the resistivity
increases linearly with �0 according to Eqs. �18� and �21�. In
this framework the appearing of resistivity saturation is sig-
nalized by the sublinear behavior pointed out in Fig. 5. In the
presence of electronic correlation the magnitude of the resis-
tivity is enhanced, the sublinear behavior is more pro-
nounced, and it appears for smaller values of �0.

As briefly mentioned in the Introduction, a simple crite-
rion for determining the value of the resistivity saturation �sat
in a noncorrelated system was presented in Ref. 10. In this
analysis the resistivity saturation is achieved when the spread
of the Drude peak is of the same order of the bandwidth W
and the optical conductivity is described by a featureless
structure up to the energy scale W. A simple sum rule gives
thus �sat

SR�W /TK, where TK is the electronic kinetic energy.
This model was also applied to strongly correlated systems,
as the cuprates.11 In this case, assuming a bandwidth inde-
pendent of the degree of correlation, the scaling of the ki-
netic energy with the number of the hole doping TK�	
would predict an increase of the resistivity saturation value
as 	→0, in agreement with the experiments. However, the
assumption of a constant bandwidth W independent of the
electronic correlation is somehow questionable since the
same coherent excitations which are involved in the Drude-
like peak are expected to probe a renormalized dispersion

with the effective bandwidth Weff=ZW. Two different argu-
mentations can be invoked for justifying both the employing
of W and of Weff=ZW in this simple model. They depends,
respectively, upon two different pictures of the underlying
physics. In the first case we assume that the coherent pro-
cesses are dominant, and the loss of the Drude peak is due to
the broadening of the peak itself. In this case the bandwidth
parameter is consistently given by Weff=ZW and resistivity
saturation is expected to be achieved when ��Weff /2. In an
alternative scenario we can imagine that a narrow Drude-like
peak is still present in the saturation regime, but with a van-
ishing spectral weight so that the dominant contribution to
the optical conductivity is given by the incoherent scattering.
A reasonable choice of the appropriate bandwidth parameter
is thus W. The consequences of the different choices are
evident by considering that in the first case the scaling of the
effective bandwidth itself with 	 �or Z� would cancel the
similar dependence of TK giving a value of �sat independent
of the electronic correlation, whereas only in the second case
the scaling �sat�1/	 proposed in Ref. 11 would be opera-
tive.

Our model permits us to check on an analytic ground both
pictures. In particular, as representative of the saturation con-
ditions, we calculate the value of the resistivity as a function
of the correlation parameter Z by using Eqs. �18�–�20�: in the
first case for �=Weff /2, which expresses the condition that
the broadness of the Drude peak extends over the entire ef-
fective bandwidth, in the second case for �coh=�coh-inc+�inc,
which determines the crossover at which the incoherent con-
tributions to the electrical conductivity become of the same
order of the coherent one. We compare these results with the
ones obtained by employing the SR model of Ref. 10,

�sat
SR =

3Vcell

8�e2�vF
2N2�0�

W̃

TK
, �24�

with a proper choice of the appropriate bandwidth. In par-
ticular we evaluate the electron kinetic energy as

TK =
1

Ns
�
p

�p� d�nF����−
1

�
Im G�p,��	 , �25�

where the quasiparticle impurity scattering rate � in the
Green’s function Im G�p ,�� has been assumed to be
frequency-independent, ����=���=0�, in agreement with
the previous approximation. It is easy to see that only coher-
ent excitations contribute to TK, so that TK�ZTK

0 , where TK
0

is the kinetic energy in the absence of correlation. As men-
tioned above, more delicate is a proper definition of band-
width in both cases. Following Ref. 10, we relate the effec-
tive bandwidth to the lowest order momentum of the
dispersion, in particular in the first case

W̃eff =
4

Ns
�
p

��p� � d��−
1

�
Im Gcoh�p,��	 , �26�

and in the second case

FIG. 5. Dependence of the dc resistivity as a function of the bare
impurity scattering rate for two values of the amount of electronic
correlation �solid lines�. The dc resistivity is plotted in units of
�W=3VcellW /e2�vF

2N�0� and �0 in units of W. The dashed lines
represent the linear asymptotic behavior in the weak �0→0 limit.
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W̃T =
4

Ns
�
p

��p� � d��−
1

�
Im G�p,��	 . �27�

It is easy to check that the above definitions give the correct
result for the constant DOS model here considered in the
noninteracting uncorrelated case, while in the presence of
correlation we recover W̃T=W and W̃eff=ZW. A slight modi-
fication has been employed with respect to Ref. 10, namely
to relate the bandwidth parameters to the first momentum of
the electronic dispersion more than to the second one, in

order to recover the correct scaling W̃eff�Z.
In Fig. 6 we compare the direct calculation of the resis-

tivity saturation value with the SR model in both cases. All
the resistivity values are expressed in terms of a “bare” re-
sistivity saturation value,

�sat
0 =

3Vcell

�e2vF
2N2�0��1 + 2/��

, �28�

which represents the saturation value expected for an infinite
bandwidth uncorrelated system, and which depends only on

structural and band-structure properties. As discussed above,
the criterion for the resistivity saturation has been deter-
mined by �=Weff /2 in the first case �panel a� and by
�coh=�coh-inc+�inc in the second case �panel b�. The agree-
ment between the direct calculation of the electrical resistiv-
ity by means of Kubo’s formula Eqs. �15� and the SR model
is quite good considering the simplicity of the SR model.

