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We introducea simplehierarchicallyconstrainedmodelof slow relaxation.The configurationalenergyhas
a simpleform asthereis no couplingamongthe spinsdefiningthe system;the associatedstationarydistribu-
tion is anequilibrium,Gibbsianone.However,dueto thepresenceof hierarchicalconstraintsin thedynamics
thesystemis foundto relax to its equilibriumdistributionin anextremelyslow fashionwhensuddenlycooled
from an initial temperatureT0

� to a final oneT f
� .
 The relaxationcurve in that casecanbe fit by a stretched-

exponentialcurve.On the otherhand,the relaxationfunction is found to be exponentialwhen T f
� � T0

� , with
characteristictimes dependingon both T f

� and� T0
� ,� with characteristictimes obeyingan Arrhenius law. Nu-

mericalresultsaswell assomeanalyticalstudiesarepresented.In particular,we introducea simpleequation
that capturesthe essenceof the slow relaxation. � S1063-651X
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PACSnumber
	
s
 : 64.70.Pf

I. INTRODUCTION

It
�

hasbeenrecognizedthatglassesshowmanyinteresting
universalpropertieswhich have not beensatisfactorilyex-
plainedyet � 1,2� . It is well known that glassystatesarenot
ergodic � 3� ; for example,the diffusive motion of molecules
in a liquid near the glass transition temperaturebecomes
muchslower thanthe experimentaltime scale,andthe state
of the systemis not able to explorethe whole phasespace
within the observationtime scale.The relaxation function
q(t) thatdescribesthedecayof thesystemenergy� or, analo-
gously,of any otherrelevantmagnitude� towardsits station-
ary stateis observedto evolvein an extremelyslow fashion
in the vicinity of the glass transition, and is empirically
found to be well fit by the Kohlrausch-Williams-Wattsor
stretched-exponentiallaw, i.e.,

q � t� ��� Aexp��� b � t� /  �"!�# ,$ � 1�
with exponent0 %'&(% 1 � 4� . It is often observedthat the
exponent& decreases

)
with decreasingtemperature� 5� .

Near the glassytransitionstandardmethodsof statistical
mechanicsbasedon equilibrium distributionsare no longer
suitable to describethis kind of system.A dynamical ap-
proach is required for an adequateunderstandingof slow
relaxationprocesses.

To date,severaldynamicalmodelshavebeenproposedto
get someinsight into the natureof the slow relaxationpro-
cessesin glassydynamics.All of themhavein commonthe
presenceof somekind of dynamicalfrustration,andcanbe
classifiedin two groups:thoseinvolving frustrationdue to
the presenceof energyand/orentropybarriers � for example,
spin-glasstype of models � 6–8�*� , and othersin which even
with a simplefreeenergylandscapethefrustrationis directly
introducedin the dynamics� 9,10� . The modelwe presentin
this paperbelongsto the secondtype, i.e., the energyfunc-
tion is very simple,but thedynamicsis stronglyconstrained;
only a reducednumberof degreesof freedomcan evolve
freely at a given time step,while the rest remainfrozen.

Thenew ingredientwe includewith respectto previously
studiedmodelsis the presenceof a hierarchy of constraints� 11� . With thathierarchywe pretendto mimic thefact that in
slow relaxationprocesses,usuallytherearesomedegreesof
freedomthat evolvefasterthanothersandthat influencethe
dynamicsof the slower modesin sucha way that a whole
hierarchyof constraintsis generated.

The idea that a theoretical model of slow relaxation
shouldbe a dynamicalandhierarchicallyconstrainedoneis
not new. It was introducedby Palmeret al. � 12� . They de-
fined a family of modelsconsistingof discretelevelsof de-
greesof freedom,n � 0,1,2, . . . , each level containingNn+
spins, . A spin at level n - 1 can freely changeits stateonly
when . n+ / Nn+ spins0 in level n happento be at a given spe-
cific configurationamongall the 2 1 n2 possible3 ones.As a
consequenceof suchdynamicalconstraints,theyarguedthat
a stretched-exponentialbehavior,Eq. � 1� , canbe reproduced
underbroadconditions � 12� . One importantpoint, however,
is that in the previouspaper’sanalysisit is implicitly as-
sumedthat all the spinsabovea given one in the chain in-
fluencethe dynamicsof it, and thereforethe constraintsare
long ranged.

