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We introducea simple hierarchicallyconstrainednodel of slow relaxation.The configurationalkenergyhas
a simpleform asthereis no couplingamongthe spinsdefiningthe system;the associatedtationarydistribu-
tion is anequilibrium, Gibbsianone.However,dueto the presencef hierarchicalconstraintdn the dynamics
the systemis foundto relaxto its equilibriumdistributionin an extremelyslow fashionwhensuddenlycooled
from aninitial temperatureT, to a final one T;. The relaxationcurvein that casecanbe fit by a stretched-
exponentialcurve. On the other hand,the relaxationfunction is found to be exponentialwhen T;>T,, with
characteristidcimes dependingon both Ty and T, with characteristidcimes obeyingan Arrheniuslaw. Nu-
mericalresultsaswell assomeanalyticalstudiesare presentedIn particular,we introducea simple equation
that captureshe essencef the slow relaxation.[S1063-651X98)00504-2
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I. INTRODUCTION

It hasbeenrecognizedhat glasseshowmanyinteresting
universal propertieswhich have not beensatisfactorily ex-
plainedyet [1,2]. It is well known that glassystatesare not
ergodic[3]; for example,the diffusive motion of molecules
in a liquid near the glass transition temperaturebecomes
much slower thanthe experimentatime scale,andthe state
of the systemis not able to explorethe whole phasespace
within the observationtime scale. The relaxationfunction
g(t) thatdescribeshe decayof the systemenergy(or, analo-
gously,of any otherrelevantmagnitude towardsits station-
ary stateis observedo evolvein an extremelyslow fashion
in the vicinity of the glass transition, and is empirically
found to be well fit by the Kohlrausch-Williams-Wattsor
stretched-exponentidw, i.e.,

q(t)=Aexd —b(t/7)#], (1)

with exponent0<gB<1 [4]. It is often observedthat the
exponent3 decreasewvith decreasingemperaturd5].

Nearthe glassytransition standardmethodsof statistical
mechanicsasedon equilibrium distributionsare no longer
suitableto describethis kind of system.A dynamical ap-
proach is requiredfor an adequateunderstandingpf slow
relaxationprocesses.

To date,severaldynamicalmodelshavebeenproposedo
get someinsightinto the natureof the slow relaxationpro-
cessesdn glassydynamics.All of themhavein commonthe
presenceof somekind of dynamicalfrustration,and canbe
classifiedin two groups:thoseinvolving frustration due to
the presencef energyand/orentropybarriers(for example,
spin-glasstype of models[6-8]), and othersin which even
with a simplefree energylandscapéhe frustrationis directly
introducedin the dynamics[9,10]. The modelwe presentn
this paperbelongsto the secondtype, i.e., the energyfunc-
tion is very simple,but the dynamicsis stronglyconstrained;
only a reducednumberof degreesof freedomcan evolve
freely at a given time step,while the restremainfrozen.
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The newingredientwe includewith respecto previously
studiedmodelsis the presencef a hierarchy of constraints
[11]. With thathierarchywe pretendto mimic the fact thatin
slow relaxationprocessesjsuallythereare somedegreeof
freedomthat evolvefasterthanothersandthatinfluencethe
dynamicsof the slower modesin sucha way that a whole
hierarchyof constraintds generated.

The idea that a theoretical model of slow relaxation
shouldbe a dynamicaland hierarchicallyconstrainecneis
not new. It was introducedby Palmeret al. [12]. They de-
fined a family of modelsconsistingof discretelevelsof de-
greesof freedom,n=0,1,2 ..., eachlevel containingN,,
spins. A spin at level n+1 canfreely changeits stateonly
when u,<N, spinsin level n happento be at a given spe-
cific configurationamongall the 2#n possibleones.As a
consequencef suchdynamicalconstraintsthey arguedthat
a stretched-exponentidehavior,Eq. (1), canbe reproduced
underbroadconditions[12]. Oneimportantpoint, however,
is that in the previouspaper’sanalysisit is implicitly as-
sumedthat all the spinsabovea given onein the chainin-
fluencethe dynamicsof it, andthereforethe constraintsare
long ranged.

In this paperwe considera very simple microscopichier-
archically constrainednodelfor slow relaxation,which is a
particular physicalrealizationof the generalscenariointro-
ducedin [12], with two importantdifferences.