Figure 6�a� describes the case where the coherent part of
the electrical conductivity is predominant and the resistivity
saturation is driven by the broadening of the Drude-like
peak. The disappearing of the spectral weight Z in this case

is accompanied by a similar scaling of TK, W̃eff�Z �see in-
set�. These two similar dependences cancel each other both
in the SR model and in the coherent contribution of Eq. �15�,
yielding a resistivity saturation value independent of the cor-
relation degree. The weak dependence of �sat on Z in the
direct evaluation of the resistivity saturation by using Eq.
�15� is indeed due to the small incoherent contributions to
the transport properties and it would not be present if only
the coherent part would be taken into account.

The alternative scenario for saturation is shown in Fig.
6�b� where the criterion for resistivity saturation is related to
the predominance of the incoherent parts of the conductivity.
In this case the vanishing amount of coherent states, evalu-
ated by TK �TK→0 for Z→0�, is not compensated by a cor-

responding reduction of the effective bandwidth W̃T, and the
resistivity saturation value �sat is expected to diverge as the
correlation effects increase Z→0. Once more, these simple
physical argumentations, employed in the simple SR model,
give a qualitative insight which agrees in a satisfactory way
with the explicit calculation of the resistivity through Kubo’s
formula, Eq. �15�, although the scaling law is different. In
particular the explicit calculation of � from Eq. �15� predicts
an inversely proportional dependence of �sat as a function of
the spectral weight Z, �sat�1/Z, whereas �sat

SR�1/Z3/2. This
discrepancy is related to the somehow anomalous behavior
of TK, TK�Z3/2, which stems from the fact that, in the
strongly correlated limit Z→0, Weff�� �Weff�Z ,��
Z�
and TK�Weff�. In the inset of Fig. 6�b� we compare thus the
explicit evaluation of �sat from Eq. �15� with �sat

SR/
Z, show-
ing indeed a good agreement between the two quantities.

Summarizing the present results, we have investigated the
dependence of the resistivity saturation in two alternative
scenarios. In the first case the resistivity saturation is
achieved when the coherent Drude-like peak broadens over
the coherent bandwidth, ruled by the condition ��ZW /2. In
the second case the resistivity saturation is expected to ap-
pear when the incoherent contributions to the electrical con-
ductivity become dominant with respect to the coherent one,
and it is related to the regime �coh��coh-inc+�inc. We have
shown that in the first scenario the resistivity saturation value
is essentially independent of the degree of electronic corre-
lation, and it could not account for the experimental lack of
saturation in the underdoped region of cuprates. On the other
hand, the resistivity saturation is expected to scale in the
second scenario with the reduced spectral weight Z due to
the correlation effects, �sat�1/Z. This result is in a good
agreement with recent experimental data by Takenaka et al.,7

which nicely show the �sat�1/Z behavior of the dc resistiv-

FIG. 6. �a� Value of the resistivity saturation as a function of Z
evaluated in an explicit way by Eq. �15� �solid line� and by using
the SR model �Eq. �24�, dashed line� with the condition �=Weff /2.

Inset: linear behavior of TK and W̃=Weff as a function of Z. �b�
Resistivity saturation limit as a function of Z, as above, under the
condition �coh=�coh-inc+�inc. Inset: as in the main picture, on a
linear scale, with �sat

SR divided by 
Z �see text�.
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ity in the low doping region 0
x
0.3 where the spectral
weight Z itself is expected to scale with x, Z�x.23 Similar
results were also found by numerical calculation based on
the exact diagonalization technique.11

The resulting phase diagram in the U-	 space for the rel-
evance of the saturation effects is shown in Fig. 7. According
the above discussion the criterion for saturation has been
determined by the condition �coh=�coh-inc+�inc. Here the la-
bel M indicates the region where the conductivity is domi-
nated by the coherent part and the system behaves like a
strongly correlated metal but with metallic characteristics,
while in the S region the incoherent contributions prevail and
the saturation behavior is expected. Since the coherent and
incoherent contributions to the conductivity scale in a differ-
ent way with the bare impurity scattering rate �coh�1/�0,
�coh-inc ,�inc�const, the balance is strongly dependent on �0.
In the main frame of Fig. 7 we show the phase diagram for a
sizable scattering rate �0 /W=0.1, where saturation effects
extend up to 	�0.175 in the correlated regime. The shadow
area points out qualitatively the region where Van Hove sin-
gularity effects are expected in the two-dimensional tight-
binding model appropriate for cuprates and where the con-
stant DOS model is expected to fail. The inset shows also the
very weak impurity case �0 /W=0.05. In this case the coher-
ent part is almost always dominant and strong correlation
effects, for U�Uc and 	�0 where Z→0, are needed in
order to show saturation. We remind that in the generaliza-
tion of the present analysis to the electron-phonon scattering
mechanism, the scattering rate �0 plays the role of the tem-
perature dependent scattering rate, which can be easily of the
order of the bandwidth �0

el-ph�T� /W for large enough tem-
peratures.

