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Laplacian Fractal Growth in Media with Quenched Disorder
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We study the combined effect of a Laplacian field and quenched disorder in the generation o
fractal structures in the quenched dielectric breakdown model. The growth dynamics is shown t
evolve from the avalanches of invasion percolation (IP) to the smooth growth of Laplacian fractals
i.e., diffusion limited aggregation and the dielectric breakdown model (DBM). The fractal dimension is
strongly reduced with respect to both the DBM and IP, due to the combined effect of memory and fiel
screening. This implies a specific relation between the fractal dimension of the breakdown structure
and the microscopic properties of disordered materials. [S0031-9007(97)03890-8]
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The growth of fractal structures is usually described
terms of physical models characterized by an irreversi
dynamics and a degree of self-organization. These mo
can be divided in two broad classes. In the first o
the dynamics isstochastic(modulated by a field), and
its prominent examples are diffusion limited aggregati
(DLA) [1], the dielectric breakdown model (DBM) [2],
and their variants. The second class is characterized
a deterministic dynamics in aquenchedrandom medium.
An example is invasion percolation (IP) [3] and a relat
model is the Bak and Sneppen (BS) [4] model of biologic
evolution. Concerning the growth dynamics, some
these models grow in a smooth way (i.e., DLA and DBM
while other ones grow byavalanches(i.e., IP) [5].

Our understanding of the origin of fractal structur
for the two classes is based on the idea that aneffective
screeningis present in the scale invariant dynamics [6
However, the origin and the properties of this screen
are very different. For Laplacian fractals it arises fro
the geometrical screening of the electric field around
structure. For the case of quenched dynamics, inste
there is no field and an effective screening develops a
memory effect from the quenched dynamics itself.

The two kinds of dynamical models, stochastic with
field and quenched without a field, represent, howev
two extreme limiting cases of real natural phenome
which usually present both features. For example,
electric breakdown and fracture propagation in disorde
solids represent important cases in which these elem
are combined [7].

In this Letter we address the question of understand
how the combination of these two basic elements opera
and leads to new phenomena. From a theoretical poin
view this requires the unification of the concepts develop
for the two limiting cases. Together with suitable simul
tions, this allows us to link the microscopic properties
disordered materials to the resulting fractal structures.
0031-9007y97y79(8)y1503(4)$10.00
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In the original DBM the local fieldEi across a perime-
ter bondi of the structure is related to the probability o
growth by pi ~ E

h
i , whereh is a parameter character

izing the strength of the link between the field and t
growth probability. The growth probability of a bond
is then normalized with that of all the other perimet
bonds. If we consider the generalization of such a proc
in a random medium [7] each bond can be associa
with a quenched variablexi [ f0, 1g, extracted from a
given probability distribution, which defines the streng
of the bond (resistivity) with respect to the breakdow
The growth process proceeds by breaking the weak
bond. Without the field this means to break the bond w
minihxij; this is invasion percolation [3]. If we introduce
the local fieldEi, the tendency to break will be modulate
by the field itself. This requires the introduction of a ne
variable,

yistd ­
xi

fEistdgh
, (1)

which takes into account this effect. Growth at timet
occurs at the bond with the smallestyistd.

The probability density ofxi, following Ref. [7], is

p0sxd ­ axa21, (2)

where the parametera (a [ f0, `g) models the strength
of the material. Small values ofa (a ø 1) correspond
to a fragile material in which most bonds are easy
break. Large values ofa (a ¿ 1) correspond instead
to a strong material. The limita ! ` (h ! `) implies
that growth occurs deterministically at the bond with th
largest field. The caseh ­ 0 eliminates the effect of the
field and leads to the IP model. On the other hand, th
is no obvious limit that brings us back to the origina
(stochastic) DBM. In this respect the present mod
that we may call quenched DBM (QDBM) contains th
elements of both the DBM and IP models, but it has
simple limiting case only towards IP.
© 1997 The American Physical Society 1503
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The effect of the field on the quenched variables is
modify the extension of its distribution for a given bond
as shown in Fig. 1. So, while the extension ofxi is on
the f0, 1g interval for all bonds, the distribution ofyi will
have an extension depending on the local fieldEi (Fig. 1).
It is convenient to use a normalized field (at timet)

fE0
istdg

h ­

"
Eistd

Emaxstd

#
h

, (3)

whereEmaxstd is the maximum value of the field among
the perimeter bonds at timet. Using this field we
haveyistd ­ xiyfE0

istdgh , with a probability density [from
Eq. (2)]

p0s yd ­ afE0
istdg

ahya21, (4)

and therefore the range of the variableyistd for the bond
with the largest field is always0 # yistd # 1, which is
more convenient for the analysis.

