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We propose a generalized version of the dielectric breakdown niedgW) for generic breakdown pro-
cesses. It interpolates between the standard DBM and its analog with quenched diQ@M), as a
temperaturelike parameter is varied. The physics of other well-known fractal growth phenomena such as
invasion percolation and the Eden model are also recovered for some particular parameter values. Competition
between different growing mechanisms leads to nontrivial effects and allows us to better describe real growth
phenomena. Numerical and theoretical analyses are performed to study the interplay between the elementary
mechanisms. In particular, we observe a continuously changing fractal dimension as temperature is varied, and
report evidence of a phase transition at zero temperature in the absence of an external driving field; the
temperature acts as a relevant parameter for the “self-organized” invasion percolation fixed point. This
permits us to obtain insight into the connections between self-organization and standard phase transitions.
[S0163-18299)05025-0

Fractal growth phenomena, such as viscous fingeringeffects*® The second is to make these models more realistic
electric discharges in dielectrics, fracture propagation, andr closer to real phenomena. For example, the interplay be-
fluid flow in porous media, have attracted much attention intween these different mechanisms has been hardly studied so
recent years. Different models—the diffusion limited far. For instance, it has been recently found that the combi-
aggregatiort,dielectric breakdown mod¢DBM),2 and inva-  nation of Laplacian screening and extremal dynamics, results
sion percolation (IP) to quote only but a few—have been in a much stronger screening effect than that of each single
introduced as a first step towards the understanding of thmechanism, leading to fractal dimensions lower than those
dynamic emergence of fractal structures in nature. Theseharacterizing the two different elementary mechaniéms.
models have been quite successful in reproducing the es- Here we present a step forward in both of the previous
sence of the above complex phenomena by capturing sonrections. On one hand, we introduce a generalization of the
key ingredients. Their simplicity has also allowed for ana-available models in a broader class which permits us the
lytical studies of the scale invariant properties of correspondidentification of relevant parameters in more realistic growth
ing structure$:® phenomena.

To proceed further in this field there are two possible On the other hand, this broader class is theoretically im-
directions: One is to identify possible interrelations betweerportant as it is able to cast in a coherent framework appar-
these models and understand their eventual universality antly unrelated physical situations. This gives a perspective
fundamental differences. For example, these irreversible prahat permits us to clarify the roles of the single physical
cesses have a much lower degree of universality than theinechanisms in competition, namely external driving fields,
counterparts in equilibrium statistical mechanics, but still thequenched disorder, and thermal noise. The relative strengths
basic “dynamical screening” mechanisms leading to fractalof these effects are modulated in our model by three param-
growth (as opposed to the growth of compact cluste@n  eters,, a, andT, respectively(to be defined in detail after-
be categorized in some generic classes, among them thagrds. For some particular values of these parameters dif-
arising from the external physical fielge.g., a Laplacian ferent well-known growth models are recoversde Fig. 1
field in the DBM), or extremal dynamics and memory For T=0 we have DBM with quenched disordépDBM),
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n by the solution of the Laplace equation with the appropriate
boundary conditions on the growing fractérénamely the
QDBM GDBM DBM potential is 1 at the upper border of the cylindepper elec- .
(T=0) (T— ) trode and 0 on the lower one and on the broken bonds. This
\ field acts over the bonds modulated by a paramegtéRef.

2) asE/. For =0 any dependency on the external field is

T
s EDEN T canceled.
(TIfO) with The second physical ingredient is quenched disorder. At
= 5 each bond we define a random resistarcedistributed as

_aya-1 e oA ;
FIG. 1. Schematic diagram showing the limiting cases of ourw(x)—ax , xe[0,1] andac[0). This gives an idea of

model as a function of its parameters: the temperatliyeand » the bon_d tolerance to applied §Fress_es;_the_ laxgtre larger
which controls the relative strength of the driving field. For large th_e reS'StanC?' Other prObqb'“ty distributions can be used
values ofT the DBM model is recovered, while @=0 the version  Without affecting the properties of the model.

of the DBM with quenched disord€lQDBM) is obtained. Atz We now define an effective local field accounting for the
=0 we obtain compact Eden clustetwith correlation length¢  €lectric field and the disorder;=E{/x; which acts on the
=T~ "), except for the point §=0,T=0) where the model de- local degree of freedors; generating an interaction energy
scribes invasion percolation. For other generic values of the parangiven by

eters there are interpolating situations with competing mechanisms.