VI. CONCLUSION

The aim of this work has been to investigate electronic
correlation effects on the quasiparticle and transport proper-
ties. A key role in this context is thought to be played by the
reduction of the coherent spectral weight accompanied by
the onset of localized state. For instance, the lack of resistiv-

ity saturation at the Mott-Ioffe-Regel limit in cuprates super-
conductors has been recently related to an effective renor-
malization of single-particle quantities, as the kinetic energy,
due to the strong electronic correlation. Although some ana-
lytical models based on a sum rule conservation have been
proposed, the effects of the electronic correlation have been
mainly studied by means of numerical approaches.

In this paper we have introduced a simple phenomeno-
logical model in order to describe in an analytical way the
transfer of spectral weight from coherent to incoherent states
as the degree of electronic correlation is increased. We have
studied the interplay between electronic correlation and im-
purity scattering in quasiparticle and transport properties. We
identify two different regimes, a low correlated regime,
where the effective bandwidth of coherent states is much
greater than the impurity scattering rate, and a highly corre-
lated regime where the renormalization effects induced by
the electronic correlation yield an effective coherent band-
width Weff smaller than the impurity scattering rate itself.
Contrary to what one should expect, correlation effects in
this latter regime increase the quasiparticle life-time.

We have also evaluated the electrical resistivity by means
of the current-current response function. Within the simple
bubble approximation, we have shown that correlation ef-
fects enhance the resistivity � �suppress the conductivity ��
according the scaling law ��1/Z in both low and highly
correlated regimes. This result suggests that the “phenom-
enological” quasiparticle and transport scattering rate, re-
spectively, � and �tr, as extracted by the experiment within a
quasiparticle analysis, should scale in an opposite way upon
the relevance of the electronic correlation. Our analysis per-
mits one in addition to test in a direct way some predictions
of a simple sum-rule model employed to describe the resis-
tivity saturation limit. We found that the lack of resistivity
saturation in cuprates can be interpreted as an effective en-
hancement of the saturation limit as correlation effects are
increased approaching the half-filling case, in agreement
with Ref. 11. This regime is, however, achieved when the
incoherent contributions to the electrical conductivity be-
come of the same order to the coherent one.
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APPENDIX: ANALYTICAL EXPRESSIONS FOR SOME
COHERENT AND INCOHERENT ONE-PARTICLE

AND TWO-PARTICLE QUANTITIES

In this appendix we summarize and provide the analytical
expressions for some one- and two-particle quantities which
have been employed in the previous sections. We first con-
sider the impurity self-energy defined in Eqs. �11� and �12�,
which are expressed as a function of the real and imaginary
part of the local electron Green’s function, respectively,
Gloc� �Re Gloc��=0� and Gloc� � Im Gloc��=0�. Both of them

FIG. 7. Phase diagram for the saturation effects in the U vs
	 space. The label S indicates regions where saturation occurs
according the condition �coh
�coh-inc+�inc, while in the M region
the system presents Drude-like metallic behavior. Main frame:
�0 /W=1.0; inset: �0 /W=0.05. In both cases �N�0�Vimp=0.005.
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are characterized by a coherent and an incoherent contribu-
tion. Simple analytical expressions for these quantities can
be obtain from Eqs. �4� and �5�:

Gloc� = Rcoh + Rinc, �A1�

Gloc� = Icoh + Iinc, �A2�

where

Rcoh =
1

2
log� �ZW/2 − 
�2 + �2

�ZW/2 + 
�2 + �2	 , �A3�

Rinc =
1

2
�log� ��1 − n/2�W/2 − 
 + U/2�2 + �2

��1 − n/2�W/2 + 
 − U/2�2 + �2	
+ log� �nW/4 − 
 − U/2�2 + �2

�nW/4 + 
 + U/2�2 + �2	� , �A4�

Icoh = arctan�ZW/2 − 


�
	 + arctan�ZW/2 + 


�
	 , �A5�

Iinc = �arctan� �1 − n/2�W/2 − 
 + U/2

�
	

+ arctan� �1 − n/2�W/2 + 
 − U/2

�
	

+ arctan�nW/4 − 
 − U/2

�
	

+ arctan�nW/4 + 
 + U/2

�
	� . �A6�

Some of the same quantities are employed also in the
definition of the electrical conductivity as well as in the
transport impurity scattering rate evaluated in the simple
bubble approximation, respectively, Eqs. �18�–�20� and �23�,
together with the quantity

A = �� ZW/2 − 


�ZW/2 − 
�2 + �2 +
ZW/2 + 


�ZW/2 + 
�2 + �2	 . �A7�
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