(1) Our model doesnot considerlong range dynamical
constraintsj.e., a degreeof freedomis constraineddirectly
only by the nearestdegreef freedomin the hierarchy.As
we will showthis is enoughto generatea slow relaxation.

(2) Themainadvantag®f this modelis thatthe dynamics
and the constraintsare specifically defined, renderingthe
model suitableto be analyzedusing computersimulations
and detailedmathematicahnalysis.

The paperis structuredasfollows. In Sec.Il we introduce
the model,in Sec.lll we presentour main numericalresults
aswell asa simpletheoreticalapproximatiorthatreproduces
stretched-exponenti#ype of relaxation;we alsodiscussthe
nature of the boundaryconditions. Finally we presentthe
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FIG. 1. A schematidigure of the potentialform in which atoms
are placedin our model. Two local minima s=0 and 1 are sepa-
ratedby a maximumof height ¢.

conclusionsA mathematicaformulationof the modelanda
mean-field-likesolution are presentedn an Appendix.

Il. THE MODEL

The model consistsof a set of degreesof freedom (or
sping, evolving accordingto a constraineddynamics.The
degreesf freedomcould,in principle, be arrangedn differ-
ent ways, but in what follows we consideronly a one-
dimensionathainwith a degreeat everysite. Eachdegreeof
freedomis exposedo the actionof an externalpotential,the
functionalform of whichis schematicallyshownin Fig. 1. It
hastwo local minimaat positionss= 0 ands= 1 with values
0 ande, respectivelyanda maximumof height ¢> e sepa-
rating the two minima. We assumehat eachdegreeof free-
dom canbe locatedonly at the minima of the potential,and
its statecanthereforebe characterizedby a spinlike variable,
s=0,1.

The spins can changestochasticallytheir statewith the
following (Arrhenius transitionrateslI':

_ 6)
T: )’

Fo_,]_: Tolexr< - %
2

where g is a constanthat definesa microscopictime scale,
and T; denotesthe temperatureAssumingthat thereis no
static interactionamong spins, we can easily calculatethe
equilibrium probability peq to find a spin at states=1 by
usingthe detailedbalancecondition:

y I‘lﬁOZTOileX -

_ l_‘O—>1 _ 1 (3)
peq ro_,1+rl_>0 eXF(E/Tf)“‘l’

which givesthe Gibbsequilibrium distribution associatedo
the potentialin Fig. 1 (observethatit doesnotdependon ¢).
In theabsencef interactionamongspinsthe systemexhibits
exponential(Debye relaxationtowardsthe equilibrium dis-
tribution with characteristicrelaxation time given by =

= peqTOeXp(¢/Tf)-
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FIG. 2. Whenthe spin 1 is placedat positions,; =0 the transi-
tion of the spin 2 is prohibited.

We now introducea dynamicalconstraintin the model:in
Fig. 2(a) we showschematicallythe way in which a spin S;
constrainghe motion of its right neighborS, [13]. Whenthe
spin S; is at the states; =0, the dynamicsof spin S, is
obstructed,i.e., ¢—o0, and jumps of S, betweenthe two
statesare completelyprohibited (seeFig. 3). In the casein
which both spinsS; andS, areinitially at states=0, for S,
to jump to the states,=1, S; hasto evolvefirstto s;=1 to
clearthe pathof S,. Generalizingthis rule the motion of the
(i+1)th spinin the chainis blockedby the ith spin when
this oneis at states;= 0. Note thatwhile the motion of s; is
affectedby s; ; it doesnot dependon s;, 4, originatingin
this way a hierarchyof directed constraintslt is importantto
observethat the dynamicsis asymmetric,and that even
though there is no static interactionamong spins they are
dynamically constrained; thereforethe equilibrium distribu-
tion is the productof the single-siteequilibrium distributions
Eq. (3). This is rigorously provedin the Appendixwherea
probabilisticformulation of the modelis presented.