A fundamental characterization of the growth proce
comes from the acceptation profiles, corresponding to
distributions of thexi , yi for the grown bonds. In Fig. 2
we report, for parameter valuesa ­ 1 and h ­ 1, the
distribution of the variablesxi of the grown bonds, while
the inset refers to the analogous distribution for theyi .

The behavior of these distributions as a function
the total growth timet shows theself-organizationof
the system towards specific limiting distributions. Th
distribution of the xi converges to a function which
extends on the entiref0, 1g interval. This implies that
a value of xi close to 1 (unfavorable) may actually
prevail on all others because of the effect of the fiel
This situation is very different from the case of IP, i
which the analogous distribution is a theta function wi
a discontinuity atx ­ pc , 1, where pc is the critical
bond percolation probability. The existence of such
threshold implies that the dynamics evolves by sca
invariant avalanches [5,8].

The acceptation profile of theyi (inset of Fig. 2) seems
to converge to a theta function, but its meaning is qu
different from the case of IP. In fact, the distribution mu

FIG. 1. Schematic picture of the role of a field (Ei) on
the dynamics of QDBM. The two bonds have the sam
(flat) distribution for the variablexi , which represents the
microscopic properties of the material. However, once t
bonds are subjected to different fields (E1 . E2), the effective
variables for the breakdown process become theyi ­ xiyEi ,
whose distributions are modulated by the field.
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be zero fory . 1 by construction, because at least th
variable with the maximum field must be smaller than
Therefore the bonds that are allowed to grow must refer
values ofy in f0, 1g. On the other hand, its approximately
flat behavior is quite nontrivial, and it indicates that th
effect of the field dominates with respect to that of th
quenched disorder. The best candidates for growth
near the tips because of the field, so that memory effe
are limited with respect to IP and the process is close
deterministic DBM (which would giveD ­ 1).

Sample structures of QDBM growth are shown in Fig.
They were found to satisfy fractal scaling with a definit
fractal dimension which is reported in Table I for differen
values ofa andh. These give a strong numerical evidenc
for the invariance property

Dfsh; ad ­ Df shad . (5)

This result is quite interesting and nontrivial in view o
the very different role that the parametersh and a play
in the growth process. Later we are going to see theore
cally what is the origin of this symmetry property. More
over, we found that these values of fractal dimensions
not depend on the sizes of the simulation. In fact, f
a ­ 1 andh ­ 0.2 fixed, and different extensions of the
baseL ­ 128, L ­ 256, andL ­ 512, we found, respec-
tively, Df ­ 1.3 6 0.1, Df ­ 1.34 6 0.04, and Df ­
1.33 6 0.02.

From the theoretical side the growth process is det
ministic, and it arises from the quenched disorder mod
lated by the field of the structure itself. A suitabl
approach to deal with a problem of fractal growth wit
quenched disorder is the method of the run time statist
(RTS) [8–10]. It consists in the mapping of a quenche
dynamics into a stochastic one withcognitive memory.
The basic concept of the mapping is the following: if
bond has “lost” many times, there is a finite probabilit

FIG. 2. Time evolution of the acceptation profiles for th
variablesxi andyi (inset) for the bonds which grow. Fort !
` the convergence towards limiting distributions correspon
to the self- organized nature of the dynamics. The absence
a threshold value forasxd implies a smooth growth (not by
avalanches).
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FIG. 3. Examples of QDBM clusters for different value
of a ? h. Note the small values ofD with respect to IP
and DBM.

that it will never grow, even after an infinite time. This in
troduces an effective dynamical screening which is at
basis of fractal properties. The RTS method provide
systematic technique to describe this phenomenon, wh
is typical of models with quenched disorder.

