
EUROPHYSICS LETTERS 15 April 1999Europhys. Lett., 46 (2), pp. 127-133 (1999)Gravitational force distribution in fractal structuresA. Gabrielli 1;2, F. Sylos Labini1;3 and S. Pellegrini11 INFM Sezione di Roma 1, Dipartimento di Fisica, Universit�a \La Sapienza"P.le A. Moro 2, I-00185 Roma, Italy2 Dipartimento di Fisica, Universit�a degli Studi \Tor Vergata"V.le della Ricerca Scienti�ca 1, 00133 Roma, Italy3 D�epartement de Physique Th�eorique, Universit�e de Gen�eve24, Quai E. Ansermet, CH-1211 Gen�eve, Switzerland(received 23 September 1998; accepted in �nal form 29 January 1999)PACS. 05.20�y { Classical statistical mechanics.PACS. 98.65�r { Galaxy groups, clusters, and superclusters; large scale structure of theUniverse.Abstract. { We study the (Newtonian) gravitational force distribution arising from a fractalset of sources. We show that, in the case of real structures in �nite samples, an important roleis played by morphological properties and �nite-size e�ects. For dimensions smaller than d� 1(being d the space dimension) the convergence of the net gravitational force is assured by the fastdecaying of the density, while for fractal dimension D > d�1 the morphological properties of thestructure determine the eventual convergence of the force as a function of distance. We clarifythe role played by the cut-o�s of the distribution. Some cosmological implications are discussed.The aim of the present paper is to discuss the general properties of the gravitational �eldgenerated by a �nite fractal distribution of �eld sources. This problem is nowadays particularlyrelevant. In fact, there is a general agreement that galaxy distribution exhibits fractal behaviorup to a certain scale [1, 2]. The eventual presence of a transition scale towards homogeneityand the exact value of the fractal dimension are still matters of debate [3,5,4]. Moreover it hasbeen observed that cold gas clouds of the interstellar medium have a fractal structure, with1:5 � D � 2 in a large range of length scales [6]. For this case the general belief is that theorigin of their fractality lies in turbulence. However recently [7] it has been pointed out thatself-gravity itself may be the dominant factor in making clouds fractal.Chandrasekhar [8], has considered the behavior of the Newtonian gravitational force prob-ability density arising from a Poissonian distribution of sources (stars). In this case, inevaluating the probability distribution of the force acting on a particle, one supposes that
uctuations are subject to the restriction that a constant average density occurs, i.e. thesource distribution is spatially homogeneous and the density 
uctuations obey to the Poissonstatistics. Applying Markov's method, it is possible to compute explicitly the force probabilitydensity, known as Holtsmark's distribution. In this case, the probability density of the forceF is given by W (F ) = H(�)=F0, where F0 = (4=15)2=3(2�GM)n2=3 is the normalizing force(n is the average density of sources, M is the mass of each punctual source and G is thegravitational constant), � = F=F0 is an adimensional force andH(�) = 2�� Z 10 dx exp h�(x=�) 32 i x sin(x) : (1)The main result is that, in the thermodynamic limit (V ! 1 with n constant), the forcedistribution has a �nite �rst moment and an in�nite variance. This divergence is due to thec
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Fig. 1. { Left panel: force distribution due the n.n. (crosses) and due to all the �eld sources (diamonds)for a homogeneous sample with n = N=V = 2:39 � 104 in d = 3. The dotted line represents theforce distribution W (F ) computed by the n.n. approximation, while the dashed line is Holtsmark'sdistribution (eq. (2)). The agreement is quite satisfactory at strong �eld, and there is a deviation atweak �eld. Right panel: the same for a fractal with D = 1:98 generated by a random walk in d = 3.In this case we have used the generalized Holzmark distribution and its n.n. approximation for the�ts (dotted and dashed lines).possibility of having two �eld sources arbitrarily nearby. The approximate solution given bythe nearest-neighbor (n.n.) approximation (i.e. by considering only the e�ect of the n.n.particle) and the exact Holtsmark's distribution (eq. (1)) agrees over most of range of F (see�g. 1). The region where they di�er mostly is when F ! 0. This is due to the fact that aweak �eld arises from a more or less symmetrical distribution of points, and hence the n.n.approximation fails. Therefore in the strong �eld limit we may neglect the contribution to theforce of far away points, because the main contribution is due to r ! 0 (i.e. it comes from then.n.). The root mean square of the force is divergent as in the case of the n.n. approximation,and this is due to the fact that the limit r ! 0 is allowed. If there exists a lower cut-o� (seebelow) this divergence is erased out. However, due to isotropy, no divergence problem arisesfrom the faraway sources even in the limit r !1.The derivation of Chandrasekhar cannot be easily extended to the case of fractal distri-butions because, in such structures, 
