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Small Fermi energy, zero-point fluctuations, and nonadiabaticity in MgB,

L. Boeri,? E. Cappellutit? and L. Pietronerb?
IDipartimento di Fisica, Universita di Roma “La Sapienza,” P.le A. Moro, 2, 00185 Roma, ltaly
2Istituto Nazionale per la Fisica della Materia and “Istituto dei Sistemi Complessi” del Consiglio Nazionale delle Ricerche,
v. dei Taurini 19, 00185 Roma, Italy
(Received 30 September 2004; published 3 January)2005

Small Fermi energy effects are induced in Mgy the low hole doping in the bands which are charac-
terized by a Fermi energff ~0.5 eV. We show that due to the particularly strong deformation potential
relative to theE,y phonon mode, lattice fluctuations are reflected in strong fluctuations in the electronic band
structure. Quantum fluctuations associated to the zero-point lattice motion are responsible for an uncertainty of
the Fermi energy of the order of the Fermi energy itself, leading to the breakdown of the adiabatic principle
underlying the Born-Oppenheimer approximation in Mgé&ven if wp,/Ex~0.1-0.2, wherew,, are the
characteristic phonon frequencies. This amounts to a new nonadiabatic regime, which could be relevant to
other unconventional superconductors.
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Four years after the discovery of superconductivity atE,; phonon mode in MgB A simple quantum analysis gives
39 K in MgB,,! the superconducting properties of this mate-x~0.9-1, strongly questioning the reliability of a Born-
rial are still the object of investigation. One of the anomalousOppenheimer based analysis.
characteristics of MgBwith respect to conventional Migdal- The Born-Oppenheimer principle is implicitly assumed in
Eliashberg(ME) superconductors is the remarkable small-writing down an effective electron-phonon model starting
ness of the Fermi enerdg; associated with the holelike  from ab initio techniques. In simple terms, the BO principle
bands, which are the most involved in the Cooper pairingpermits one to describe the full many-body wave function
ME theory holds true indeed only if the Fermi enefi§yis  W(r;u) in terms of two separate quantum systems: a purely
much larger than any other energy scale of the system. Sewiectronic problem, which depends parametrically on the ion
eral analyses indicate, however, that this is not the case Qfariables, and an effective lattice problem, where the elec-
MgB,. LDA calculations, for instance, estimate the energytronic degrees of freedom have been integrated'Gihe

distance between the chemical potgntial and the top _of thébtal wave function®(r ;u) can thus be written as the prod-
o bands to be ~0.4-0.6 eV2,'3 n a.greement with uct of two “partia"’ wave functions

angle-resolved photoemission spectroscopfARPES
measurements Estimates of the Fermi energy can be in- Won(r;u) = xon(Wen(r;[ul), 1)

ferred also from penetration depth measurements gi&ng ) )
=3200 K in MgB,5 and even less in Al- and C-doped Wherer andu represent the electronic and lattice degrees of

compoundg:® freedom, respectively, and..;[u]) indicates a parametric

In previous studies we have analyzed some of the effectd10t quantumdependence on the lattice variable. The index
related to a small Fermi ener@¢ on different electronicand N identifies the quantum number of the electronic state and
vibrational properties of MgB One of these effects is the the labela the phonon eigenstate in the effective lattice po-
breakdown of Migdal's theorem, and consequently of thefeéntial which depends on the electronic claggr ;[u]).
Migdal-Eliashberg diagrammatic theory, which occurs when In the spirit of the BO approximation, the electronic
the Fermi energye¢ and the phonon energy,, are compa- ~ ground state wave functioa(r ;[u]) is obtained as the low-
rable (wyy/ Ef=<1).”® Another one is the remarkable anhar- est energy electronic state available for fixedBorn and
monicity of theE,, phonon mode, related to the splitting in Oppenheimer showed that Ed.) can be considered a good
energy of thes bands under th&,, distortion? approximation as far ag-%%/M)Vie(r;[u]) (M being the