Due to this seriesof constraintswe expectthe systemto
showslow relaxation.Oneway to seethatis in termsof the

S1 =1
32 =0

FIG. 3. The phasespacedfor thetwo-spinsystem.Thedirectpath
from {s;,s,}={0,0} to {0,1} is obstructedand the transition be-
tweenthesetwo statesis prohibited.
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topologyof the phasespaceasdiscussedefore,in the two-

spin case the system cannot go directly from {s;,s,}

={0,0} to {s;,s,}={0,1}, but hasto takea roundaboupath
{0,0—{1,0,—{1,3—{0,1}. In the caseof anL-spinsystem
the phasespaceforms an L-dimensionalhypercubewith

sidesof size 1. A vertex of the cube representsa system
state. Though the maximum geometricaldistancebetween
any two statesis L2 measuredby the edgelength of the

hypercubea big fraction of the possiblepathsis obstructed
and unavailable.Thereforethe systemhasto passthrough
more complex roundaboutpaths as the systemsize L in-

creasesandwe expectthosecomplextrajectorieso give rise

to slow relaxation.

[1l. RESULTS

We have performednumericalsimulationsof the model
for differentsystemsizesL upto L =1000,with openbound-
ary conditions[14], i.e., thefirst spinin the chain(hierarchy
evolvesin an unconstrainedvay (this mimics the fact that
typically in glasseghereare fast, unconstraineddegreef
freedon). Most of the plots we presentare obtainedfor L
=250, but the resultshavebeenobservedo be very robust
whenincreasingsystemsize. Simulationshavebeencarried
outfor bothsimultaneousindsequentiatypesof update and
essentiallyno physical differenceis observedamongthem.
Someparameteraluesarekeptfixed in all the simulations:
70=10.0, $=1.0, and €=0.5. We have verified that the
gualitative generalfeaturesexhibited by the model do not
dependon the choiceof thesevalues.As initial conditionthe
spins are placed at positionss=0 or 1 with probabilities
correspondingto an equilibrium distribution, pe(To), EQ.
(3), for agiveninitial temperaturel’y. Thereforethe dynam-
ics drivesthe systemfrom an equilibrium distributionat T
to a different equilibrium distributionat T; .

We introducethe meanenergyper spin definedas

L
umsrleZl si(t) 4)

(only spinsin the s=1 stategive a nonvanishingcontribu-
tion to the energy. Given that thereis no configurational
interactionamongspins, after sufficiently long times, U(t)

approacheds equilibriumvalue U .= pee. We definea re-
laxationfunction q(t) as

q(t)E|U(t)_Ueq|’ (5)

where,after a sufficiently long time t, q(t) approachegero.

A. General features of the relaxation curves

Two typical relaxationcurvesare shownin Fig. 4; they
correspondo a casein which the systemis cooled down,
T:<T, (upperone, andin the otherthe systemis heatedup,
i.e., T{>T,. Their behaviorsare essentiallydifferent.

The uppermostcorrespondgo 1/T,=2.19, 1/T;=3, and
L =250. Note that the relaxationis very slow; asthe time is
measuredn units of o= 10, the maximumtime corresponds
to 15000time Monte Carlo steps(the curveis the averageof
10° independentuns. Observethat asymptotically,i.e., af-
ter a transientof aboutt.~800r, time stepsthe curve is
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FIG. 4. Typical relaxationcurvesfor T;<T, (uppermost,1/T;
=3 and 1/T;=2.19), and T;>T, (lowermost1/T;=1 and 1/T,
=2.19). Thesecondoneis exponentialwhile the first onecanbefit
by a stretchedexponentialwith 8= 0.38;an exponentiafit (dashed
line) is valid for timeslargerthan~800. L =250.

locally well fit by an exponentialwith a very large charac-
teristic time 7~2100r, that implies an extremelyslow re-
laxation.However,it is not clearfrom numericswhetherfor

larger times this exponentialbehavior will persist, or the
curve will decayin an even slower fashion. On the other
hand, the whole curve, including the initially faster decay
canbe perfectlyfit by a stretchedexponentialwith 3=0.38
(in fact thefit is indistinguishablédrom the numericaldatain

Fig. 4).