uctuations are characterized by long-range correlations.A fractal is an instrisic critical structure characterized by self-similarity. The scale-invariantproperties of such distributions are described by slow power law decreasing density-densitycorrelation functions whose exponents are the main characteristic quantities to be studied(see [9] and [1]). In this situation an analytic treatment of the force distribution becomesvery di�cult. Vlad [10] developed a functional integral approach for evaluating the stochasticproperties of vectorial additive random �elds generated by a variable number of point sourcesobeying inhomogeneous Poisson statistics. Then he applied these results to the case of thegravitational force generated by a fractal distribution of �eld sources under some strong ap-proximations. In particular, in order to compute analytically the force probability density,Vlad [10] has not considered the presence of intrinsical 
uctuations in the space density. Infact, in the computation of the density from a single point, one expects to see deviations from



a. gabrielli et al.: gravitational force distribution in fractal structures 129the average scaling behavior, which are present at any scale (see below). Such a situationoccurs in any real fractal structure and can be quanti�ed by studying the n-point correlationfunctions [11]. Instead, the derivation has been done under the assumption that the (n + 1)-point correlation function (where the (n+1)-th point is the occupied origin) can be written asg( ~x1; ~x2; :::; ~xn) / g( ~x1)g( ~x2):::g( ~xn), where g(~x) is the two-point correlation function. Suchan approximation is not adequate to describe the e�ect of morphology and hence in real casesthe situation is quite di�erent. Instead of eq. (1), Vlad found that the probability density ofthe absolute value F (generalized Holtsmark's distribution) of the �eld intensity is equal toH(�;D) = 2�� Z 10 dx exp[�(x=�)D2 ] x sin(x) : (2)In this case F0 = (4=15)2=D(2�GM)(DB=(4�))2=D , where B is a constant characterizing theaverage mass in the unitary sphere and � = F=F0. The main change due to the fractalstructure is that the scaling exponent in eq. (2) is D=2 rather than 3=2. Hence in this case thetail of the probability density has a slower decay than in the homogeneous case (see �g. 1).This means that the variance of the force is larger for D < 3 than for D = 3. As we discussbelow, the case D < 2 is rather well described by eq. (2): this is not the case for D > 2, wherethe n-th points correlations must be taken into account in the case of real structures. Animportant limit is the strong-�eld one (F ! 1). In this case it is possible to show that theforce distribution of eq. (2) can be reduced to the one derived under the n.n. approximations:Wnn(F )dF = DB2 (GM)D2 F�D+22 exp h�B(GM)D2 F�D2 i dF : (3)The n.n. approximation is good for F � F1, where F1 = (B) 2D � GM . From eq. (3), in thefractal case, as in the homogeneous one, the divergences of the force moments (the second forD � 3 and the �rst for D � 2) are due only to the fact that two �eld sources can be arbitrarilyclose. If we impose that a lower cut-o� � > 0 (minimal distance between the sources) exists,these divergences are erased out. According to the approximations previously mentioned, faraway points do not produce any divergence neither in the average force nor in its variance.This is related to the fact that if the volume involved is large enough with respect to �, thedistribution becomes spherically symmetric in a statistical sense and the anisotropies becomenegligible.In the n.n. approximation (eq. (3)), we obtain for the average force hF i � (1=�)2�D. Hencein the limit � ! 0, hF i is �nite for D > 2, while it is in�nite for D < 2. The force r.m.svalue can be computed in the same way and we readily obtain 
F 2� � (1=�)4�D so that,in the limit � ! 0, 
F 2� is divergent for any possible value of the fractal dimension suchthat D � 3. Therefore the r.m.s. value of the force strongly depends on the lower cut-o��. Consequently, in this context, we expect to see large 