In this paper we want to discuss in greater detail newatomic masgis negligible. This assumption corresponds to
physical consequences of the comparable sizEZaind the the adiabatic hypothesis that the electronic dynamics of
Egq splitting energy of ther bands in MgB. In particular we ~ ¢(r;[u]), is much faster than the lattice one. In common
review in a critical way the validity of the adiabatic Born- metals a widely used parameter to evaluate this condition is
Oppenheime(BO) approximation for thd=,, phonon, which  the adiabatic ratia,,/ Er, whereEg can be estimated in the
is the most relevant to the superconducting pairing. As outindistortedu=0 ground state configuratio&r=Eg[u=0],
main result we show that, due to the large quantum fluctuaand w,, is the lowest energy excitation of the,,
tions associated with the zero point motion, the BO principlephonon spectrum. However it should be noted that, in order
is broken dowrindependentlyf the w,,/ EF ratio. This novel  for the adiabatic principle to apply, the condition
kind of adiabatic breakdown is thus shown to be related td—ﬁle)Vﬁcp(r ;[u]) ~0 must be fulfilled inall the regionof
the parametek:gEzg/E”, wheregEzg is the electron-phonon theu space wherg(u) has a sizable weight. This constraint
matrix element which couples the electronssibands to the results to be much stronger than the conventional adiabatic
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condition w,n/ Ep<1, since it implies the adiabatic ratio to
be negligible for generic lattice distortions, namely,

wpn/ EF[U]<1, where the lattice wave functidn(u)|? pro-
vides the range of the relevantspace. As we are going to
see, the breakdown of this assumption for a relevant range of
the E, lattice distortionu is expected to be responsible for
the partial failure of the BO approximation in MgB

In order to test the validity of the BO approximation, the
example of frozen phonon techniques is particularly instruc-
tive since they are a direct implementation of the BO prin-
ciple. In the frozen-phonon approach the electronic structure
and the total energy of the system are calculated as a func-
tion of a static lattice distortion, in the spirit of the BO prin-
ciple, providing ¢(r ;[u]). The frozen phonon lattice poten-
tial is therefore used to solve the lattice quantum problem
and to get the ground state lattice wave functjgm). We
shall now apply the same technique to MgBn order to
show that, due to the smdl and to the strong deformation
potential of theE,y phonon mode, the BO approximation
cannot be safely applied in this system.

As mentioned above, small Fermi energy effects in MgB
involve the subset of the almost two-dimensiowabands
with a corresponding Fermi ener§=0.4—0.6 e\2 defined
as the distance in energy between the chemical potential and
the edge of ther band. Furthermore, the electron-phonon
interaction is essentially dominated by the doubly degenerate
E,q phonon mode a=0 2 which gives rise to a significant FIG. 1. () Frozen phonon potential(u) for the E,q mode in
o-o band electron-phonon coupling, while the residoair MgB, (solid line, left side scaleand probability distribution func-
and 77 electron-phonon interaction is much weak&l®  tion P(u)=|yg, (u)|* (dashed line, right side scalai is in units of
The effective Hamiltonian of the bands interacting with the A, V(u) in units of eV, andP(u) in units of A%, (b) Electronic

E,q phonon mode afj=0 can thus be written 8s structure of undistorted MgB(solid lines. The grey regions repre-
2e2 sent the quantum fluctuations induced by zero point lattice motion

u (Jul<(u®?). Bold lines represent the twe bands, which are also
+V(u) (2 :
the most affected by quantum fluctuations.

H=> clc * IEZQE clou-

k k Egg

whereu is the lattice displacement of tH#,, phonon mode  dition rules the breakdown of the adiabatic BO princifle.
and the sign*- in the Jahn-Teller electron-phonon interaction  In Fig. 1(a) we plot theE,, frozen phonon potentia¥(u)
is different for the twoo bands. Assuming for the moment a obtained by local density approximatighDA) calculations
perfectly harmonic phonon mode with elastic constagt (see Ref. 9 for detaijsIn the spirit of the BO principle we
V(u)=a,u?, we can write Eq(2) in second quantizatiobu  can evaluate the ground-state phonon wave fungﬂpzr(u)
:(h2/4MEzga2)1’4(a+aT)]: by tzhe numezrical solution of the Schrédinger equation
B + + [—(A%/2Mg, )Vi+V(u)lxe, (U)=Eg xe . We can also define
H= % €0k * gEzgzk: c(a+al) + szgaTa, ) a lattice 2Brobability distribution fagnctions(PDF) P(u)
through the reIationsP(u)—|XE (u)|?, which is plotted in
where the electron-phonon  matrix — elemente,  Fig. i(a). In the classma{stnctly adiabatig Mg, — o limit,
=lg, (ﬁ2/4Maz)ll4 determines the change in the el’ECtrC’nand P(u) becomes a3 function centered an=0. The elec-
energy bands associated with the ground state zero poifonic structure of the undistorted lattice, which corresponds
motion. thus to the adiabatic limit, is shown in pan@) as solid
Frozen phonon calculations have been previously emfines.
ployed in Ref. 9 to point out the connection between small As mentioned above, there are two different sources of
Fermi energy and anharmonic effects of tBg, phonon  quantum fluctuations of the lattice configuration with respect
mode in MgB. The appearance of anharmonic terms in theto the classical, static limit. The first one is given by the
static phonon potential has indeed been related to a strongossibility of quantum transitions between different electron
lattice displacement regime, nameBg =lg, U=EF. On  and lattice eigenfunctions. This gives rise, when expanded
physical grounds, we can expect that anharmonic terms wilkiround the lattice equilibrium positiom=0, to the conven-
be experimentally observable only if the lattice fluctuationstional electron-phonon scattering which leads todgaami-
allowed in the system are sufficiently strong to sample re<al electron-phonon renormalization of the electronic and
gions of phase space in which the effective Fermi energy ifattice properties, usually taken into account by the corre-
small (IEzgu~ EF). We are going to show that a similar con- sponding self-energies. A different effect of the quantum lat-
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tice fluctuations is the fact that the ground state PDF acquires
a nonzero amplitude at# 0, corresponding to the zero-point 0.6k
motion. In this framework an appropriate quantity to esti-
mate the amplitude of the lattice quantum fluctuations is the
root mean squar@.m.s) lattice displacement