. e - _ Hi=h;s;. (1)
in the infinite T limit the model reduces to the DBM; aj

=0 and zero temperature we have invasion percoldtien There are looser bonds, with large, which can accommo-

while for generic temperatures we have comjjacten(Ref. date a larger streds induced by the Laplacian field, and

8)] growth with a temperature dependent correlation length iahter. or more fraile. bonds. wi mall
Let us now present the model, that we name as genera,f-g €r, or more fragiie, bonas, th small. . .
In general, one could also include nearest-neighbor inter-

ized dielectric breakdown modéGDBM). The medium in " thatd. = h-s + 5] i 01 terial
which a breakdown process propagates is discretized as3g.ons: SO thatt;=h;s;+2;Js;S; 10 account for materia
rigidity. However, for the situations we are interested in, the

regular(say hypercubiclattice. The relevant degrees of free- i
dom are placed on the bonds connecting lattice sites. Each chal stress fields are much larger than the coupliemdJ
fFan be neglected.

these bonds can either be broken or not. Unbroken bonds a o - . .
The equilibrium statistical mechanics of each bond vari-

characterized by a given variab that can take different eable among two successive breakdown processes is easily
I for inst , thi ti ketch th . . . "
values(for instance, this can represent in a sketchy way determined by introducing the temperatdreThe partition

elongation of a spring at). The simplest situation one can . . -
think of without lack of generality is taking; as a spinlike function factorizes on the bond&({h;}, T)=1II;z(h;,T) and

variable s;=*1, and considering a cylindrical geometry
with lateral periodic boundary conditions. This geometry, in
fact, avoids all complications due to the discretized nature of
the lattice(like the anisotropy of growth along the diagonals
of the lattice, relevant in geometries with radial symmdtry
We are interested in studying the process by which the bon

z(h;, T)= 2, ) e Msi'T=2 coslih; /T). )

si==

. ; X . . cKﬂ/e can now calculate, as a functionlpfandT, all averages.
in the interface break down successively, and in studying thcﬁ1 o g

ticular,
evolution of the broken bonds cluster. parficutar
The dynamics proceeds as follows. First of all, we assume
that the breakdown process is quasistatic, i.e., only one bond
is broken at each time step, and it is located in the interface B J B
of previously unbroken bonds. Consequently, the cluster of (si)= _Ta_hiln z(h;, T)=tank(h; /T), @

broken bonds is connected. Analogously to the DBM, as the

initial condition we take as broken all the bonds in the lower )

row of the cylinder. Secondly, there are two distinct pro- (8sf)=1—tantf(h;/T), 4

cesses going on during the breakdown, the time scales of

which are widely separated. The first, slow process, is tha@re of interest. It is clear thds;) is a measure of the stress

dynamics of breakdown itself. The second, fast process, isxerted by the external field on the bondnd(8s?) mea-

the relaxation of the field configuration and of variabfs sures the strength of thermal fluctuations.

after a breakdown event. In between two consecutives break- We consider the breaking probabili}; of a bond as an

ings the bond variables relax to their associated equilibriunincreasing function of the stress, and as a decreasing function

state, whose associated energy or Hamiltonian will be deef the amplitude of its thermal fluctuations; it is indeed when

fined later. The separation of time scales is a common ingrethe local degree of freedom is thermally frozen in a stressed

dient in many models for fractal growth and self-organizedstate, i.e., when it is very rigid, that breakdown is more likely

criticality,® and is physically a quite reasonable assumptionto occur. On the other hand, when the variance is large, the
We now define the fast dynamics in between two con-spin can better absorb stress and is more flexible.