uctuations from the average valuechanging the origin point on di�erent masses in the sample. This kind of divergence is due tothe fact that there is no restriction on the distance �r between two neighbor �eld sources, i.e.we may have �r ! 0. To assume � > 0 is quite reasonable for almost every physical problemand, in particular, for the case of galaxy distribution. In fact, if two galaxies were too close,they should be subjected to tidal interactions and then should form a binary system. Such asituation goes beyond the scope of this paper.As we have already mentioned, Vlad's result has been obtained under an assumption whichis equivalent to the condition that the mass-length relation (m.l.r.) N(< r) from a single pointis exactly a power law function: N(< r; �̂;
) = B 
4� rD : (4)Equation (4) gives the mass contained in a portion of a sphere of radius r, being a generic �xed



130 EUROPHYSICS LETTERSpoint at the origin, which covers a solid angle 
 in the direction �̂. From this equation we canderive directly the number density in the same volume by dividing it for the volume itself (ind = 3 V = 4�=3r3). It is important to notice, instead, that the m.l.r. has a genuine power lawbehavior only when it is averaged over all the points ~x of the structure, obtaining the so-calledtwo-point correlation function (t.p.c.f.). From a single point there can be important intrinsical
uctuations around the power law behavior [11]. In fact, since a fractal is an intrinsicallycritical system with strong correlations on all scales, we expect that the density from onepoint shows large 
uctuations, with respect to the t.p.c.f., changing r with �xed �̂ or viceversa. In general, these intrinsic 
uctuations can be characterized as log-periodic correctionsto scaling [11]. These 
uctuations can be present at any scale (i.e. whatever is r) and theycan be angularly correlated, that is the quantitydn(j�̂1 � �̂2j; r) = D(n(< r; �̂1; �
)� n(< r; �̂2; �
))2E (5)depends on the angular distance between �̂1 and �̂2. As we show below, these 
uctuationscan play a crucial role in the determination of the force distribution. In order to consider,in a simple way, the important e�ect of morphology, we study the r.m.s force for a genericrandom fractal distribution in the three-dimensional Euclidean space. We consider explicitlythe existence of a minimal distance (i.e. lower cut-o�) � and a maximal distance (i.e. uppercut-o�) Rs from the origin, and then we derive the asymptotic behavior for � ! 0 andRs !1. Let ~F be the total force acting on a particle due to all the other �eld sources havingthe same unitary mass (GM = 1). We consider the contribution to the force by all the �eldsources in the spherical shell [�; Rs],~F (�; Rs) = i=1;NX��j~rij�Rs ~rir3i ; (6)where N is the total number of the sources in the shell considered and ~ri is the position ofthe i-th source with respect to the one in the origin. Under the assumption that the massdistribution is statistically isotropic, we havelimRs=�!1 ���D~F (�; Rs)E��� = 0 : (7)The statistical average of the force square modulus is given byDj~F (�; Rs)j2E = 
F (�; Rs)2� = * i=1;NX��j~rij�Rs 1r4i ++* i6=j=1;NX��j~rij�Rs cos(�ij)r2i r2j + ; (8)where �ij is the angle formed by ~ri and ~rj . Here the average h:::i is made over an ensemble ofdi�erent realizations of the sample or, when this is not possible, over all the possible origins ina single sample. Obviously, the �rst term is simple to analyze, while the second one deserves amore careful discussion because it involves the three-point correlation function. The �rst termcan be written as* i=1;NX��j~rij�Rs 1r4i + = DB Z Rs� dr rD�1r4 = DB4�D 1�4�D  1�� �Rs�4�D! : (9)In eq. (9) we have considered that h:::i leaves only the power law behavior in the m.l.r. In factwe can writePNi=1 1r4i = R�;Rs d3rn(~r)=r4, where n(~r) =PNi=1 �(~r� ~ri) is the number density,



a. gabrielli et al.: gravitational force distribution in fractal structures 131which can be di�erent from a power law and show persistent 
uctuations around its averagebehavior, and h:::i erases these 
uctuations as well as the dependence on the direction of ~r.Analogously, the second term in eq. (8) can be written as* i6=j=1;NX��j~rij�Rs cos(�ij)r2i r2j + = ZV ZV d3r1d3r2p(~r1; ~r2)cos(�12)r21r22 ; (10)where p(~r1; ~r2)d3r1d3r2 is equal to N(N � 1) times the probability to have a particle inthe in�nitesimal volume d3r1 and, at the same time, another in the volume d3r2, i.e. thenumber of pairs in which the �rst particle is in d3r1 and the second in d3r2. The functionp(~r1; ~r2) is strictly related to the three-point correlation function in which the �rst pointis the origin and the others are ~r1 and ~r2. Such a function is usually very di�cult tobe computed for a generic fractal structure [11]. Note that p(~r1; ~r2) � hn(~r1; ~r2)i, wheren(~r1; ~r2) =Pi;j �(~ri � ~r1)�(~rj � ~r2) : We expect that p(~r1; ~r2) depends only on r1 and r2 andthe angle � between the two directions because of the average h:::i. We make the followingapproximation, by using the t.p.c.f. and the angular correlation function:Z��j~