In this paperwe considera very simplemicroscopichier-
archicallyconstrainedmodel for slow relaxation,which is a
particularphysicalrealizationof the generalscenariointro-
ducedin � 12� , with two importantdifferences.� 1� Our model doesnot considerlong rangedynamical
constraints,i.e., a degreeof freedomis constraineddirectly
only by the nearestdegreesof freedomin the hierarchy.As
we will showthis is enoughto generatea slow relaxation.� 2� Themainadvantageof this modelis thatthedynamics
and the constraintsare specifically defined, rendering the
model suitable to be analyzedusing computersimulations
anddetailedmathematicalanalysis.

Thepaperis structuredasfollows. In Sec.II we introduce
the model,in Sec.III we presentour main numericalresults
aswell asa simpletheoreticalapproximationthatreproduces
stretched-exponentialtype of relaxation;we alsodiscussthe
natureof the boundaryconditions.Finally we presentthe
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conclusions.4 A mathematicalformulationof themodelanda
mean-field-likesolutionarepresentedin an Appendix.

II.
5

THE MODEL

The model consistsof a set of degreesof freedom 6 or
spins7 , evolving accordingto a constraineddynamics.The
degreesof freedomcould,in principle,bearrangedin differ-
ent ways, but in what follows we consider only a one-
dimensionalchainwith a degreeat everysite.Eachdegreeof
freedomis exposedto theactionof anexternalpotential,the
functionalform of which is schematicallyshownin Fig. 1. It
hastwo local minimaat positionss 8 0 ands 8 1 with values
0 and 9 ,$ respectively,anda maximumof height :<;=9 sepa-0
rating the two minima.We assumethat eachdegreeof free-
dom canbe locatedonly at the minima of the potential,and
its statecanthereforebecharacterizedby a spinlikevariable,
s 8 0,1.

The spins can changestochasticallytheir statewith the
following 6 Arrhenius7 transitionrates> :

> 0
? @

1 8=A 0
? B 1expC D :

T
E

f
F ,$ > 1

@
0 8=A 0

? B 1expC D : D 9
T
E

f
F ,$

6 27
where A 0

? is
G

a constantthat definesa microscopictime scale,
and T f

F denotes
)

the temperature.Assumingthat there is no
static interactionamongspins,we can easily calculatethe
equilibrium probability peqH to

I
find a spin at states 8 1 by

usingthe detailedbalancecondition:

peqH 8 > 0
? @

1> 0
? @

1 J > 1
@

0
8 1

expC K 9 /L T f
F M J 1

, 6 37
which givesthe Gibbsequilibrium distributionassociatedto
thepotentialin Fig. 1 6 observethatit doesnot dependon : ).

N
In theabsenceof interactionamongspinsthesystemexhibits
exponential6 Debye7 relaxationtowardsthe equilibrium dis-
tribution with characteristicrelaxation time given by A8 peqH A 0

? exp(C : /
L
Tf
F ).N

We now introducea dynamicalconstraintin themodel:in
Fig. 26 a7 we showschematicallythe way in which a spin S1
constrains4 themotionof its right neighborS2

O P 13Q . Whenthe
spin S1 is at the state s1 8 0, the dynamicsof spin S2

O is
obstructed,i.e., :SRUT , and jumps of S2 between

V
the two

statesare completelyprohibited 6 seeFig. 37 . In the casein
which bothspinsS1 and� S2 are� initially at states 8 0, for S2
to
I

jump to the states2
O 8 1, S1 hasto evolvefirst to s1 8 1 to

clearthepathof S2. Generalizingthis rule themotionof the
(i J 1)th spin in the chain is blockedby the ith spin when
this oneis at states i 8 0. Note that while the motion of s i is
affectedby s i B 1 it

G
doesnot dependon s i W 1,$ originating in

this way a hierarchyof directed constraints.It is importantto
observethat the dynamics is asymmetric,and that even
though there is no static interactionamongspins they are
dynamically constrained; thereforethe equilibrium distribu-
tion is theproductof thesingle-siteequilibriumdistributions
Eq. 6 37 . This is rigorously provedin the Appendix wherea
probabilisticformulationof the model is presented.

Due to this seriesof constraintswe expectthe systemto
showslow relaxation.Oneway to seethat is in termsof the

FIG.
X

1. A schematicfigureof thepotentialform in which atoms
are placedin our model.Two local minima s Y 0 and 1 are sepa-
ratedby a maximumof height Z .