secutive breakdowns. Every bonés subject to a stress La- Guided by these considerations, the simplest dimension-

placian fieldg; . As in the DBM this(electrig field is given  less expression for the breaking probabiRyis
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(s) S [ =64, n=1, 2=l
Pioc W:smﬂhi/T). (5) 388 [ o L=64, n=1, a=0.5
i 1.90 f& - - -4 L=64, n=0.5, a=1 1
. 180} F---—-- - 1]
. . &= ]
At each time step all thé®; are calculated, and with the &

corresponding probabilities one bond is broken. After that,
the boundary conditions are automatically modified and the
field E updated at each point. Using the hypothesis of time-
scale separatiorz(h; ,T) andP; are automatically updated, a
new bond breaks down in the interface, and the process is

iterated. 220 re S T=178,n=1, a=1
The behavior of the model in some limiting cases can be 5;2,3 Lo o L=128, =1, a=0.5 ]
analytically sorted out. 190 Fa - L=128,m=0.5,a=1 = _ z ]
(i) For T>1 one can expand E¢5) aroundh;=0, and e };?8 3 = ]
find Pj=<E/x;. In this limit the disorder does not play a = }-gg i ]
relevant role and one obtains back the DBtflis same fact 1.40 F ]
was already observed in Ref.)10 130 ¢ ]
(i) ForT<1, on the other hand, the argument of the sinh 1:1%2

is very large and essentially only the bond with the lardest
has a finite probability to break a6—0. In this way an
extremal dynamics is generated, namely the quenched ver- FIG. 2. (a) Fractal dimensio®;(T) of GDBM vs the parameter
sion of the DBM%% T (dimensionlessfor system size. =64 (a) and L= 128 (b) with
(ii ) By settingn=0, the dependence on the physical field different values ofy,a. Note the irrelevance i (disordej for high
is canceled and we have a purely geometrical process. ligmperatures.
fact, in that limit we obtain the IP extremal dynamics. For
T>0 a characteristic length is generated in the dynamics as _
we will show later by performing numerical simulations, and Pecome less and less sensible to the valua a$ the tem-
one observes asymptotically compact clusters, i.e., EdePeratureT is raised(see Fig. 2, in agreement with our pre-
(Ref. § growth. vious arguments. In our picture of the breakdown phenom-
It is worth stressing that the previous limiting cases are€na, this means that for very high temperatutis thermal
quite general. For example, one could also consider continudisorder is more relevant than the quenched one.

ous degrees of freedons; taking values on a range _ When the Laplacian field is removed;0) the proper-
[—x ,x]. The specific equations change but the limitingties of the model change dramatically. We observe a transi-

form of P; given by Eq.(5) for T>1 and T<1, remains tion from an IP-like behavior to an Eden-like behavior. For a
unchanged. yalue ofT_= 0.02 (thg smallest value that we are able to
In order to study the properties of our model in moreimplement in simulations we already have compact growth,
detail for generic values of the parameters we have perVith D;=1.98+0.02 for sizel =128; observe that the slight
formed numerical simulations. Each bond of the lattice isdeviation fromD;=2 being a finite-size effegi(see Fig. 3
assigned a growth probability as in E§) and the dynamics ~ This result is not affected by changes of the disorder
starts from the lowest electrode, which represents the seed &frength. In fact, it can be easily shown that the extremal
the growth process. As soon as the fracture pattern reachéynamics we recover in the=0 limit, is independent on the
the upper limit of the lattice, the dynamics is stopped, and &alue ofa if there is no Laplacian field:*
new realization starts. We performed a set of about 50 real- T0 analyze in more detail the crossover from the IP to the
izations of the dynamics of sizex 4L with L=64,128, for Eden model we studied the correlation properties of the clus-
a wide range of values of the temperatifreand different  ters in the following way. A fractal structure is characterized
values of anda. For each set of realizations we compute by the presence of voids of all sizes with no characteristic
by using a box-counting meth&fdthe fractal dimensioD; length; that is precisely the situation féor=0 in our model.
of the resulting clusters. Data are collected only in the centrafiowever, forT>0 voids are still present in the clusters but
Lx 2L part of the lattice, which is sufficiently far from the theéy have a characteristic, temperature-dependent, size
lower transient regime and the upper interfacial region.  Sc(T). Since voids are compact objects, the square root of
Figs. 4a) and Zb) we show a plot ofD(T) vs T for L s.(T) represents the correlation lengfT) of our model.
=64 andL = 128, respectively, and different valuesafind ~ We have studied the void distribution of our model for dif-
7, while in Table | we give some numerical valuesdf(T) ~ ferent smallT and system sizé¢ =128. By collapse plot
for =1, a=1).
( ItZan be veri}ied that, as predicted, in the limlts-0 and TABLE |. Fractal dimension of aggregates of size-64,128
T— the model approaches the QDBM and DBM known 0" different values off (a=1,7=1).
values ofD;, 1.15 and 1.66, respectively®’°The transi-
tion from the QDBM-like behavior to the DBM-like one is
smooth and continuous (Fig. 2), with continuously varying D«(T)[L=64] 1.15(2) 1.32(3) 1.41(3) 1.56(3) 1.63(4)
D«(T). D(T)[L=128] 1.14(2) 1.32(1) 1.44(2) 1.59(2) 1.65(2)
We have checked that the critical properties of the model