1�~
2j��+d� p(~r1; ~r2)d
1d
2 ' (4�)2 hn(r1)i hn(r2)i���; r1r2� d� ; (11)where �(�; r1=r2) is the probability that the angle between ~r1 and ~r2 is in the range [�; �+d�],conditioned to the fact that the distances of the two sources are r1 and r2. The dependenceof �(�; r1=r2) on the ratio r1=r2 is in general a peculiar property of the fractal studied. Thisproblem has been studied in detail by [11]. In what follows, we neglect the dependence onthe ratio r1=r2, which can be treated as a perturbation [11]. This approximation consists insubstituting �(�; r1=r2) with the angular correlation function �(�) normalized to unity. �(�)is obtained by the analysis of the angular projection of the sample.Under this approximation we can write eq. (10) as* i6=j=1;NX��j~rij�Rs cos(�ij)r2i r2j + = (DB)2C(D)(2�D)2 1�4�2D  1 +� �Rs�4�2D � 2� �Rs�2�D! ; (12)where C(D) = R �0 �(�) cos(�)d�. The presence of 
uctuations in the m.l.r. from one pointare crucial in determining the behavior of �(�) and then the convergence properties of 
F 2�.To clarify this point, consider the quantity dn(j�̂1 � �̂2j; r) in eq. (5). It is simple to showanalytically that this quantity is strictly related to �(�), where � = j�̂1 � �̂2j is the angulardistance between �̂1 and �̂2. At this point it is convenient to distinguish the cases D < 2and D � 2. For D < 2, even in the absence of 
uctuations in the m.l.r., we have C(D) > 0(the e�ect of 
uctuations is only a change in the non-vanishing value of C(D)), while forD � 2, C(D) > 0 only because of these 
uctuations. In the latter case and in the absence of
uctuations, one would have a case very similar to the homogeneous one [9] in which �(�) isconstant and therefore C(D) = 0.Consequently, for D < 2, the leading behaviors of 
F 2� are8><>:
F 2� ' �(B;D)��(4�D) ; for �! 0 ; and Rs �nite,
F 2� ' F 21 � 2�(B;D)� �Rs�2�D ; for Rs� !1 ; and � > 0 : (13)In eq. (13), �(B;D) = BD=(4 � D) , �(B;D) = (DB)2C(D)=[(2 � D)2�4�2D] and F 21 =�(B;D)��(4�D) + �(B;D) is the �nite asymptotic value of 
F 2� for Rs=�!1. Obviously,for intermediate ranges of Rs=�, other powers of it in eqs. (9) and (12) are important.
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Fig. 2. { Left panel: behavior ofphF (�; Rs)2i as a function of Rs for a fractal with D = 1:5 generatedby the random Cantor set algorithm. The dashed line represents the �rst term in eq. (20), while thesolid line both contributions in eq. (20). The agreement is rather good. Right panel: the samefor a fractal with D = 2:7. The e�ect of the angular correlations is now important and determinethe divergence of phF (�; Rs)2i. The error bars have been computed over an average of 5 di�erentrealization of the same structure.The case D > 2 is very di�erent and the e�ect of eventual 
uctuations in the m.l.r. fromone point can be crucial for the convergence of 
F 2� in the limit Rs=�!1. As a �rst step,let us suppose that the m.l.r. from one point is a pure power law. In this case the function�(�) is expected to be a constant and then C(D) = 0. As a consequence, we have that thesecond term in eq. (8) is equal to zero and 
F 2� is simply given by
F 2� = DB4�D 1�4�D  1�� �Rs�4�D! : (14)This quantity diverges for �! 0 as ��(4�D) and for � > 0 it converges for Rs=�!1.In the case in which 
uctuations around the power law relation in the m.l.r. are present(and this is the more general case), the behavior is more complex. In this case �(�) is notanymore constant, since we expect that the e�ect of these 
uctuations is to introduce someangular correlations at least at small angles. The reason is that these 
uctuations are due tothe sequence of voids and clusters of masses in a fractal sample. These sequences are not thesame in di�erent directions, but they are angularly correlated and the average h:::i does noterase these correlations. In such a case 
F 2� is given by
F 2� = DB4�D 1�4�D  1�� �Rs�4�D!+ (DB)2C(D)(D � 2)2 1�4�2D �� 1 +�Rs� �2D�4 � 2�Rs� �D�2! : (15)From eq. (15) we can see that, for Rs �nite, 
F 2� diverges as ��(4�D) (as in the case D < 2)when � ! 0, and for � > 0 it diverges as (Rs=�)2D�4 in the limit Rs=� ! 1. This lastbehavior is in striking contrast with Vlad's one for the same values of D; this is due to thefact that, as already mentioned, Vlad does not consider the 
uctuations in the m.l.r. from asingle point. At intermediate scales the behavior is more complex and depends on the valuesof the parameters D, B and the value of C(D).