FIG. 2. Whenthe spin 1 is placedat position s1 Y 0 the transi-
tion of the spin 2 is prohibited.

FIG. 3. Thephasespacefor thetwo-spinsystem.Thedirectpath
from [ s\ 1 ,s2] YS[ 0,0] to [ 0,1

^ ] is obstructedand the transition be-
tweenthesetwo statesis prohibited.
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topology
I

of thephasespace:asdiscussedbefore,in the two-
spin case the system cannot go directly from _ s, 1 ,$ s2

O `a _ 0,0
b ` to

I _ s, 1 ,$ s2
O ` a _ 0,1

b ` ,$ but hasto takea roundaboutpath_ 0,0
b `dc _ 1,0̀dc _ 1,1̀dc _ 0,1

b ` . In thecaseof anL-spinsystem
the phasespaceforms an L-dimensionalhypercubewith
sidesof size 1. A vertex of the cube representsa system
state.Though the maximum geometricaldistancebetween
any two statesis L1/2 measuredby the edgelength of the
hypercube,a big fraction of the possiblepathsis obstructed
and unavailable.Thereforethe systemhas to passthrough
more complex roundaboutpaths as the systemsize L in-
creases,andwe expectthosecomplextrajectoriesto give rise
to slow relaxation.

III. RESULTS

We
e

haveperformednumericalsimulationsof the model
for differentsystemsizesL up to L a 1000,with openbound-
ary conditionsf 14g , i.e., thefirst spin in thechain h hierarchyi
evolvesin an unconstrainedway h this mimics the fact that
typically in glassesthereare fast, unconstrained,degreesof
freedomi . Most of the plots we presentare obtainedfor La 250, but the resultshavebeenobservedto be very robust
when increasingsystemsize.Simulationshavebeencarried
out for bothsimultaneousandsequentialtypesof update,and
essentiallyno physicaldifferenceis observedamongthem.
Someparametervaluesarekept fixed in all the simulations:j

0
? a 10.0, k a 1.0, and l a 0.5. We have verified that the

qualitative generalfeaturesexhibited by the model do not
dependon thechoiceof thesevalues.As initial conditionthe
spins are placed at positions s a 0 or 1 with probabilities
correspondingto an equilibrium distribution, peqH (

m
T0
? )N , Eq.h 3i , for a given initial temperatureT0

? . Thereforethedynam-
ics drives the systemfrom an equilibrium distributionat T0

?
to
I

a different equilibrium distributionat T f
F .

We introducethe meanenergyper spin definedas

U n t� o�p L q 1 lsr
i t 1

L

s, i n t� o h 4i
h only spinsin the s a 1 stategive a nonvanishingcontribu-
tion to the energyi . Given that there is no configurational
interactionamongspins,after sufficiently long times, U(t)
approachesits equilibrium valueUeqH a peqH l . We definea re-
laxationfunction q(t) as

q n t� oupwv U n t� oux UeqH v ,$ h 5i
where,aftera sufficiently long time t, q(t) approacheszero.

A.
y

General features of the relaxation curves

Two
z

typical relaxationcurvesare shownin Fig. 4; they
correspondto a casein which the systemis cooleddown,
T f
F { T0

? h upperonei , andin theotherthesystemis heatedup,
i.e., T f

F | T0
? . Their behaviorsareessentiallydifferent.

The uppermostcorrespondsto 1/T0
? a 2.19, 1/T f

F a 3, and
L a 250.Note that the relaxationis very slow; asthe time is
measuredin unitsof j 0

? a 10, themaximumtime corresponds
to 15000time MonteCarlostepsh thecurveis theaverageof
106
}

independentrunsi . Observethat asymptotically,i.e., af-
ter a transientof about tc~ � 800j 0

? time
I

stepsthe curve is

locally well fit by an exponentialwith a very large charac-
teristic time jd� 2100j 0

? ,$ that implies an extremelyslow re-
laxation.However,it is not clearfrom numericswhetherfor
larger times this exponentialbehavior will persist, or the
curve will decay in an even slower fashion. On the other
hand, the whole curve, including the initially faster decay
canbe perfectlyfit by a stretchedexponentialwith � a 0.38h in fact thefit is indistinguishablefrom thenumericaldatain
Fig. 4i .

