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Abstract In this contribution we present a comprehensive
explanation for the origin of the band shifts observed in
dHvA and ARPES experiments. Using a four-band Eliash-
berg analysis, we show that they are a natural consequence
of the multiband character of these systems and of the strong
particle-hole asymmetry of the bands. We also show that
the relative sign of such shifts provides a direct experimen-
tal evidence of a dominant interband scattering. A quanti-
tative analysis in LaFePO yields a spin-mediated interband
coupling of the order V ≈ 0.46 eV, which corresponds to
a mass enhancement Z ≈ 1.4. We also employ such four-
band model to investigate the magnitude of the supercon-
ducting gap on different Fermi sheets of Ba0.6K0.4Fe2As2,
and we show that the same four-band model provides a sim-
ple explanation of the different gap values on different Fermi
sheets and of the thermodynamics properties (specific heat,
superfluid density, . . .).
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1 Introduction

A new challenge in the field of condensed matter is repre-
sented by the recent discovery of high-Tc superconductivity
in iron-based pnictides [1, 2]. The main object of investi-
gation in this context is, as usual, the determination of the
microscopic origin of the scattering mechanisms operative
in these systems, and hence of the superconducting pairing.
Things are here even more complex, and also interesting,
because of the multiband character of these systems. Ac-
cording to Density Functional Theory (DFT) calculations,
indeed, the band structure of pnictides near the Fermi level
is characterized by two hole-like bands around the Γ point,
and two electron-like bands around the M point of the re-
duced Brillouin zone [3–7]. A third hole-like band at the Γ

point could be expected to cross the Fermi level in some
materials, but eventually it moves below the Fermi level
when the experimental value of the apical As position is
used in DFT calculations [8]. The comparison with exper-
imental measurements of electronic excitations with DFT
predictions can shed thus a useful insight on the underlying
scattering mechanism. In this context a first puzzling fea-
ture of these materials is the systematic experimental obser-
vation, by using angle-resolved photoemission spectroscopy
(ARPES) [9–12] and de Haas-van Alphen (dHvA) [13–15]
probes, of relative band shifts when compared with DFT cal-
culations, resulting in corresponding Fermi-surface shrink-
ings. Quite interesting, such shifts are band selective, in such
a way that electron-like bands result to be shifted upwards
while hole bands are shifted downwards. An additional is-
sue concerns the experimental observation of only two gap–
values in hole-doped 122 compounds [9, 16], whereas in
a multiband BCS approach one would generically expect
a different gap value in each band, depending on the cou-
pling and on the density of states (DOS) of the several pock-
ets involved in the pairing. Further difficulties arise in the
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attempt to reconcile ARPES data with several thermody-
namic measurements. For instance, photoemission experi-
ments performed by several groups in different pnictide ma-
terials have shown that there is a substantial renormalization
of the whole band structure with respect to DFT predictions,
with a reduction at least of a factor two [9–12, 17, 18]. At
the same time, the estimates of the specific-heat coefficient
CV /T obtained by using the ARPES bandwidth, despite be-
ing substantially larger than DFT, are still about a factor two
smaller than the values measured in the normal state for 122
compounds [19–21]. This comparison calls for a dichotomy
between high-energy and low-energy mass renormalization,
which must be accounted for by different mechanisms.

In this contribution we employ a four-band Eliashberg
analysis to provide a systematic analysis of spectral and ther-
modynamic properties in pnictides with the goal of reconcil-
ing the results obtained with the different probes. We show
that the observed bands shifts, and the corresponding Fermi-
surface shrinking, can be natural explained as result of the
strong particle-hole asymmetry of the bands, which induces
finite-band self-energy effects [22]. The particular sign of
the band shift of the hole and electronic sheets provides a di-
rect evidence of a dominant interband scattering. Our calcu-
lations give an estimate the interband coupling V ∼ 0.46 eV
in undoped LaFePO [22]. We also show that the spectro-
scopic and thermodynamic properties of optimally doped
Ba0.6K0.4Fe2As2 (BKFA) can be also accounted for in the
four-band Eliashberg analysis, using high-energy electronic
dispersion taken from the experiments, with dimensionless
coupling λ ∼ 0.2 and λ ∼ 1.6 depending on the band [23].