0.1 0.5 1.0 5.0 500.0
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FIG. 3. Results of the box-counting analysis for a very small - f?T):T
temperatureT=0.02 and »=0. The valuesD;=1.97(2) for L o <s>(T)
=64 andD;=1.98(2) forL =128 we get correspond to asymptoti- T DT
cally compact clusters and are very far from the IP fractal dimen- 10° | \
sionD;~1.89.

(vn)

, vD=1.69(5)

27
[ le

N
5, vD(2 1)=0.72(6)

5,(T),<s>(T)
=

techniques we have obtained the behaviosdf) = £%(T)
shown in Fig. 4, and we have found a power-law divergence .
of the correlation length as we approathk 0, with an asso- ~o
ciatedanomalous exponenty=1.0716). This power-law di- ® el
vergence of the correlation length can be interpreted as the 5 -
hallmark of a second-order phase transition along the tem- 9.7 10’
perature axis, wititf .=0. This is in line with recent results T
fognd for other self-organized m.odt.-?lio test this .hypoth— FIG. 4. (a) Logy-l0gy, plot of s,(T) = £2(T) vs T for the GDBM
esis we studied the avalanche distributd(s) for different ., qel without field. We find(T)~T " with v="1.076). We in-
T's (for a definition of avalanches see, for example, R&f. 4 terpret this as an evidence of a second-order phase transitin at
This distribution is fitted by the scaling functiorD(s) =0. (b) Scaling ofs, and(s) vs T.
=8~ "f(s/sy) wheres is the avalanche size; is the ava-
lanche exponentf(x) goes to a constant for—0 and falls
exponentially forx— e, andsy is the cutoff size of the ava- cases, and permits us to interpolate among them by describ-
lanches away from the critical point. By assumisg ing the the interplay between quenched disorder, thermal dis-
~T Yo~ ¢Ps and(s)~T?, where(s)=37sD(s), we ob-  order, and external stress fields. This represents a step to-
tain the usual scaling relations among avalanche exponentgards an unification of the models actually used to describe
l/lo=vD¢,y=(2—7)/o. Our simulations giveFig. 4 1/c  fractal growth phenomena, under a common picture. We re-
=1.695), y=0.746), 7=1.602), D;=1.813). These port a continuous change in the fractal dimension as tem-
values together with the above estimationzofire in good  perature is risen interpolating from QDBM to DBM, and a
agreement with the scaling relations among exponents, arghase transition from the extrem@elf-organizegl IP fixed
support the interpretation of the transitionTa¢ 0 from the  point to an Eden-type growth. This can trace a connection
IP to the Eden model as a second-order dynamical phadgetween fractal growth dynamics and ordinary critical phe-
transition (a more detailed report on numerical as well asnomena.
analytical results will be given in a forthcoming paper This work was partially supported by the TMR Network,

In summary, we have presented a general model whickontract No. FMRXCT980183, and a TMR Grant No.
include DBM, QDBM, IP, and Eden models as limiting ERBFMBICT960925 to M.A.M.
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