a. gabrielli et al.: gravitational force distribution in fractal structures 133We have tested the results obtained in eq. (20) by numerical simulations (see �g. 2).We have generated arti�cial fractals by means of di�erent algorithms: random Cantor set,Levy 
ight and random walk [9]. With these algorithms the fractal dimension can be tunedappropriately (i.e. the t.p.c.f.), while the morphological properties of the structure (and hencethe higher-order correlations) are determined by the kind of iterative process chosen. For thisreason the simulations do not have the same morphology of real galaxy distribution. A morerealistic study for the case of galaxy structures is in progress, and here we are concerned witha more general problem. The agreement with eq. (20) is rather good for both cases D < 2 andD > 2. We stress again that the divergence of eq. (20) as a function of Rs is strictly relatedto the morphological properties of the structure considered.The clari�cation of the properties of the gravitational �eld in fractal structures is partic-ularly relevant for the studies of the matter distribution in the Universe. It is commonlybelieved that the peculiar velocity �eld (derived as a distortion from a pure linear Hubblelaw) is generated by local matter inhomogeneities in the distribution of galaxies [12]. Astandard hypothesis in this framework is that, on large enough scale, the linear perturbationtheory holds, as density 
uctuations are small enough, and by using such an approximationone may \reconstruct" the peculiar velocity �eld from the matter one or vice versa. Clearly,if matter distribution shows fractal properties, the linear theory fails. A related problemconsists in the computation of the net gravitational force, due to the local inhomogeneitiesof matter distribution, acting on our galaxy (the dipole) [12]. Here we have shown that theeventual convergence or divergence of the dipole is related to subtle morphological propertiesof the sources distribution and not only to the prtoperties of the t.p.c.f. In the Universe weobserve an irregular distribution of galaxies characterized by fractal properties [1], and henceits relationship with the peculiar velocity �eld must be much more complex than the oneexpected in the linear theory [12]. Such a situation deserves further studies, and in this paperwe have considered some basic problems related to it.***We would like to warmly thank L. Pietronero and M. Montuori for useful commentsand remarks. We also thank Y. Baryshev, H. de Vega, R. Durrer, M. Joyce and N.Sanchez for enlightening discussions. AG and FSL acknowledge the support of the EECTMR Network \Fractal structures and self-organization" ERBFMRXCT980183.REFERENCES[1] Sylos Labini F., Montuori M. and Pietronero L., Phys. Rep., 293 (1998) 66; Coleman P.H. and Pietronero L., Phys. Rep., 231 (1992) 311.[2] Peebles P. J. E., Principles of Physical Cosmology (Princeton University Press) 1993.[3] Davis M., in the Proceedings of the Conference on Critical Dialogues in Cosmology, edited by N.Turok (World Scienti�c) 1997, p. 13.[4] Wu K. K. S., Lahav O. and Rees M., astro-ph/9804062, to be published in Nature.[5] Pietronero, L., Montuori, M. and Sylos Labini, F., in the Proceedings of the Conferenceon Critical Dialogues in Cosmology, edited by N. Turok (World Scienti�c) 1997, p. 24.[6] Larson R. B., Month. Not. R. Acad. Soc., 194 (1981) 809; Scalo J. M., in Interstellar Medium,edited by D. J. Hollenbach and H. A. Thronson (Reidel & Dorotech) 1987, p. 349.[7] de Vega H. J., Sanchez N. and Combes F., Nature, 383 (1996) 53; de Vega H. J., SanchezN. and Combes F., Astrophys. J., 500 (1998) 8.[8] Chandrasekhar S., Rev. Mod. Phys., 15 (1943) 1.[9] Mandelbrot B. B., Fractals: Form, Chance and Dimension (W. H. Freedman) 1977.[10] Vlad M. O., Astrophys. Space Sci., 218 (1994) 159.[11] Blumenfeld R. and Ball R. C., Phys. Rev. E, 47 (1993) 2298.[12] Strauss M. and Willick J. A., Phys. Rep., 261 (1995) 271.