1/2
(u?¥2= [j duuZP(u)} . (4)

(1 /az) 1/2 [eV/KZ]A‘I /2

In the following we focus on the interesting implications of 4 l

this second effect on the electronic structure. We shall show 7 b |||

that the zero-point lattice fluctuations are unavoidably re- 0. 0.2 0

flected, through the deformation potential, in an intrinsic (1/ME29)1/

source of quantum fluctuations for the electronic structure

and for the Fermi energy. FIG. 2. Schematic phase diagram for the different kinds of
A rough estimate of these effects is provided by theirnonadiabatic effects. See text for details.

r.m.s. values. Applying the definitio@), we obtain for the

zero-point motion of thé,, phonon mode a vibrational am- tice dynamics. The variable cannot thus be treated as a

plitude (u?)12=0.034 A. The changes in the electronic classical degree of freedom in a parametric way and

structure corresponding to this lattice fluctuations are repre¥(r;u) # x(u)¢(r ;[u]).

sented in Fig. (b) by the grey regions. The main changes of We would like to stress once more that the origin of the

the electronic structure close to thepoint DZ :|E2 (U312 nonadiabe}tic breakdown of thg BO pri.nciple stems from the

can be obtained from the deformation potential and roughlytrong lattice quantum fluctuations which make the electron-

correspond to the thickness of the grey region atlthgoint. ~ Phonon matrix element, theeconderm in Egs.(2) and(3),

As shown in the figure, the strong quantuattice fluctua- comparable with the Fermi energy. This is thus qualitatively

tions are reflected in stronglectronicchanges with a r.m.s. differentfrom what discussed in Refs. 7 and 8, where the
value of the o band Fermi energy fluctuationd EZ(u) nonadiabatic effects are ruled by the ratio between the energy

~EZ(0)])H2=1¢ (u¥)Y2=0.39 eV, which is slightly smaller scale of thethird term in Eq.(3) and the Fermi energy,
2 L

than the electron-phonon matrix elemeg, =0.45 eV be- gamely,aéEzg/EFd. NOti also t?at(jthe ]f’hhonlc’” _freiren@)ézg
cause it includes anharmonic effects. This value is compa—OeerOt epend on the amplitude of the lattice fluctuations,

2112 z0 H
rable to the Fermi energy of the undistort@diiabatig case " the contrary of the paramethr, (u”)™/Eg. This means
EZ=0.45 eV, resulting in a range of Fermi energy fluctuationthat the onset of one kind of nonadiabatic effects does not
O.F06 eV<EZ<0.84 eV, and casts doubts on the usual definecessarily implies the onset of the other one, \éine versa

nition of the Fermi energy, based on the BO approximation. In order to further clarify this statement let us assume for
The relevance of this regime may be measured by th e moment a perfectly harmon_ic phoqon _mode with elastic
dimensionless parameter constant,V(u) =a,u?. Anharmonic contributions do not play