Increasingfurther the time in the computersimulationto
decidewhetherthe real asymptoticbehavioris an exponen-
tial or a stretchedexponentialis beyondour availablecom-
putationalpower. In any case,for situationsin which the
systemis cooleddown,we alwaysget curvesthat bendpro-
gressivelyin a semilogarithmicplot; and even though the
final part canalwaysbe fit with a straightline h exponential
behaviori in no caseis it evidentwhetherthatexponentialfit
givestheright asymptoticbehavior.Evenfor extremelylong
times we havethis type of ambiguity.However,as for any
‘‘reasonable’’time a stretchedexponentialcanalwaysbefit,
we admit the relaxationto benonexponentialis this case.At
anyrate,therelaxationis extremelyslow in thecoolingcase.

The lower curvein Fig. 4 correspondsto the sameinitial
temperature,1/T0

? a 2.19, and systemsize, than the upper
one,but a largerfinal temperature:1/T f

F a 1. In this casethe
transientis muchsmaller,tc~ � 60, andafter it, a pretty clear
exponentialbehaviorsettlesin.

The situationdescribedfor the two previousexamplesis
generalfor all the relaxationcurves:thosein which T f

F { T0
?

are� well fit by a stretchedexponential,while for theopposite
situation,T f

F | T0
? ,$ the decayis exponentialafter a transient.

We now analyzethe transitionbetweenthe two previous
regimesin a more quantitativeway. In Fig. 5 we show the
transienttime h i.e., the time after which an exponentialfit is
adequatei as a function of the final temperaturefor a fixed
initial temperature1/T0

? a 2.19.
Note that for very large T f

F h small 1/T f
F )N the systemcan

relax very fast, there is no effective frustration, and tc~ is
G

FIG. 4. Typical relaxationcurvesfor T f
� � T0

� � uppermost,1/T f
�� 3 and 1/T0

� � 2.19), and T f
� � T0

� � lowermost 1/T f
� � 1 and 1/T0

�� 2.19). Thesecondoneis exponentialwhile thefirst onecanbefit
by a stretchedexponentialwith � � 0.38;anexponentialfit � dashed
line� is valid for timeslarger than � 800. L � 250.
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small.0 In fact, for 1/T f
F � 0 the systemhasa hugedegreeof

thermalactivation,anddecaysexponentiallyfast to theequi-
librium statewith no transient.At T f

F � T0
? the
I

systemis al-
readyat equilibriumthereforetc~ � 0. Betweenthesetwo lim-
iting casestc~ is largerthan0 andbehavesin theform shown
in Fig. 5; observethat in this interval tc~ is

G
alwaysrelatively

small, thereforethe asymptoticexponentialsettlesin a short
time � smallerthanthe observationtime� . On the otherhand,
when T f

F � T0
? (1
m

/T f
F � 1/T0

? )N , the behavior is quite different
and tc~ grows� fast without bound.We point out that the pre-
vioussetof valuesof tc~ for T f

F � T0
? are� obtainedfixing some

maximumtime (t � 1500). If that time is diminishedthe ap-
parent tc~ decreases,

)
while it seemsto increasefor longer

times. In this way the values plotted in Fig. 5 are lower
boundsfor the transienttimes.In fact, asdiscussedabove,if
tc~ converged4 to a fixed valuefor t �U� , that would imply an
exponentialasymptoticdecay,while a continuouslygrowing
tc~ would� imply a stretchedexponentialtype of asymptotic
decay.Decidingwhich of thosetwo possibilitiesis the right
onefrom numericsis a very difficult taskgiven the extreme
slownessof the relaxationprocess.

Let usnow ignorethe transientsandpresenta description
of the systembehaviorin termsof its asymptoticdecayfor
the T f

F � T0
? case.4

For a givenpair of fixed initial andfinal temperatures,the
relaxationfunction is well fit � after the transient� by an ex-
ponential� asdiscussedpreviously� with a characteristictime� that
I

depends on both the initial and the final temperature.
In Figs.6 and7 we presentthe resultsof our simulations

for a chainof lengthL � 250 � the resultsdo not changesig-
nificantly with increasingsystemsize� .

In Fig. 6 the dependenceof the characteristictime on the
final temperatureis shown. The curve is well fit by an
Arrhenius law: � � C1exp(C � C2 /

L
Tf
F )N where C1 and� C2 are�

constants.
In Fig 7 we keepfixed the final temperature,1/T f

F � 2, to
studythe dependenceof the characteristictime on the initial
state, we also observe that an Arrhenius law � � D1expC
( � D2 /

L
T0
? ),N with D1 and� D2 constants,4 holds. Thereforethe

characteristictime dependson boththefinal temperatureand
the initial state.

