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We apply a simple linearization, well known in solid state physics, to approximate the evolution at early
times of cosmological N-body simulations of gravity. In the limit that the initial perturbations, applied to
an infinite perfect lattice, are at wavelengths much greater than the lattice spacing [, the evolution is
exactly that of a pressureless self-gravitating fluid treated in the analogous (Lagrangian) linearization,
with the Zeldovich approximation as a subclass of asymptotic solutions. Our less restricted approximation
allows one to trace the evolution of the discrete distribution until the time when particles approach one
another (i.e., “‘shell crossing’). We calculate modifications of the fluid evolution, explicitly dependent on
[, i.e., discreteness effects in the N-body simulations. We note that these effects become increasingly
important as the initial redshift is increased at fixed /.
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In current cosmological theories the physics of structure
formation in the universe reduces, over a large range of
scales, to understanding the evolution of clustering under
Newtonian gravity, with only a simple modification of the
dynamical equations due to the expansion of the Universe.
The primary instrument for solving this problem is numeri-
cal N-body simulation (NBS, see, e.g., [1]). These simu-
lations are very widely started from configurations which
are simple cubic (sc) lattices perturbed in a manner pre-
scribed by a theoretical cosmological model. In this Letter
we observe that, up to a change in sign in the force, this
initial configuration is identical to the Coulomb lattice (or
Wigner crystal) in solid state physics (see, e.g., [2]), and we
exploit this analogy to develop an approximation to the
evolution of these simulations. We show that one obtains,
for long-wavelength perturbations, the evolution predicted
by an analogous fluid description of the self-gravitating
system, and, in particular, as a special case, the Zeldovich
approximation [3]. Further, we can study precisely the
deviations from this fluidlike behavior at shorter wave-
lengths arising from the discrete nature of the system.
This analysis should be a useful step towards a precise
quantitative understanding, which is currently lacking, of
the role of discreteness in cosmological NBS (see, e.g., [4—
6]). One simple conclusion, for example, is that a body
centered cubic (bcc) lattice may be a better choice of
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discretization, as its spectrum has only growing modes
with exponents bounded above by fluid linear theory.

The equation of motion of particles moving under their
mutual self-gravity is [1]

Gm;(x; — x;)

X, + 2H()X; = Ix St

(D

D

i#j

Here dots denote derivatives with respect to time ¢, X; is the
comoving position of the ith particle, of mass m;, related to
the physical coordinate by r; = a(t)x;, where a(z) is the
scale factor of the background cosmology with Hubble
constant H(t) = % We treat a system of N point particles,
of equal mass m, initially placed on a Bravais lattice, with
periodic boundary conditions. Perturbations from the
Coulomb lattice are described simply by Eq. (1), with
a(t) =1 and Gm?®> — —e* (where e is the electronic
charge). As written in Eq. (1), the infinite sum giving the
force on a particle is not explicitly well defined. It is
calculated by solving the Poisson equation for the poten-
tial, with the mean mass density subtracted in the source
term. In the cosmological case this is appropriate as the
effect of the mean density is absorbed in the Hubble
expansion; in the case of the Coulomb lattice it corre-
sponds to the assumed presence of an oppositely charged
neutralizing background.

© 2005 The American Physical Society


http://dx.doi.org/10.1103/PhysRevLett.95.011304

PRL 95, 011304 (2005)

PHYSICAL REVIEW LETTERS

week ending
1 JULY 2005

We consider now perturbations about the perfect lattice.
It is convenient to adopt the notation x;(rf) = R + u(R, r)
where R is the lattice vector of the ith particle (which we
can consider as its Lagrangian coordinate), and u(R, 1) is
the displacement of the particle from R. Expanding to
linear order in u(R, 7) about the equilibrium lattice con-
figuration (in which the force on each particle is exactly
Zero), we obtain

i(R,7)+2Hu(R, 1) = —%ZD(R —RNuR, 1. ()
R/

The matrix D is known in solid state physics, for any
interaction, as the dynamical matrix (see, e.g., [2]). For

gravity we have D, (R # 0) = Gm(';’;” -3 R;f”) (where
) is the Kronecker delta), and D,,(0) =

m
—3r+0D,,(R) [7].

