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Abstract

The investigation of the electron–phonon properties in MgB2 has attracted a huge interest after the discovery of superconductivity
with Tc = 39 K in this compound. Although superconductivity is often described in terms of the conventional Eliashberg theory, prop-
erly generalized in the multiband/multigap scenario, important features distinguish MgB2 from other conventional strong-coupling
superconductors. Most important it is the fact that a large part of the total electron–phonon strength seems to be concentrated here
in only one phonon mode, the boron–boron E2g stretching mode. Another interesting property is the small Fermi energy of the r bands,
which are strongly coupled with the E2g mode. In this contribution, we discuss how the coexistence of both these features give rise to an
unconventional phenomenology of the electron–phonon properties.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Since the discovery in 2001 of superconductivity in
MgB2 with Tc = 39 K, a large part of the research activity
has been mainly devoted to investigate the multiband/mul-
tigap properties in this compound [1,2]. However, besides
the multiband/multigap phenomenology, the electron–pho-
non coupling in MgB2 has other peculiar features and it
can be considered quite unconventional with respect to
the common variety of phonon-based superconductors. A
particular interesting property is that a large part of the
electron–phonon coupling is concentrated in only one pho-
non mode, the E2g one at q � 0 [3], which presents an
remarkably strong deformation potential IE2g

reflected in
a large electron–phonon matrix element gE2g

[4,5]. On the
experimental ground, most puzzling are the data from
Raman spectroscopy which show an anomalously large
phonon linewidth for the E2g mode [6–9], often attributed
to its anharmonic character. Also not yet understood are
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the Raman measurements as function of Al doping, which
show a transfer of spectral weight from a low- to a high-
energy peaks rather than a steady hardening of the E2g

mode [10,11]. In this contribution, we briefly summarize
our main results on the above issues. In particular, we show
that (i) the anharmonic character of the E2g mode can stem
from a purely linear electron–phonon coupling in the pres-

ence of a small Fermi energy; (ii) the large E2g phonon line-
width can be consistently explained within the context of
the electron-phonon theory once damping processes in
the electronic states, arising from the whole electron–pho-
non coupling spectrum, are properly taken into account.

In the following we introduce briefly a compact formu-
lation of the electron–phonon problem in MgB2 which will
permit us to derive in a simple way the anharmonic charac-
ter and the dynamical phonon self-energy as results of dif-
ferent limits. Starting point of our analysis will be the
following Hamiltonian [12]:
H ¼ 2
X

k;i

½�k;i � lþ I iu�cyk;ick;i þ � r
2
u

2M
þ

Mx2
E2g

2
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Fig. 1. Effective lattice potential Veff(u) (solid line) [12] and probability
distribution function P(u) (dashed line) [15] as evaluated respectively by
Eqs. (5) and (7) using realistic values for the microscopical parameters.
Dotted lines represents the same quantities by assuming a purely harmonic
behavior Veff(u) � a2u2 extrapolated by the small-u dependence. The filled
symbols mark u ¼ �uc ¼ Er

F=IE2g
, while the empty symbols denote

u ¼ �
ffiffiffiffiffiffiffiffi
hu2i

p
.
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which describes the two r bands (i = 1,2) interacting with
the Jahn–Teller E2g mode u at q = 0 whose unrenormalized
phonon frequency is given by xE2g

. Here l is the electronic
chemical potential, M the effective atomic mass, and Ii the
deformation potential which gives rise to a linear splitting
of the two r bands, I1 ¼ �I2 ¼ IE2g

, while the p bands
(i = p) at this level are totally decoupled (Ip = 0) and they
act only as charge reservoir. The Hamiltonian (1) can be
conveniently dealt with in the context of the path integral
formalism. In particular, integrating out the fermionic
Grassmann variables, we obtain an effective action in the
imaginary Matsubara time for the lattice degrees of
freedom:

S¼ 2
X

k;i

Trln G�1
i ðkÞ� I iu

� �
�M

2

Z b

0

dsuðsÞ � o2

os2
þx2

E2g

� �
uðsÞ; ð2Þ

where

G�1
i ðk; s; s0Þ ¼ dðs� s0Þ � o

os0
� �iðkÞ þ l

� �
; ð3Þ

and where Tr½A� ¼
R b

0
dsAðs; sÞ. Despite Eq. (2) looks at the

first very simple, it is indeed quite hard to handle due to the
fact that: (i) S is non-local in time s; (ii) it is higher than
quadratic with respect the lattice variable u. As we are
going to see, these two features are respectively related to
(i) the dynamical nature of the electron–phonon interaction
which gives rise to the possibility of phonon damping pro-
cesses and (ii) the anharmonic character.