2 Band Shifts in LaFePO

The physical properties of pnictides are analyzed within a
four-band Eliashberg analysis. Using the Nambu notation,
we can write a self-consistent equation for the self-energy:

Σ̂α(iωn) = −πT
∑

β,m

Vα,βD(ωn − ωm)Ĝβ(iωm), (1)

where α,β are band indices, Vα,β is the multiband inter-
action, and D(ωn − ωm) is the boson propagator, which is
related to the Eliashberg function B(Ω) by D(ωn − ωm) =∫

2Ω dΩB(Ω)/[(ωn − ωm)2 + Ω2]. In addition, Ĝα(z) is
here the 2×2 local Green’s function for the α band, namely

Ĝα(iωn) =
∑

k

1

(iωn + μ)τ̂3 − εk,ατ̂3 − Σ̂α(iωn)
, (2)

and τ̂i are the Pauli matrices in Nambu space. Decompos-
ing the self-energy in its Pauli components, Σ̂α(iωn) =∑

i=0,...,3 Σi
α(iωn)τ̂i , we can obtain the renormalization fac-

tor Zα for each band as Zα = 1 − Σ0
α(iωn=0)/πT , while

the superconducting gaps Δα are obtained as Δα = φα/Zα ,
where φα = Σ2

α(iωn=0). Finally, the self-energy component
∝ τ̂3, namely χα = Σ3

α(iωn=0), gives rise to as a band-
selective shift for the dispersion of the band α. This contri-
bution is neglected in the standard Eliashberg theory, where,
as we show below, the infinite bandwidth approximation en-
forces the particle-hole symmetry. For the moment we shall
focus on the relevance of this latter feature, and we consider
the normal state.

In order to gain a qualitative insight on the physical origin
of such shift, it is instructive to consider the lowest order per-
turbation theory where the Green’s function in (1) is taken
to be the non-interacting. We consider for simplicity two-
dimensional parabolic bands with εk,α ∈ [Emin,α : Emax,α],
which for pnictides is a good approximation. In the adiabatic
limit ω0 � |Emax,α|, |Emin,α| we can write

χα ≈ −ω0

2

∑

β

Vα,βNβ ln

∣∣∣∣
Emax,β − μ

Emin,β − μ

∣∣∣∣, (3)

where Nα = 1/(Emax,α − Emin,α) is the DOS of the α band.
It is now easy to see that in the infinite bandwidth approx-

imation, as well as in any case where the particle-hole sym-
metry is present, |Emax,α −μ| = |Emin,α −μ| so that χα = 0.
Equation (3) shows also another interesting result, namely
that the sign of the band shift χα depends on the overall
electron-like or hole-like character of the bands β coupled
to the band α. This is particularly important in iron-based
pnictides where, due to the nesting properties, the dominant
coupling is thought to be the spin-mediated interband inter-
action. In such a situation, the particle-hole asymmetry of
the electron bands is responsible for the downward shift of
the hole-like bands, which, vice versa, give rise to the up-
ward shift of the electron ones. In full generality we can
thus say that the simple observation of a upward shift of the
electron bands and the downward shift of the hole-like ones
is direct experimental evidence in these compounds of the
dominance of the interband coupling on the intraband one.

We can employ this analysis to get a more quantitative in-
sight on LaFePO where detailed measurements of the band
shifts by means of dHvA techniques have been reported.
We consider four bands and we assume, because of the
nesting properties, a purely interband scattering connect-
ing hole-like and electron-like bands, as depicted in Fig. 1a.
Since in LaFePO all the Fermi areas are roughly compa-
rable, we assume as a first approximation V1,3 = V1,4 =
V2,3 = V3,4 = V [22]. To account for a spin-mediated in-
teraction mechanism we use the Lorentzian spectrum typ-
ical of spin fluctuations [24] B(Ω) = Ωω0/π(ω2

0 + Ω2)

with the characteristic energy scale ω0 = 20 meV. We model
each band with a purely two-dimensional parabolic disper-
sion εα(k) = ε0

α − tα|k|2, where k is measured with respect



J Supercond Nov Magn (2011) 24: 229–233 231

Fig. 1 (a) Sketch of our band structure model. (b) Band shifts χα as
functions of the interband coupling V . The horizontal dashed lines
mark the average band shift as would be estimated in [13, 14] using
the renormalized bands, the vertical grey region the estimate coupling
V ≈ 0.46 eV