Increasingfurther the time in the computersimulationto
decidewhetherthe real asymptoticbehavioris an exponen-
tial or a stretchedexponentialis beyondour availablecom-
putational power. In any case,for situationsin which the
systemis cooleddown, we alwaysget curvesthat bendpro-
gressivelyin a semilogarithmicplot; and eventhough the
final part can alwaysbe fit with a straightline (exponential
behavioy in no caseis it evidentwhetherthatexponentiafit
givestheright asymptoticbehavior.Evenfor extremelylong
times we havethis type of ambiguity. However,as for any
“reasonable”time a stretchedexponentiacanalwaysbefit,
we admitthe relaxationto be nonexponentiais this case At
anyrate,therelaxationis extremelyslow in the cooling case.

The lower curvein Fig. 4 correspondso the sameinitial
temperature 1/T;=2.19, and systemsize, than the upper
one,but a largerfinal temperaturel/T;=1. In this casethe
transientis muchsmaller,t.~ 60, and after it, a pretty clear
exponentiabehaviorsettlesin.

The situationdescribedfor the two previousexampless
generalfor all the relaxationcurves:thosein which T;<T,
arewell fit by a stretchedexponentialwhile for the opposite
situation, T;>T, the decayis exponentialafter a transient.

We now analyzethe transitionbetweenthe two previous
regimesin a more quantitativeway. In Fig. 5 we showthe
transienttime (i.e., the time after which an exponentiafit is
adequate as a function of the final temperaturdor a fixed
initial temperaturel/Ty=2.19.

Note that for very large T; (small 1/T;) the systemcan
relax very fast, thereis no effective frustration,and t. is
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FIG. 5. Transienttime (as definedin the text) asa function of
1T, with 1/T;=2.19.L=250.

small. In fact, for 1/T;— 0 the systemhasa hugedegreeof

thermalactivation,anddecaysexponentiallyfastto the equi-
librium statewith no transient.At T;=T, the systemis al-

readyat equilibriumthereforet,= 0. Betweenthesetwo lim-

iting cased. is largerthan0 andbehavesn theform shown
in Fig. 5; observethatin this interval t. is alwaysrelatively
small, thereforethe asymptoticexponentiakettlesin a short
time (smallerthanthe observatiortime). On the otherhand,
when T;<Tqy (UT;>1/T,), the behavioris quite different
andt, growsfastwithout bound.We point out that the pre-
vious setof valuesof t. for T;<T, areobtainedfixing some
maximumtime (t=1500). If thattime is diminishedthe ap-
parentt. decreaseswhile it seemsto increasefor longer
times. In this way the values plotted in Fig. 5 are lower
boundsfor the transienttimes.In fact, asdiscusseabove,if

t. convergedo a fixed valuefor t—oe, thatwould imply an
exponentialsymptoticdecay,while a continuouslygrowing
t. would imply a stretchedexponentialtype of asymptotic
decay.Decidingwhich of thosetwo possibilitiesis the right
onefrom numericsis a very difficult taskgiventhe extreme
slownessf the relaxationprocess.

Let usnow ignorethe transientsand presenta description
of the systembehaviorin termsof its asymptoticdecayfor
the T;>T, case.

For a givenpair of fixed initial andfinal temperatureshe
relaxationfunction is well fit (after the transient by an ex-
ponential(asdiscussedbreviously with a characteristidcime
7 that depends on both the initial and the final temperature.

In Figs. 6 and7 we presenthe resultsof our simulations
for a chainof lengthL =250 (the resultsdo not changesig-
nificantly with increasingsystemsize).

In Fig. 6 the dependencef the characteristidime on the
final temperatureis shown. The curve is well fit by an
Arrhenius law: 7=C,exp(~C,/T;) where C; and C, are
constants.

In Fig 7 we keepfixed the final temperaturel/T;=2, to
studythe dependencef the characteristicime on theinitial
state, we also observethat an Arrhenius law 7=Diexp
(=D, /Ty), with D; and D, constantsholds. Thereforethe
characteristicime dependn both the final temperaturend
theinitial state.
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FIG. 6. Semilogplot of theinverseof the characteristidime as
a function of 1/T; for a fixed 1/Tq=2.19.L = 250.

We want to point out thatin the two previousgraphs,if
we crossedto the other regime (i.e., T{<T,), plotting the
characteristidcime associatedo a long time simulation (for
examplethe oneusedin Fig. 5) we would obtaina discon-
tinuousjump: the characteristi¢cime for a slight systemcool-
ing (T{=Ty— «, with @ small and positive is muchlarger
(if any) thanthe onefor a slight heatingup (T;=Ty+ «).