We want to point out that in the two previousgraphs,if
we crossedto the other regime � i.e., T f

F � T0
? )N , plotting the

characteristictime associatedto a long time simulation � for
example,the oneusedin Fig. 5� we would obtaina discon-
tinuousjump: thecharacteristictime for a slight systemcool-
ing (T f

F � T0
? �=� ,$ with � small0 and positive� is much larger� if any� thanthe onefor a slight heatingup (T f

F � T0
? � � ).

N
Physicallythemaindifferenceamongthecoolingandthe

heatingprocessesis the following: as can be easily derived
from the equilibrium distribution,the averagelength � l� � 0? of�
chains of spins in the blocking position s � 0 is � l� � 0? � 1� exp(� /L T). Observethat it goesto 2 at infinite temperature
and diverges for vanishing temperature.Analogously the
meanlengthof s � 1 chainsis � l� � 1 � 1 � exp(� � /L T). In order
to cool the systemdown the typical length of a chain of
blocking stateshas to be enlarged.But, of course,the dy-
namics is restricted to sites precededby islands of s � 1
states.As thenumberandtypical lengthof theseislandswith
s � 1 is decreasedin the cooling processthe dynamicsbe-
comesslowerandslower.On the otherhand,whenthe sys-

FIG. 5. Transienttime � asdefinedin the text� asa function of
1/T f
� ,� with 1/T0

� � 2.19.L � 250. FIG. 6. Semilogplot of the inverseof the characteristictime as
a function of 1/T f

� for a fixed 1/T0
� � 2.19.L � 250.

FIG. 7. Semilogplot of the inverseof the characteristictime as
a function of 1/T0

� for
�

a fixed 1/T f
� � 2. L � 250.
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tem
I

is heatedup, there is no such effect: the dynamicsis
acceleratedasmoreandmoreactivesitesappearin the sys-
tem configuration.In order to rendermore explicit the pre-
vious argumentlet us performa mean-fieldtype of calcula-
tion: as we have seen,the total energy of the systemis
proportional � through   )N to thenumberof spinsN1(

m
t) in the

state1. For N1(
m
t) we can write a mean-fieldmasterequa-

tion:

N1 ¡ t� ¢ 1 £u¤ N1 ¡ t� £ ¢¦¥ L § N1 ¡ t� £©¨sª 1 ¡ t� £�§ N1 ¡ t� £«ª 2
O ¡ t� £ ,$ � 6¬

whereL is thesystemsize,L § N1(
m
t) is thenumberof spins

in thestate0 at time t, ª 1(
m
t) is theprobability thatat time t

a spin in thestate0 flips to 1, and ª 2
O (m t) is theprobabilityof

flipping from 1 to 0. If we now divide Eq. � 6¬ for L, we
obtain

­ ¡ t� ¢ 1 £u¤ ­ ¡ t� £ ¢¦¥ 1 § ­ ¡ t� £©¨sª 1 ¡ t� £u§ ­ ¡ t� £«ª 2
O ¡ t� £ ,$ � 7¬

where ­ (
m
t) is theaverageddensityof spinsat the s ¤ 1 state

at time t. In this way, Eq. � 7¬ is nothing but an effective
balanceequation,which establishesthat the probability of
being in s ¤ 1 at time t ¢ 1 is given by the probability of
being at s ¤ 1 at time t, plus the probability of being at s¤ 0 times the probability of jumping from s ¤ 0 to s ¤ 1,
minusthe probability to escapefrom s ¤ 1.

We could consider ª 1 and� ª 2 as� given by somefixed
values,but in order to keepbettertrack of the original con-
strainednatureof thedynamicswe choosethemin a slightly
different way: as ­ (

m
t) can be interpretedas the probability

that a fixed spin is in the states ¤ 1 at time t, we take ª 1¤ 0 with probability1 § ­ (
m
t), that is, thetransitionprobabil-

ity is 0 if the precedingspin is in a blocking state,and ª 1¤ exp(§ 1/T f
F )N � we havetaken ®S¤°¯ 0

? ¤ 1) with complemen-
tary probability ­ (

m
t), according to Eq. � 2¬ . Analogously,ª 2 ¤ 0 with probability 1 § ­ (

m
t), ª 2 ¤ exp¥ (m  "§ 1)/Tf

F ¨ with�
probability ­ (

m
t).