In order to make clear this point it is useful to disentan-
gle the two issues. In particular the second issue can be
promptly pointed out by assuming a static classical approx-
imation for the variable uðsÞ : uðsÞ !¼ �u ¼ hui (and hence
also ou(s)/os = 0). It is easy to see that in this case Eq. (2)
defines a static lattice potential ½S ¼ bV effð¼ �uÞ� equivalent
to the frozen-phonon one in the first-principle calculations,
properly generalized to finite temperature

V effð�uÞ¼�
Mx2

E2g

2
�u2þ2

X
k;i

T lnf1þ exp½bðl� �iðkÞ� I i�uÞ�g:

ð4Þ

Eq. (4) can be easily evaluated in the zero temperature limit
and, for the simple model with constant densities of states
described in Ref. [12], we obtain

V effð�uÞ ¼
Mx2

E2g

2
�u2 � 2NrI2

E2g
�u2

þ 2Nr þ N p

1þ Np=N r
ðIE2g
j�uj � Er

FÞ
2h½IE2g

j�uj � Er
F�; ð5Þ

where Er
F is the Fermi energy of the r bands and Nr, Np are

respectively the r- and p-density of states. The static lattice
potential Veff(u) so obtained, using realistic values for Nr,
Np, Er

F, xE2g
, IE2g

[12] is shown in Fig. 1, as compared with
the harmonic one extrapolated by the small-u curvature. It
is important to underline that Eq. (5) presents a non-ana-
lytical behavior as function of u and it cannot be correctly
represented as a power-law expansion Veff(u) ’ a2u2 + a4u4.
This means that we cannot model the anharmonic effects in
term of an effective quartic phonon–phonon interaction
Hanharm / (a + a�)4 [13] which would give rise, in a phonon
self-energy treatment, to a finite phonon lifetime. In addi-
tion Eq. (5) shows in the most striking way how the onset
of anharmonic effects is related to the smallness of the r
band Fermi energy Er

F. As a matter of fact its non-analyt-
ical dependence can be split in two different regimes [12]: a
small-u one, for j�uj 6 uc ¼ Er

F=IE2g
, where the lattice poten-

tial can be still described by a quadratic shape; and a large-
u one, for j�ujP uc ¼ Er

F=IE2g
, which is anharmonic. The r

band Fermi energy Er
F plays thus the role of a tuning

parameter for the anharmonic effects. Interesting enough,
the harmonic behavior is recovered in both the opposite ex-
treme cases, Er

F !1 and Er
F ! 0. The highest anharmonic

character in this simple model is thus associated with finite
lattice distortions u, where u ’ Er

F=IE2g
. How much physi-

cally relevant are the anharmonic effects is thus matter of
how large is the physical range of u effectively sampled
by to the quantum (and thermal) fluctuations.

In order to establish the physical range of u, we have
thus to explicitly introduce the dynamics of the lattice fluc-
tuations. A controlled way to do that is provided by the
time gradient expansion [14] where the logarithmic term
in Eq. (2) is formally expanded in powers of u:

2
X

k;i

Tr ln½G�1
i ðkÞ � giu� ¼ 2

X
k;i

Tr ln½G�1
i ðkÞ�

� 2
X

k;i

X1
n¼1

1

n
Tr½ðGiðkÞgiuÞ

n�:

ð6Þ

At the lowest order of approximation we can assume that
the lattice dynamics is much slower than the electronic
one. In this case only local-time terms u(s) are retained
and the first term of (2) becomes also diagonal in time.
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The expansion in Eq. (6) can be re-summed and one ends
up with:

S ¼
Z b

0

ds uðsÞM
2

o
2uðsÞ
os2

� V eff ½uðsÞ�
� �

; ð7Þ

where Veff[u] has the same expression as in Eq. (5) This re-
sults corresponds to the semi-classical approximation as it
was discussed in Ref. [15] and the phonon eigenstates can
be found by solving the stationary Schrödinger equation
associated with Eq. (7). In particular the ground-state
wave-function w0(u) defines a probability distribution func-
tion P(u) = jw0(u)j2, shown in Fig. 1, which permits to eval-
uate the physical range of the lattice fluctuations asffiffiffiffiffiffiffiffi
hu2i

p
¼ ½
R

duu2P ðuÞ�1=2. We find
ffiffiffiffiffiffiffiffi
hu2i

p
’ 0:034 Å to be

compared with uc ¼ Er
F=IE2g

’ 0:037 Å [15]. It is important
to note that in the semiclassical approximation of Eq. (7)
the whole phonon spectrum can be evaluated exactly by
solving the stationary Schrödinger equation associated
with Eq. (7). Due to the anharmonic effects, it will be de-
scribed not by a unique peak but by a set of phonon d-func-
tions. Although this approach is indeed able to reveal
anharmonic features, it cannot account thus for damping
processes which will arise only from non-local terms in
time.

The simplest way to see this issue is to disregard anhar-
monic effects and to expand the action (2) at the quadratic
order in u: S½u� ¼ S0 þ

R b
0 ds

R b
0 ds0uðsÞPðs� s0Þuðs0Þ. The

quadratic action acquires a simple diagonal form in the
Matsubara frequency space

S ¼ �M
2

X
xm

uð�xmÞ x2
m þ x2

E2g
þ 1

M
PðxmÞ

� �
uðxmÞ; ð8Þ

where PðxmÞ ¼ T
P

k;m;iI
2
i Giðk; mþ xmÞGiðk; mÞ defines the

lowest order phonon self-energy. It is interesting to com-
pare this result with the lowest order (local time) of the
time gradient expansion, eP ¼ T

P
k;m;iI

2
i G2

i ðk; mÞ which is

nothing else that the static limit eP ¼ limxm!0PðxmÞ of
the retarded self-energy (8). This is by definition real so
that damping processes, associated with the imaginary part
(on the real frequency axis), are neglected. These effects are
however fully retained in the dynamical self-energy in Eq.
(8) whose imaginary part on the real axis (ixm!
x + i0+) reads

P00ðxÞ ¼ p
X

k:i

jI ij2
Z

dx0Aiðk;x0 þ xÞAiðk;x0Þ

� ½f ðx0 þ xÞ � f ðx0Þ�: ð9Þ

It is clear that for x! 0P00(x)! 0, recovering then the re-
sult of the local-time approximation. It is also clear on the
other hand that damping processes will be in principle rel-
evant for any phonon at finite frequency for which the
renormalized phonon frequency XE2g

and the phonon line-
width cE2g

will be given by
X2
E2g
¼ x2

E2g
þ ð1=MÞP0ðXE2g

Þ; ð10Þ
cE2g
¼ �ð1=MXE2g

ÞP00ðXE2g
Þ: ð11Þ

As a final, interesting consideration we note that for a free
electron system P00(x) = 0 for any x 5 0 since Eq. (9) in-
volves in this case a convolution of two non-overlapping
d-functions, Ai(k,x) = d(x-�k,i). This observation points
out that, neglecting interband scattering as in this case,
the source of the damping processes for a q = 0 phonon
are intimately related to the presence of damping processes
in the electronic states [16]. Following a similar derivation
as it is done for the optical conductivity [17], one can in-
deed derive an approximate expression for the imaginary
part of the phonon self-energy valid in the weak-coupling
and for not ‘‘too small’’ x

P00ðxÞ /
kE2g

x2

Z x

0

dx0R00ðx0Þ; ð12Þ

where R00(x) is the imaginary part of the electronic self-en-
ergy. An analytic result can be derived for instance in the
case of impurity scattering where R00(x) = �iC and
P00ðxÞ / xE2g

kE2g
4xC=ðx2 þ 4C2Þ. This relation should be

compared with the Allen’s formula cq ¼ pNð0Þx2
qkq [18]