Physicallythe main differenceamongthe cooling andthe
heatingprocessess the following: as can be easily derived
from the equilibrium distribution, the averagdength(l ), of
chains of spinsin the blocking position s=0 is (I)q=1
+exp(e/T). Observethatit goesto 2 at infinite temperature
and divergesfor vanishing temperature.Analogously the
meanlengthof s=1 chainsis (I);=1+exp(—€/T). In order
to cool the systemdown the typical length of a chain of
blocking stateshasto be enlarged.But, of course,the dy-
namicsis restrictedto sites precededby islands of s=1
statesAs the numberandtypical lengthof theseislandswith
s=1 is decreasedn the cooling processthe dynamicsbe-
comesslowerand slower.On the otherhand,whenthe sys-

0.0025 T T
{
0.0020
£
0.0015 |
0.0010, L L :
2.0 2.5 3.0 3.5 4.0
1T,

FIG. 7. Semilogplot of theinverseof the characteristidime as
a function of 1/T for afixed 1/T;=2. L=250.
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tem is heatedup, thereis no such effect: the dynamicsis
acceleratecis more and more active sitesappearin the sys-
tem configuration.In orderto rendermore explicit the pre-
vious argumentet us performa mean-fieldtype of calcula-
tion: as we have seen,the total energy of the systemis
proportional(throughe) to the numberof spinsN;(t) in the
statel. For N.(t) we canwrite a mean-fieldmasterequa-
tion:

Ny (t+1)=Nq(t)+[L =Ny (t)]71(t) = Ny(t) 72(t), (6)

wherelL is the systemsize,L — N (t) is the numberof spins
in the state0 at timet, 7,(t) is the probabilitythatattime t
aspinin thestateO flips to 1, and ,(t) is the probability of
flipping from 1 to 0. If we now divide Eq. (6) for L, we
obtain

o(t+)=o(t) +[1-o(t) 7 () —a(t) p(t),  (7)

whereo(t) isthe averagediensityof spinsatthes=1 state
at time t. In this way, Eq. (7) is nothing but an effective
balanceequation,which establisheghat the probability of
beingin s=1 at time t+1 is given by the probability of
beingat s=1 at time t, plus the probability of being at s
=0 times the probability of jumping from s=0 to s=1,
minusthe probability to escapdrom s=1.

We could considern; and », as given by somefixed
values,but in orderto keepbettertrack of the original con-
strainednatureof the dynamicswe choosethemin a slightly
different way: as o(t) can be interpretedas the probability
that a fixed spinis in the states=1 at time t, we take 7,
=0 with probability 1 — o (t), thatis, thetransitionprobabil-
ity is O if the precedingspinis in a blocking state,and »;
=exp(—=1/T;) (we havetaken¢= 7o=1) with complemen-
tary probability o(t), accordingto Eg. (2). Analogously,
7,=0 with probability 1—o(t), 7,=exd(e—1)/T;] with
probability o(t).

In this way, asthe systemrelaxesto its stationarystate,
the transition probabilities changeand modify the rate at
which the dynamicalvariableo(t) evolves.

The previoussimple (but not trivial) equationcannotbe
solved analytically, but it is simple to iterate numerically.
We haveconsideredr(t=0) given by its equilibrium value
at sometemperaturd , anditeratethe equationfor different
valuesof the temperaturel; . The resultof suchan analysis
are shownin Fig. 8. For any set of parametervaluesthe
resultingrelaxationcurve canbe fit by a stretchedexponen-
tial with exponent<<1. We will further study the curious
analytical propertiesof this simple approachin a future
work.

Therefore gvenin this simpleapproachin which the spa-
tial structureis almostcompletelydisregardedwe reproduce
a stretched-exponenti&pe of decay,dueto thefact thatthe
jumping probability decaysin time asthe numberof block-
ing statesgrows.

B. Open versus periodic boundary conditions

A possibleway to synthesize stretchedexponentiais by
the convolutionof a numberof exponentialcurveswith dif-
ferentcharacteristidimes, 7, i.e.,
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FIG. 8. Stretched-exponentiaglecayassociatedo Eq. (7), when
the system relaxes with 1/T;=3 from an initial ¢(0)=1/[1
+exp(1/2)]. Thefit is given by b=3.7535and 8=0.201[seeEgq.
D1

q<t>=; whexp( —t/7,), 8)

wherew,, are someweight factor.