From the Bloch theorem for lattices it follows that D is
diagonalized by plane waves in reciprocal space. Defining
the Fourier transform by ti(k, 1) = Sge *Ru(R, 1) and
its inverse as u(R, 1) = 3 S e™® Ria(k, 1) (where the sum is
over the first Brillouin zone), Eq. (2) gives

uk, r) + 2H(u(k, 1) = — % DKk, 1) (3)

where D(k), the Fourier transform (FT) of D(R), is a
symmetric 3 X 3 matrix for each k. Diagonalizing it, one
can determine, for each k, three orthonormal eigenvectors
e,(k) and their eigenvalues w?2(k) (n = 1,2,3), which
obey [2] the Kohn sum rule 3, w?2(k) = —47Gp,, where
Po 1s the mean mass density.

Given the initial displacements and velocities at a time
t = ty, the dynamical evolution is then given as

W(R, 1) = 43,3, [k, 1) &,000, (K, )

+a(k, 1) - 6,(K)V,(k, 1)]e,(K)e* R (4)

where U, (K, t) and V, (K, r) are a set of linearly indepen-
dent solutions of the mode equations

" . w2 (k)
fH2Hf =~ " VL &)
chosen so that U, (k, t,) = 1, U,(k, t,) = 0, V,,(k, t,) = 0,

Vn (k, to) = 1.

Shown in Fig. 1 are the eigenvalues of the dynamical
matrix for gravity, on a 163 sc lattice, determined numeri-
cally by applying the linearization to a standard Ewald
summation of the gravitational force (see, e.g., [8]). For
convenience, the eigenvalues have been normalized, with

2
elk) = — 2L

modulus k = |Kk|, normalized to the Nyquist frequency
ky = /1, where [ is the lattice spacing. This diagonaliza-
tion can be performed rapidly even for the largest lattices
used in current cosmological NBS, but the figure remains
essentially unchanged except for an increase in the density

, and they are plotted, as a function of the
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FIG. 1. Eigenvalues €,(k) for a sc lattice. The lines connect
eigenvectors with k in the specific directions indicated. Note that
the two acoustic branches are degenerate in the [1,0,0] and
[1, 1, 1] directions.

of the eigenvalues. The lines in the figure connect the
eigenvectors along some specific chosen directions, mak-
ing the characteristic branch structure of the eigenvectors
evident. It can be shown [2] that D, (k —0)=
—12M12V477Gp0 (where k = k/k), so the branch with the
eigenvalue tending to —47Gp, is longitudinal (in this
limit). In the Coulomb lattice this is the optical branch,
describing oscillations with plasma frequency w? =
4me’ny/m (where ny is the electronic number density).
There are then also two acoustic branches with eigenvalues
tending to zero as k — 0 and which become purely trans-
verse in this limit. A striking feature of Fig. 1 is that there
are eigenvectors with €,(k) <0, which correspond to
negative eigenvalues w?(K), i.e., unstable modes for the
Coulomb system, with solutions to Eq. (5) U,(k, ) =
cosh(lw, (k)[#) and V,(k, 1) = (1/|w,(k)|) sinh(|,(k)|7)
(taking @ = 1 and , = 0). Thus the sc Coulomb lattice is
unstable to perturbations, which is not an unexpected
result: the ground state of this classical system is known
to be the bcc lattice [9], and these unstable modes in the sc
lattice correspond to instabilities towards such lower en-
ergy configurations. For the case of gravity, in a static
universe, these modes are sinusoidally oscillating, while
the modes €,(k) > 0 describe the expected exponential
instabilities. Note further that, since the Kohn sum rule
can be written 2, €, (k) = 1, the appearance of modes with
€,(k) >1 is only possible when there are modes with
€,(k) < 0. We can thus conclude that a becc lattice will
have only unstable modes in the case of gravity, and that
€,(k) = 1. We will return to this point below.

The damping term coming from the expansion of the
universe modifies these solutions to Eq. (5). For the case of
an Einstein—de Sitter (EdS, flat matter dominated) uni-
verse, for which H*(r) = % and thus a = (t/15)*/3,
we find
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ay (k)(1/10)* ) + a (k)(1/19) @+ ®)
a, (k) + o, (k) ’

(t/19)* ®) = (1/15) " ®)
at (k) + a, (k) ’

where a, (k) = ¢[4/1 + 24€,(k) * 1]. Thus for €, (k) >0
there are, as in the static case, both a growing and a
decaying solution. For €,(k) <0 the solutions are all
power-law decaying. For €,(k) < —ﬂ, there is a weak
remnant of the static universe oscillating behavior: a; (k)
are then complex, and it is simple to show that the mode
functions are a product of a power law (1/1,)~'/° and a
sinusoidal oscillation periodic in the logarithm of the evo-
lution time In(z/t).