Table 1 Microscopic band parameters extracted from DFT calcula-
tions after a band structure renormalization by a factor 2. Also shown,
in the last two columns on the right, the calculated band shifts χα and
the renormalized mass m∗

α for V = 0.46 eV. me is the free electron
mass

Band Emax,α (eV) Emin,α (eV) Nα (eV−1) χα (meV) m∗
α/me

1 0.102 –2.516 0.382 −26.5 1.6

2 0.102 –1.231 0.750 −26.5 3.2

3, 4 1.776 –0.147 0.529 31 2.3

to the Γ point for the hole bands and to the M point for the
electron bands. Nα = 1/4πtα is thus the DOS (per spin) in
each band. A debated issue in this context is the assessment
of a proper choice for the underlying normal-state electronic
bands. Indeed, as we mentioned in the introduction, ARPES
measurements in several pnictide families report significant
differences in the electronic dispersion compared with DFT
calculations, with an apparent renormalization of the whole
band structure by a factor 2 [9–12, 17]. Most striking, such
band narrowing seems to be operative up to very high en-
ergy scales, as it is confirmed also by recent optical sum-rule
analysis performed in LaFePO samples [25]. This overall
renormalization of the bands with respect to DFT seems thus
a general feature of pnictides, probably arising from local
Hubbard-like correlations [26–28], so that it cannot be cap-
tured by the coupling of the electrons to low-energy bosonic
modes. To take into account this feature, we extract the band
parameters from the DFT calculations [3], and we renormal-
ize the electronic energy scales by a factor 2 in agreement
with the experimental band structure observed by ARPES
[17]. All the estimated values are reported in Table 1.

In Fig. 1b we show the band shifts χα evaluated from
the numerical solution of (1)–(2) as a function of V . Note
that, since we are considering Vα,β = V , the band shift of
the two different hole bands is equal χ1 = χ2, as well as

for the two electron bands. From Fig. 1b we get an esti-
mate V ≈ 0.46 eV to account for the hole band shift χ

exp
1,2 ≈

−26.5 meV needed to reproduce the experimental Fermi
area with the renormalized band structure. With these values
we obtain a multiband coupling matrix where λ1,3 = λ1,4 =
λ2,3 = λ2,4 = 0.24, λ3,1 = λ4,1 = 0.18, λ3,4 = λ4,2 = 0.34
and zero otherwise [22]. With these values we also get
Tc ∼ 9 K in good agreement with the experimental value
T

exp
c ∼ 6 K. The total coupling per band is roughly isotropic

λ = Σβλα,β ≈ 0.48–0.52, in the weak-coupling regime.
With these values we can compute the mass renormaliza-
tion factor Zα ≈ 1.5 and the specific heat per unit cell
γ = ∑

α(π/3�
2)mαZαk2

Ba2NA, where kB is the Boltzmann
constant, NA the Avogadro number and a = 3.9 Å. We thus
obtain γ = 14.1 mJ/mol K2 also in good agreement with ex-
perimental estimates γ = 11–14 mJ/mol K2 [29–31].

3 Superconducting and thermodynamic properties
of BKFA

We can now employ the four-band Eliashberg framework
to analyze the spectral and thermodynamical properties of
the superconducting state of optimally doped BKFA. In this
case, because of the different size of the inner and outer
hole-like Fermi surfaces, denoted respectively as band 1
and 2, we could expect a significant difference, due to the
different nesting properties, for the corresponding couplings
with the two degenerate electron bands. We denote thus
V1,3 = V1,4 = G and V1,3 = V1,4 = g. We estimate the band-
structure parameters directly from ARPES experiments [9],
as listed in Table 2. The different values of DOS in each
band are expected to give rise, in a weak-coupling BCS
analysis, to three different values of the superconducting
gaps on the two hole pockets and on the electron bands,
respectively. The experimental observation from ARPES of
two nearly degenerate gaps on the hole band 1 and on the
electron bands 3–4 signalizes thus the relevance of a strong
coupling interaction, as discussed in [32] for a two-band
model and in [23, 33] for a four-band model in the ex-
plicit case of optimal doped BKFA. In particular, the ex-
perimental value of the Δα on each band can be used as
an input constraint to determine qualitatively the unknown
value of the interband interaction. In Table 2 we summa-
rize our results for the interband scattering G = 1.1 eV,
g = 0.35 eV obtained to reproduce the experimental gaps.
The multiband matrix of the coupling constants reads in this
case λ1,3 = λ1,4 = 0.55, λ2,3 = λ2,4 = 0.18, λ3,1 = λ4,1 =
1.62, λ3,4 = λ4,2 = 1.01 and zero otherwise [23]. We obtain
a critical temperature Tc = 48.7 K, which overestimates the
experimental one T