In orderto shedsomelight on the microscopicorigin of
that slow relaxation process, and clarify whether the
stretched-exponentidbehavior describingthe transientbe-
havior of the relaxationfunction comesfrom a convolution
like thatof Eqg. (8) (with then in the sumbeingthe position
in the chain, we have studied the time relaxation of the
energyof the spinat everysite asa functionof its positionin
the chain. In Fig. 9 we show the time evolution of U(i,t)
—Ugq, with U(i,t) = €(si(t)), where( ) standsfor averages
over different runs. It is observedthat the first spinin the
chain relaxesfaster than the secondone, the secondone
fasterthanthe third, and so on. In fact, the energiesof the
first spinsU(i,t) relax exponentiallyfastto its equilibrium
value,U 4= Pege, With atime constantr; thatincreaseswith
the positioni in the chain. After a certainnumberof spins

0.001 |

9-0001 0 l(IJO 2(‘)0 3(‘)0 4&0 5éo 6&0 780 880 980 1000

FIG. 9. Semilogplot of the decayof U(i,t) — U, for the first
sevenspinsin anopenchainasa functionof time, for a systemwith
L =250. The lowermostcurve correspondgo the first spinin the
chain, the nextoneto the secondone,andso on.
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thatdepend®on the parametewalues the relaxationof every
singlespinis indistinguishabldrom the relaxationobserved
performinga simulationwith periodic boundaryconditions
andthe sameparameteralues:this is what we call the bulk
behavior. Thereforethe only differencebetweerperiodicand
openboundaryconditionsis a small effect that doesnot af-
fect the bulk properties.As apparentstretched-exponential
behavioris observedfor the relaxation of the bulk spins
whenT;<T,, we concludethatit is notdueto a convolution
of exponentialfunctions with different characteristictimes
associatedo the different positionsin the chain.

An alternativepossibleway to understandhe apparent
stretched-exponentiilehaviorasassociatedio a convolution
of exponentialswith different characteristidimesis by as-
sumingthat the islandsof spinsin positions=1 in the sys-
temrelaxin a differentway dependingon how manyblock-
ing spinsareplacedin theimmediatelysuperiorpositionsin
the chain. In this way it is clearthat spinsblockedby only
onespinwill relax muchfasterthanspinsprecededdy long
chainsof blocking spins.This mechanisnwould give riseto
differentrelaxationtimesfor spinsin differentrelative posi-
tions in the chain, and thereforeto a global stretched-
exponentiabehavior.

IV. CONCLUSIONS

We havepresented simplemodelof slow relaxation.Its
stationaryequilibrium distribution is a simple Gibbs distri-
bution, but its dynamicsis strongly constrainedThat gives
rise to slow relaxationprocessesn the casein which the
systemis cooledfrom aninitial temperaturely to a smaller
T¢ . Theasymptotichehaviorof the relaxationfunction, after
atransient,is found to be exponentiawhenheatingthe sys-
tem up, with a relaxationtime that dependson both the ini-
tial and the final temperaturesn a nontrivial way. When
cooling the systemdown it is not clear whetherthe relax-
ation function reachesan exponentialbehavior asymptoti-
cally or if it is a stretchedexponentialevenasymptotically.
In any case for smallenoughfinal temperatureandfor large
initial temperaturesthe systemis found to show an ex-
tremely slow relaxation originated by the constraineddy-
namical rules. In this way we put forward, using a very
simplemodel,how constrainedlynamicscanslow downre-
laxation processesn quite a dramaticway. We have also
introduceda very simple one-variableequationthat captures
the essencef the slow relaxationandreproducestretched-
exponentialtype of decay.
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APPENDIX: ANALYTICAL APPROACH

Now we presentan analytical attemptto understandhe
previouslydescribedproperties.Our model can be formally
representedn termsof a Markov chain, definedby the fol-
lowing equation:
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P<{s}:t>={2} W({s'}={shP({s'};t=1), (A1)

where{s}={s;=si(t)}, and{s'}={s/ =s;(t—1)} for every
i=12,...,L, aresystemconfigurationsattime t andt—1,
respectively. Equation (Al) states how the probability
P({s};t) of finding the systematagiventimet in a configu-
ration {s} evolves in time. The transition probabilities
W({s'}—{s})P({s'};t—1) aregivenby

L
W({s'}ﬂ{s}>=i1;[1 o(s/—S;S_1),

(A2)
with
', . exp(Bes])
o(s/—s;;s{_1)= 55{ s 55(71,1( —1)sits ToeT(,e&ﬁ)
(A3)

andthe boundaryconditionsy(t) = 1. Thisis nothingbut the
mathematicalexpressionof the transition probabilities de-
scribedin the precedingsection.