Let us now consider the case that the initial fluctuations
contain only modes such that k/ << 1. We have then simply
for each k the longitudinal mode e, (k) = k, with €, (k) =
1, and two transverse modes with zero eigenvalues. Using
the corresponding mode functions from Eq. (6) and (4), a

simple calculation shows that
u(R, 1) =u (R, 1) + uy(R, fo)[ < 0)2/3 §<> }
(030

+vi(R, to)3to|:1 - (7) 1/3} (N

0

U,k, =
(6)

Vn(k’ t) = tO

where we have decomposed the particle displacements and
peculiar velocities [v(R, t) = ¥; — Hr; = au(R, 1)] into
an irrotational (curl-free) part ay(R) =4 3[a(R)-
kJke™ R, and a rotational part a; = a — aj. Using the
definition of the peculiar gravitational acceleration
g(R, 1) =, — 4r; = a[ii + 2Hu], it is simple to show,
using Eq. (2), that g(R, 7)) =47Gpou(R, 1) =

3%2) u (R, 7p). Using this expression in Eq. (7), the displace-

ment of each particle with respect to its initial position [i.e.,
u(R, 1) — u(R, 7y)] can be written solely in terms of the
initial gravitational field g(R, 7y) and the components of
the initial peculiar velocity, v, (R, 7y) and v(R, ). It is
then easy to verify that the solution in Eq. (7) corresponds
exactly to that derived in [10], from a linearization of the
Lagrangian equations for a self-gravitating fluid, for the
displacements of fluid elements with respect to their
Lagrangian coordinates [11]. As discussed in [10] there
are several limits of this expression which correspond to
the so-called Zeldovich approximation (ZA), which as-
sumes [3] a decomposition of u(R, ¢) into a product of a
function of time and a single vector field defined at R. The
most commonly used form of this approximation takes
u (R 7)) =0=v (R, 7) and uy(R, 1) =3 (R, 1o)tq.
This corresponds to setting the coefficients of all but the
growing mode in Eq. (7) to zero, i.e., it imposes directly the

asymptotic behavior of the general solution. We then have
simply u(R, 1) = 3g(R, #)3(/15)*/> which is precisely
the solution used standardly in setting up initial conditions
for cosmological NBS (e.g., [1]).

This result provides a direct analytical derivation ex-
plaining precisely the well documented success (see, e.g.,
[12]) of the ZA in describing the evolution of cosmological
NBS, in particular, in “truncated” forms of the approxi-
mation in which initial short wavelength power is filtered
[13]. The eigenvectors and the spectrum of eigenvalues
contain, however, much more than this fluid limit. The
expression Eq. (4) gives an approximation to the full early
time evolution of any perturbed lattice, treated as a full
discrete N-body system. It therefore includes all modifica-
tions of the theoretical fluid evolution in its regime of
validity, which extends up to the time when particles
approach one another (i.e., up to close to shell crossing).
We will report elsewhere detailed comparisons in numeri-
cal simulations of this approximation with the ZA and its
improvements. In the rest of this Letter we consider the
quantification of the discreteness corrections to the pure
fluid limit described by our approximation.

Assuming still an EdS universe, and that the initial
perturbations are set up in the standard manner using the
ZA, as described above, it follows directly from Eq. (4) that
i,k 1) = wv(K, )ity (K, 1y), where A, (k 1) =
E WLUL (1) + 3= V (t)](en) (€,), (k dependences implicit).