(where N(0) is the electronic density of states) which relates
the phonon linewidth of a mode q only to the electron–
phonon properties of this particular mode, namely the pho-
non frequency xq and its electron–phonon coupling kq [19].
On the other hand, Eq. (12) shows that a strong electron–
phonon coupling kE2g

is a necessary but not sufficient
condition to account for a large phonon linewidth whereas
significant electronic damping processes are also needed
[16]. In addition Eq. (12) is also interesting because it re-
lates the linewidth of the E2g phonon to the electronic
damping processes with energy x smaller than XE2g

. In
other words it implies than the strongly coupled E2g pho-
non cannot be responsible for the own finite linewidth
but other sources of electronic damping at energy
x < XE2g

are required. This is indeed the case of MgB2

where, although a large part of the total electron–phonon
coupling is associated with the E2g phonon modes, a signif-
icant contribution is also spread over other different modes
with typical energies x < XE2g

[1–3]. We can analyze this
situation by inserting in Eq. (9) the interacting spectral
function for the r band, Ai(k,x 0) = �(1/p)Im{1/[x � �k �
R(k,x)]} [16], where the electronic self-energy R(k,x) is
evaluated by employing the full Eliashberg spectral func-
tion for the r bands a2

rF ðxÞ obtained by first-principle
calculations and an unrenormalized phonon frequency
xE2g

¼ 100 MeV [20]. The real part of the phonon self-
energy can also be easily calculated by means of the
Kramers–Krönig relations. In addition, we consider also
the possible presence of impurity/disorder scattering.

In Fig. 2, we show the corresponding imaginary part of
the phonon self-energy P00(x) (upper panel), and the pho-
non spectral function BðxÞ ¼ �ð1=pÞImf2xE2g

=½x2
E2g
�

x2 þ 2xE2g
PðxÞ�g (lower panel). We see that the phonon
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Fig. 2. Imaginary part of the phonon self-energy (upper panel) and
phonon spectral function (lower panel) for three representative different
cases. The marks in the upper panel denote P00(x) evaluated at the
renormalized phonon frequency xE2g

. Inset: effective Eliashberg function
a2

rF ðxÞ relevant for the r bands as evaluated in Ref. [20].
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linewidth is highly sensitive to the amount of electronic
damping. For instance for T = 40 K and in the absence
of impurity scattering (C = 0) we predict a phonon line-
width cE2g

’ 6 MeV, which is essentially only due to the
spectral weight of a2

rF ðxÞ for x 6 xE2g
. The magnitude of

the phonon linewidth is even more remarkable when finite
temperature effects or impurity scattering are taken into
account. In this case for instance we find cE2g

’ 17 MeV
for C = 5.5 MeV at T = 40 K, in qualitative good agree-
ment with the experimental value cexp

E2g
ðT ¼ 40 KÞ ’

22 MeV, while for T = 300 K we find cE2g
’ 36 MeV and

cE2g
’ 32 MeV, respectively for C = 0 and for C =

5.5 MeV, also in good agreement with the experimental
value cexp

E2g
ðT ¼ 300 KÞ ’ 34 MeV [16].

We want to stress once more that there are two peculiar
features of MgB2 which cooperate to yield a large E2g pho-
non linewidth. On one hand the E2g phonon mode is indeed
strongly coupled. This assures that the coupling prefactor
is actually not negligible. On the other hand, a crucial role
is also played by the sizable electron–phonon coupling
spread over all the other modes. These indeed give rise to
significant electronic damping processes which is a compel-
ling requirement in order to observe a finite phonon line-
width in a q = 0 mode.

In conclusion, in this contribution we have shown as
both the anharmonic character and the huge phonon line-
width of the E2g mode observed in MgB2 can be derived
from a unique effective action for the E2g lattice degrees
of freedom employing different approximations. Aim of
our future work is thus to generalize this approach to
investigate the interplay between anharmonicity and damp-
ing processes.
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