exp
c ∼ 37 K. One should consider, how-

ever, that superconducting fluctuations, which are not taken
into account in the present analysis, are expected to decrease
the critical temperature.
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Table 2 Microscopic band parameters extracted from [9] by approximating each band with a parabolic form εi(k) = ε0
i − ti |k|2. Ni = 1/4πti is

the DOS (per spin) in each band. Also shown are the physical properties Δi,Zi,m
∗
i /me and Js,i evaluated within the four-band Eliashberg theory

Band ε0
α (meV) tα (meV) Nα (eV−1) Δα (meV) Zα (eV−1) m∗

α/me JS,α(0) (meV)

1 28 54 1.47 9.48 2.09 9.61 4.8

2 43 27.5 2.89 4.35 1.35 12.28 10.7

3, 4 −60 160 0.50 −10.48 3.67 5.72 6.14

The qualitative determination of the multiband scattering
matrix can be now employed to investigate further super-
conducting and normal-state properties. A first important is-
sue concerns for instance the quasi-particle renormalization
factors Zα , which are connected to the mass enhancements
m∗

α/m = Zα . Different experimental methods are available
to detect these features. On one hand, such mass enhance-
ments are operative only below the spin-fluctuation energy
scale ω0, so that they are expected to give rise a remarkable
kink at this energy [23]. On the experimental ground, how-
ever, the experimental resolution of the data in [9] is unfor-
tunately not high enough to resolve the effect of low-energy
spin fluctuations from the high-energy renormalization (it
is interesting to notice that a similar kink has been actually
observed [34] in high-resolution ARPES measurements per-
formed by another group in a BFKA sample with lower dop-
ing than the one we are discussing here). On the other hand,
the signatures of low-energy renormalization are much more
easily detectable in thermodynamic measurements of mass
enhancement than in photoemission, where a very high reso-
lution is required to resolve the kinks in the band dispersion.
A powerful tool in this perspective is for instance the analy-
sis of the specific heat γN in the normal state. Within DFT
one obtains γN = 9.26 mJ/K2 mol [35], that is remarkably
smaller than the values of γN measured in doped BKFA,
either by direct analysis of the normal-state specific heat
γN = 49 mJ/K2 mol [21], or by measurements of the up-
per critical field γN = 63 mJ/K2 mol [20]. By means of the
band parameters extracted from ARPES and listed in Ta-
ble 2, one thus estimates γN = 25 mJ/K2 mol in the absence
of interaction, while, with the renormalized masses listed in
Table 2, which include low-energy renormalization effects
on the ARPES bands, we can estimate γN = 50 mJ/K2 mol,
in very good agreement with [21]. Thus, the additional mass
renormalization due to the spin-fluctuation exchange is fun-
damental to reconcile ARPES and specific-heat measure-
ments.

Similar conclusions are drawn from the analysis of the
superfluid density at zero temperature, Js,α(0). A simple
calculation using the electronic masses extracted from the
ARPES data would give Js(0) ≈ 700 K, much higher than
the best experimental estimates give Js(0) ≈ 300–400 K
[36, 37]. Such discrepancy is, however, overcome in our
multiband calculations where we take into account the band

narrowing due to the electronic correlation. In this case we
find Js(0) = ΣαJs,α(0) = 300 K, once more in very good
agreement with the experimental findings.

4 Conclusions

In conclusion, we showed that the band shifts reported
in pnictides when comparing the experimentally measured
Fermi surfaces and band dispersions with DFT calculations
are a direct consequence of the coupling to a bosonic mode,
once that the strong particle-hole asymmetry and the multi-
band character of these systems are properly taken into ac-
count. The sign of the measured shifts provides direct evi-
dence of the predominance of the interband scattering, sug-
gesting spin fluctuations as a natural candidate for such a
kind of interband coupling. We also have shown that the
multiband/multigap properties of the superconducting and
normal state of optimally doped BKFA can consistently be
explained within an intermediate-strong coupling four-band
Eliashberg theory once the high-energy band renormaliza-
tion observed in ARPES data, probably due to the electronic
correlation, is properly taken into account.
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