The full hnearlzed evolution is encoded in this matrix,
which can be calculated straightforwardly for any given
lattice once the eigenvalues and eigenvectors have been
found. One can then determine directly, e.g., the power
spectrum (PS) of the displacement fields S,,(k, ) =
i, (k, )i, (K, t). Given S one can then calculate, by the
method developed in [14], the PS of the density field for the
full point distribution. For small displacements (compared
to [), and neglecting the terms describing the discreteness
of the lattice, it is a good approximation to use the con-
tinuity equation which gives 8p(k, 1) =~ —ik - u(k, 1),
where 8p(K, t) is the FT of the density fluctuation field.
It follows that P(k, 1) = A% (k, t)P(k, ty) where Ap(k, t) =
S, ok k, ALK, 1) and P(k, 1) = |8p(k, 1)]? is the PS of
the density ﬂuctuations. It is simple to verify that in the
fluid limit discussed above (kI — 0) one obtains, as ex-
pected, A3(k, t) = a*(¢).

In Fig. 2 1s shown this amplification factor A%(Kk, 1),
divided by a?. The scale factor chosen is a = 5, a value
at which typical NBS reach shell crossing. Deviations from
unity are a direct measure of the modification of the
theoretical evolution introduced by the discretization.
Note that A%(k, a) is plotted as a function of k, each point
corresponding to a different value of k. The fact that the
evolution depends on the orientation of the vector k is a
manifestation of the breaking of rotational invariance by
the lattice discretization. The three different symbols for
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FIG. 2. Amplification function A%(k, ) for the power spec-
trum, divided by the fluid limit amplification (a%),ata =5, fora
sc lattice. See text for details.

the points correspond to three different intervals of the
cosine of the minimum angle # between the vector k and
one of the axes of the lattice. We thus see that the largest
eigenvalues correspond to modes describing motion paral-
lel to one of the axes of the lattice. For a N° lattice and N
even, for instance, the largest eigenvalue, with a growth
law o« a'%, is a longitudinal mode with k = ky and k
parallel to the axes of the lattice, which describes the
motion of pairs of adjacent infinite planes towards one
another. Also shown in the figure is an average of
A3(Kk, a) over 25 bins of equal width in k, both for the
163 lattice from which the points have been calculated, and
for a larger 643 lattice.

We thus see that there are qualitatively two kinds of
effects introduced by the discretization: (i) an average
slowing down of the growth of the modes relative to the
theoretical fluid evolution, and (ii) a pronounced anistropy
in k space. There are notably a small fraction of modes
(approximately 2.5%) with growth exponents larger than in
linear fluid theory (which, for sufficiently large a, will
always dominate the evolution). We can conclude, how-
ever, as foreshadowed in the discussion above, that this
evidently undesirable feature of the sc lattice discretization
can be circumvented by employing a bcc lattice. The
known stability of this configuration of the Coulomb lattice
[9] implies that the fluid exponent is in this case an upper
bound for all modes (and that there are no oscillating
modes for the case of gravity). Further, the bcc crystal is
more isotropic (and indeed more compact [15]), than the sc
lattice, and thus we would expect the effects of breaking of
isotropy to be less pronounced. The average slowing down
of the growth of the modes, by an amount which depends
on the time and the dimensionless product k/ (at a = 5, as
seen in Fig. 2, a 10% effect at half the Nyquist frequency),
on the other hand, would be expected to be a common
feature of any discretization (e.g., using ‘““glassy” configu-
rations [16], or the discretization developed in [17]).

One important implication which we highlight is the
following: the discrepancy between the fluid and full evo-
lution grows, up to shell crossing, with time. Thus, for a
given physical scale, discreteness effects increase when the
starting time of the simulation is decreased. This implies
that at least one of the conditions for keeping discreteness
effects under control in an NBS will be, for a fixed dis-
cretization scale, that the starting redshift be greater than
some value. We note that the initial redshift is not a
parameter considered in discussions of discreteness effects
in NBS in the literature (e.g., [4,6]).

We can extend our treatment easily to incorporate a
smoothing of the gravitational force up to a scale €. Here
we have taken pure gravity (i.e., € = 0) as in most cosmo-
logical NBS € < [, which gives negligible modification of
our results. Just as in the analogous condensed matter
system, the method can also be extended to higher order.
It would be interesting, in particular, to map at higher order
this description of the discrete system onto the correspond-
ing order of fluid Lagrangian theory, which has been ex-
plored extensively in the cosmological literature (see, e.g.,
[18], and references therein). Further, it should be possible
to use the approach presented here to understand better the
nature of existing approximations which go beyond the
simple fluid limit, for example, those involving pressure
terms associated to velocity dispersion (see, e.g., [18,19]
and references therein).
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