By direct substitutionit is easyto verify that the equilib-
rium distribution

L

o exp— Bes)
Pisken =11 T o= pe

(A4)
is the stationarysolutionof Eq. (Al).

From the generalequation,Eq. (Al), we can derive a
hierarchyof equationsfor the m-body probability distribu-
tions [similar to the Bogoliubov-Born-Green-Kirkwood-
Yvon (BBGKY) hierarchyin statisticalmechanic$ In par-
ticular, for m=1

1 1
p(si;t)= 2 2 o(s{—si;s/_1)p(s{_ 1,8 ;t—1),
s_1=0s/=0
(AS5)
where
1 1 1 1
p(si;)=> -+ > X - > P(sht)
51:0 Si,lzo Si+1:0 SL:0
(AB)
arethe one-bodyprobability functionsat time t,
1 1 1
p(si_1,8 ;t—1)= Z Z
$1=0 s_,=0s,,=0
1
x 2 P({s'}it—1) (A7)

r_
s/ =0

arethe two-body probability functionsat time t— 1. Analyz-
ing this setof equationgs a difficult taskascanbe seenfrom
the fact that the one-bodyprobability functions dependon
thetwo-bodyprobabilitiesdistributionsp(s; _1,s; ;t—1); the
equationsfor thesedependon three-bodyprobabilitiesand
soon.
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Thefirst analyticalapproacHthe only onewe completein
this papei consistsof approximatinghe two-bodyprobabili-
ties by the productof two one-bodyprobability functions,
namely,

(A8)

p(s_ 1,8 ;t—1)~ —1)p(s;t—1).

This is amean-field-likeapproximatiorgiventhathigh order
correlationare neglectedIntroducingEg. (A8) in Eq. (A5),
and after somesimple algebra,we get

p(s| l'

Pi(H—pit= W{p. W(t=D[1-pi(t=1)]
—expBe)pi-1(t-1)pi(t-1)},  (A9)

wherep;(t) =p(s;=1;t). In the caseof anopenchainwe set
po(t) =1, which correspondso the fact that the first spinis
unconstrainedt any time.

In the continuoustime limit, i.e., when 7g>1 (which is
the casein the numericalsimulation$, the previousequation
canbe written as

dpi(t)
dt ToeXQ B
—exp(Be)pi_1(H)pi(D)},

the generalsolutionto which is

){pifl(t)[l_pi(t)]

(A10)
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Pi(1)=Peqt [Pi(0) —Peglexd li(t)/ 7], (A1D)

with 7= ropeqexp(qﬁ/Tf) (which is the free relaxationtime)
andl;=[§p;_1(t")dt’ is an effectivetime for ith spin. Sub-
stituting I,=t in Eq. (A1l1), we can calculatel,. It is db-
tainedto be given asymptoticallyby I,=pedt for t>7/peg,
andthereforeEq. (Al11), for i =2 canberewrittenas

Pi(t)=Pegt [Pi(0) — Pegl€XN — Ped/71).  (Al2)

By iterating the same procedurewe get |;=p.4{ and Eq.
(A12) asthesolutionfor p; for anyi>1. Therelaxationtime
for ith spin 7; by Eq. (A12) is

1
=T1/Peqg™ ex% consix Tf) (A13)

which hasa temperaturadependencéike that of stronglig-

uids. However, this mean-fieldapproximationdoesnot re-

producecorrectly the characteristiddecaytimes. We expect
that more accurateapproximationsto Eq. (A1) reproduce
more accuratelythe behaviorof the relaxationfunction. We

planto presentesultsobtainedby truncatingthe hierarchyat
higherlevelsin the future[15].
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