In this way, as the systemrelaxesto its stationarystate,
the transition probabilities changeand modify the rate at
which the dynamicalvariable ­ (

m
t) evolves.

The previoussimple � but not trivial ¬ equationcannotbe
solved analytically, but it is simple to iterate numerically.
We haveconsidered­ (

m
t ¤ 0) given by its equilibrium value

at sometemperatureT0
? ,$ anditeratetheequationfor different

valuesof the temperatureT f
F . The resultof suchan analysis

are shown in Fig. 8. For any set of parametervalues the
resultingrelaxationcurvecanbe fit by a stretchedexponen-
tial with exponent±(² 1. We will further study the curious
analytical propertiesof this simple approachin a future
work.

Therefore,evenin this simpleapproach,in which thespa-
tial structureis almostcompletelydisregarded,we reproduce
a stretched-exponentialtypeof decay,dueto thefact that the
jumping probability decaysin time as the numberof block-
ing statesgrows.

B. Open versus periodic boundary conditions

A
�

possibleway to synthesizea stretchedexponentialis by
the convolutionof a numberof exponentialcurveswith dif-
ferentcharacteristictimes, ¯ n+ ,$ i.e.,

q ¡ t� £u¤=³
n+ w´ n+ expC ¡ § t/ ¯ n+ £ ,$ � 8¬

wherewn+ are� someweight factor.
In order to shedsomelight on the microscopicorigin of

that slow relaxation process, and clarify whether the
stretched-exponentialbehavior describingthe transientbe-
havior of the relaxationfunction comesfrom a convolution
like that of Eq. � 8¬µ� with the n in thesumbeingtheposition
in the chain¬ , we have studied the time relaxation of the
energyof thespinat everysiteasa functionof its positionin
the chain. In Fig. 9 we show the time evolution of U(i,t)§ UeqH ,$ with U(i,t) ¤= �¶ s, i(

m
t) · ,$ where¶¸· stands0 for averages

over different runs. It is observedthat the first spin in the
chain relaxesfaster than the secondone, the secondone
fasterthan the third, and so on. In fact, the energiesof the
first spinsU(i,t) relax exponentiallyfast to its equilibrium
value,UeqH ¤ peqH   ,$ with a time constant̄ i that

I
increaseswith

the position i in the chain.After a certainnumberof spins

FIG. 8. Stretched-exponentialdecayassociatedto Eq. ¹ 7º , when
the system relaxes with 1/T f

� » 3 from an initial ¼ (0) » 1/½ 1¾
exp(1/2)¿ .
 The fit is given by b » 3.7535and À » 0.201 Á seeEq.¹ 1ºÃÂ .

FIG. 9. Semilogplot of the decayof U(i,t) Ä UeqÅ for
�

the first
sevenspinsin anopenchainasa functionof time, for a systemwith
L » 250. The lowermostcurve correspondsto the first spin in the
chain,the next oneto the secondone,andso on.
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that
I

dependson theparametervalues,therelaxationof every
singlespin is indistinguishablefrom the relaxationobserved
performinga simulationwith periodic boundaryconditions
andthe sameparametervalues:this is what we call the bulk
behavior. Thereforetheonly differencebetweenperiodicand
openboundaryconditionsis a small effect that doesnot af-
fect the bulk properties.As apparentstretched-exponential
behavior is observedfor the relaxation of the bulk spins
whenT f

F Æ T0
? ,$ we concludethat it is not dueto a convolution

of exponentialfunctions with different characteristictimes
associatedto the different positionsin the chain.

An alternativepossibleway to understandthe apparent
stretched-exponentialbehaviorasassociatedto a convolution
of exponentialswith different characteristictimes is by as-
sumingthat the islandsof spinsin positions Ç 1 in the sys-
tem relax in a different way dependingon how manyblock-
ing spinsareplacedin the immediatelysuperiorpositionsin
the chain. In this way it is clear that spinsblockedby only
onespin will relax muchfasterthanspinsprecededby long
chainsof blockingspins.This mechanismwould give rise to
different relaxationtimesfor spinsin different relativeposi-
tions in the chain, and therefore to a global stretched-
exponentialbehavior.