any important role in the following discussion, so we will
ES(U) — EZO) Y2 1e. (UAYL2 take them into account through an “effective” elastic con-
. ([Ee(w) ~EE(0)19™ ey —091. (5 Stantasin Ref. 15 to give the anharmonic hardening of the
=4 E7 phonon.
The two different sources of breakdown of the BO prin-
In common metals, although the numerator can be of théiple are illustrated in Fig. 2 where we plot on thexis the
order of a fraction of eV, the denominator is usually of inverse of the square root of the phonon masgM{£, and
5-10 eV, so thak<1 and the role of the quantum lattice on they axis the inverse of the square root of the elastic
fluctuations on the electronic structure is negligible. Thingsconstant 1{a,. The limit Mg, —, denoted by the thick
are radically different for th&,, phonon of MgB, where the line, is the strictly classicaldiabati¢ case where both kinds
large value ofk(=1) is driven by the extremely small Fermi of nonadiabatic effects are negligible. In the so-defined phase
energy of thes bands. space a fixed phonon frequency is given by a straight line
The sizable magnitude of the parametecalls for some  cutting through the origin. In Fig. 2 we show the three fre-
physical considerations. Due to these strong quantum flucquencies(uE2 =68 meV, 81 meV, and 0.45 eV as dashed
tuations, the system indeed samples, with a sizable weighfines, corresponding to the harmonic and anharmonic fre-
electronic configurations with zero or vanishing Fermi en-quencies of thé,, phonon, and to a hypothetical phonon in
ergy. The system thus has an intrinsic nonadiabatic chafacteihe fully nonadiabatic regiméw,,=Ef), respectively. The
even if the phonon frequencies,, are sensibly smaller than empty (filled) circles represent, respectively, the actual posi-
Er(u=0). An alternative way to understand the breakdown oftion of the Epq phonon of MgB (M=10.81 a.m.y. with
the BO principle is to observe that far=E¢/lg,, the elec-  (without) taking into account the anharmonic hardening. The
tronic Fermi energyEZ(u), which governs the dynamics of nonadiabatic breakdown of the BO principle underlined in
the o bands, is comparable witly,, which governs the lat- Ref. 7 arises in the regiom,,= EZ, and is represented by the

| i

-1/2
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o
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vertically dashed area, correspondingatg/EZ=0.5. manyab initio techniques. An appropriate inclusion of these
The breakdown of the BO principle due to the zero pointeffects is a formidable task which goes beyond the aim of
motion, determined by the parameter of the lattice fluc-  this paper. We note, however, that the structural and cohesive
tuation is aI;o shown in Fig. Z isolines are easily defined properties of MgB are expected to be weakly affected by the
by the relationsay(u?)"*=fhwpy/2 and k=1g, (U)"?/E¢ us- zero-point fluctuations, both because they depend on the
ing LDA valueslg, =12 eV/A andE¢=0.45 eV. The hori-  whole set of occupied bandsvhose width is 10—20 ey
zontally dashed regiofw=0.5) represents the range of pa- and because they involve all phonons. Its transport and su-
rameters where nonadiabatic effects could be triggered bigerconducting properties, instead, are mainly determined

the zero-point fluctuations. It is interesting to note that in thisfrom the small fraction of carriers within an energy range
new regime nonadiabatic effects induced by lattice fluctua-_ L close to the Fermi level, and which are strongly
tions can be operative even quite far from the usual “”Onaf:ou?)led to the relevart,, phonon.

diabatic” regimewp,~Er. Of course, the two sources of  aAg g Jast remark, it is interesting to remind the reader that
nonadiabaticity merge together in the highly nonadiabatiGhe nonadiabatic effects induced by lattice fluctuations are
caseM —0, whereEg is smaller thanwy, already in the  jncreased as the force constant decreases. Electron-phonon
absence of fluctuations. This could be the case for the Cusystems with incipient lattice instabilitiggorresponding to
prates and fullerene compounds since in their dBs€és  flattening of the lattice potentigtould thus be good candi-
smaller than in MgB, while the relevant phonon frequencies gates for the observation of similar nonadiabatic effects in
are comparable. , ~ other materials than MgB Good candidates in this direction
In conclusion, in this work we have pointed out the inad- 5y pismuthatesi15 compounds and possibly monoatomic
equacy in MgB of the BO approximation which is at the metals such as Nb or V. In particular, the important role of
basis of manyab initio techniques, when applied to coupling the |attice fluctuations i15 compounds, which was already
between theE,q phonon and ther holes, which are mainly  hginted out by Anderson in Ref. 16, could provide the basis

responsible for supercondgctivity. We.have related s'uch iNgo investigate some interesting similarities betwéds and
adequacy to the strong lattice fluctuations of zero-point mogipgrides systems.

tion which, due to the large deformation potential associated
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