IV. CONCLUSIONS

We
e

havepresenteda simplemodelof slow relaxation.Its
stationaryequilibrium distribution is a simple Gibbs distri-
bution, but its dynamicsis strongly constrained.That gives
rise to slow relaxationprocessesin the casein which the
systemis cooledfrom an initial temperatureT0

? to
I

a smaller
T f
F . Theasymptoticbehaviorof therelaxationfunction,after

a transient,is found to be exponentialwhenheatingthe sys-
tem up, with a relaxationtime that dependson both the ini-
tial and the final temperaturesin a nontrivial way. When
cooling the systemdown it is not clear whetherthe relax-
ation function reachesan exponentialbehavior asymptoti-
cally or if it is a stretchedexponentialevenasymptotically.
In anycase,for smallenoughfinal temperature,andfor large
initial temperatures,the system is found to show an ex-
tremely slow relaxation originated by the constraineddy-
namical rules. In this way we put forward, using a very
simplemodel,how constraineddynamicscanslow downre-
laxation processesin quite a dramaticway. We have also
introduceda very simpleone-variableequationthat captures
the essenceof the slow relaxationandreproducesstretched-
exponentialtype of decay.
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APPENDIX:
y

ANALYTICAL APPROACH

Now
È

we presentan analyticalattemptto understandthe
previouslydescribedproperties.Our modelcanbe formally
representedin termsof a Markov chain,definedby the fol-
lowing equation:

P ÉËÊ s, Ì ;t Í�Ç°ÎÏ
sÐ ÑÓÒ W ÉËÊ s, ÔÕÌ×Ö Ê s, Ì Í P ÉËÊ s, ÔÕÌ ;t Ø 1 Í ,$ Ù A1Ú

where Ê s, Ì ÇÛÊ s, i Ç s i(
m
t) Ì ,$ and Ê s, ÔÕÌ ÇÛÊ s, i

Ô Ç s i(
m
t Ø 1)Ì for every

i Ç 1,2, . . . ,L, aresystemconfigurationsat time t and t Ø 1,
respectively. Equation Ù A1Ú states how the probability
P( Ê s, Ì ;t) of finding thesystemat a giventime t in a configu-
ration Ê s, Ì evolvesC in time. The transition probabilities
W( Ê s, ÔÕÌdÖ Ê s, Ì )N P( Ê s, ÔÕÌ ;t Ø 1) aregiven by

W É Ê s, Ô Ì Ö Ê s, Ì ÍuÇ=Ü
i Ý 1

L Þ É s, i
Ô Ö s i ;s i ß 1

Ô Í ,$ Ù A2Ú
with

Þ É s, i
Ô Ö s i ;s i ß 1

Ô ÍuÇáà sÐ
i
â Ñ ,s i
â Øáà sÐ

i
â ã

1
Ñ ,1É�Ø 1 Í sÐ i

â Ñ*ä s i
â expC Éæåèç s, i

Ô Íé
0
? expC ÉæåèêëÍÙ A3Ú

andtheboundaryconditions0
? (m t) Ç 1. This is nothingbut the

mathematicalexpressionof the transition probabilitiesde-
scribedin the precedingsection.

By direct substitutionit is easyto verify that the equilib-
rium distribution

P É Ê s, Ì ;eqÍuÇ=Ü
i Ý 1

L
expC É�Ø'åèç s, i Í

1 ì expÉ"Ø'åèçíÍ Ù A4Ú
is the stationarysolutionof Eq. Ù A1Ú .

From the generalequation,Eq. Ù A1Ú , we can derive a
hierarchyof equationsfor the m-body probability distribu-
tions î similar to the Bogoliubov-Born-Green-Kirkwood-
Yvon Ù BBGKY Ú hierarchyin statisticalmechanicsï . In par-
ticular, for m Ç 1

p É s, i ;t ÍuÇ Î
sÐ i
â ã

1
Ñ Ý 0

1 Î
sÐ i
â Ñ Ý 0

1 Þ É s, i
Ô Ö s i ;s i ß 1

Ô Í pð É s, i ß 1
Ô ,$ s i

Ô ;t Ø 1 Í ,$
Ù A5Ú

where

p É s, i ;t ÍuÇñÎ
sÐ 1 Ý 0

1 Î
sÐ i
â ã

1 Ý 0

1 Î
sÐ i
â ò

1 Ý 0

1 Î
sÐ L
ó Ý 0

1

P ÉôÊ s, Ì ;t Í
Ù A6Ú

arethe one-bodyprobability functionsat time t,

p É s, i ß 1
Ô ,$ s i

Ô ;t Ø 1 ÍuÇñÎ
sÐ 1Ñ Ý 0

1 Î
sÐ i
â ã

2
Ñ Ý 0

1 Î
sÐ i
â ò

1
Ñ Ý 0

1

õ Î
sÐ L
Ñ Ý 0

1

P ÉËÊ s, ÔÕÌ ;t Ø 1 Í Ù A7Ú
arethe two-bodyprobability functionsat time t Ø 1. Analyz-
ing this setof equationsis a difficult taskascanbeseenfrom
the fact that the one-bodyprobability functions dependon
thetwo-bodyprobabilitiesdistributionsp(s i ß 1 ,$ s i ;t Ø 1); the
equationsfor thesedependon three-bodyprobabilitiesand
so on.

57 4359HIERARCHICAL MODEL OF SLOW CONSTRAINEDDYNAMICS



Thefirst analyticalapproachö theonly onewe completein
this paper÷ consistsof approximatingthetwo-bodyprobabili-
ties by the product of two one-bodyprobability functions,
namely,

p ø s, i ù 1

ú
,$ s i

ú
;t û 1 üuý p ø s, i ù 1

ú
;t û 1 ü pð ø s, i

ú
;t û 1 ü . ö A8÷

This is a mean-field-likeapproximationgiventhathigh order
correlationareneglected.IntroducingEq. ö A8÷ in Eq. ö A5÷ ,
andafter somesimplealgebra,we get

p i ø t� üuû p i ø t� û 1 üuþ 1ÿ
0
? expC ø����ëü � pð i ù 1 ø t� û 1 ü�� 1 û p i ø t� û 1 ü��
û expø	��
íü pð i ù 1 ø t� û 1 ü pð i ø t� û 1 ü�� ,$ ö A9÷

wherep i(
m
t) þ p(s i þ 1;t). In thecaseof anopenchainwe set

p0
? (m t) þ 1, which correspondsto the fact that the first spin is

unconstrainedat any time.
In the continuoustime limit, i.e., when ÿ 0

? 
 1 ö which is
thecasein thenumericalsimulations÷ , thepreviousequation
canbe written as

dp i ø t� ü
dt
� þ 1ÿ

0
? expC ø����ëü � pð i ù 1 ø t� ü�� 1 û p i ø t� ü��
û expø���
�ü pð i ù 1 ø t� ü pð i ø t� ü�� ,$ ö A10÷

the generalsolutionto which is

p i ø t� üuþ peqH � � pð i ø 0b üuû peqH � expC � I� i ø t� ü /L ÿ 1� ,$ ö A11÷
with ÿ

1 þ ÿ 0
? pð eqH exp(C � /

L
Tf
F )N ö which is the free relaxationtime÷

andI i þ�� 0
?t pð i ù 1(

m
t
ú
)
N
dt
ú

is
G

aneffectivetime for ith spin.Sub-
stituting I1 þ t in Eq. ö A11÷ , we can calculateI2

O . It is ob-
tainedto be given asymptoticallyby I2 � peqH t� for t 
 ÿ /L peqH ,$
andthereforeEq. ö A11÷ , for i þ 2 canbe rewrittenas

p i ø t� üuþ peqH � � pð i ø 0b üuû peqH � expC ø�û peqH t� / ÿ 1 ü . ö A12÷
By iterating the sameprocedurewe get I i � peqH t� and Eq.ö A12÷ asthesolutionfor p i for any i � 1. Therelaxationtime
for ith spin ÿ i by

V
Eq. ö A12÷ is

ÿ
i þ ÿ 1 /

L
peqH � exp const4 � 1

T
E

f
F ,$ ö A13÷

which hasa temperaturedependencelike that of strongliq-
uids. However, this mean-fieldapproximationdoesnot re-
producecorrectly the characteristicdecaytimes.We expect
that more accurateapproximationsto Eq. ö A1÷ reproduce
moreaccuratelythe behaviorof the relaxationfunction.We
planto presentresultsobtainedby truncatingthehierarchyat
higher levels in the future � 15� .
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15� A. Gabrielli, M. A. Muñoz, andL. Pietronero� unpublished� .

4360 57MUÑOZ,
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