In the present case the situation is more complex
view of the modulation induced by the field. To this pu
pose it is convenient to introduce the following concep
To each interface bond we assign an effective probabi
densitypt,is yd, wherei gives the position of the bond an
t is the total growth time. As soon as a bond becom
part of the growing interface, its distribution is the orig
e
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TABLE I. Fractal dimension of QDBM clusters of size
512 3 2048, in cylinder geometry, for different values of the
parametersa andh.

h Dsh; a ­ 1d a Dsa; h ­ 1d
0.2 1.33 6 0.02 0.2 1.35 6 0.02
0.5 1.21 6 0.02 0.5 1.22 6 0.02
1.0 1.15 6 0.02 1.0 1.15 6 0.02
2.0 1.07 6 0.01 2.0 1.06 6 0.01
3.0 1.02 6 0.01 3.0 1.03 6 0.01

nal onept,is yd ­ p0s yd ­ afE0
istdgahya21. After a time

t the density is modified in a way that is conditional
the growth history of the bond.t here can be considered
as the “age” of the variable and, as a result of extre
dynamics, the distribution of the variablexi acquires a de-
pendence on its age. This dependence can be quant
using the RTS method. Following [8], we can derive a
expression for the probability thatyi is the extremal vari-
able, which is the growth probabilitymt,i of the variablei
at timet [11]

mt,i ­
Z 1

0
dy pt,is yd

Y
mfii

Z amstd

y
dym pt,ms ymd , (6)

where amstd ­ fE0
mstdg2h and the product accounts fo

the competition between the growing bond and the ot
perimeter bonds. In the same way we can obtain an eq
tion for the update from timet to t 1 1 of the effective
density of bondj after sitei has grown,
pt11,js yd ­

"
rjpt,jsrjyd

Z rjy

0
dyi pt,is yidusssaistd 2 yiddd

Y
mfij,i

usssamstd 2 yiddd
Z amstd

yi

dym pt,ms ymd

#
1

mt,i
, (7)
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where rj ­ fE0
jst 1 1dyE0

jstdgh accounts for the chang
of the electric field of the variablej from time t to time
t 1 1.

Equations (6) and (7) provide the mapping of t
original quenched problem into a stochastic one defi
by growth probabilities. The specific realizations of th
stochastic process have the same statistical weigh
those of the original quenched problem. The approxim
tion in this mapping consists in neglecting the geome
cal correlations between probability densities of differe
bonds, but this can be shown to be exact in the limit
large systems [12]. Other approximations of technical
ture will be necessary for the practical use of this mapp
in the fixed scale transformation (FST) scheme for the c
culation of the fractal dimension.

From the expression (6) it is possible to deri
the invariance property (5) that we inferred from t
simulations. In fact, one can show by induction th
mt,isa; hd ­ mt,isahd [11]. We can also study the
behavior of screening effects in QDBM dynamics. A
analysis of Eqs. (6) and (7) gives [11]

mt,i ~ fE0
istdg

ahst2t0d, (8)
where t0 is the time where the bond first became p
of the interface. The electric field is characterized
e
ed
s
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an exponential screening which, for growth models [1
yields E0

istd ~ e2cst2t0d. Therefore, in terms of the age
ti ­ t 2 t0, Eq. (8) becomes

mt,i ~ e2caht
2
i . (9)

This result shows that screening effects in QDBM a
stronger than in stochastic DBM(where mt,i ~ e2cti

[13]). This explains therefore why QDBM has a fract
dimension much smaller than the usual DBM or DLA
Moreover, the exponential screening in QDBM, compar
to the power law screening [mt,i ~ sti 1 1d2a [10] ]
corresponding to IP and similar models, gives a furth
evidence for the absence of scale invariant avalanc
in IP. Indeed, as discussed in [8], the form of th
screening in extremal processes determines the shap
the corresponding avalanche size distribution. Therefo
a power law distribution for the avalanche sizes c
only arise from a power law screening of the grow
probability of the interface bonds with respect to th
growth time.

Having characterized the quenched dynamics of
QDBM in terms of RTS growth probabilities, we ca
now consider the use of the FST [14] method to analy
the fractal properties of the resulting structures. Such
1505
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TABLE II. Second order FST computation of the fract
dimension of QDBM, for different values ofh with a ­ 1.

h Dshd
0.2 1.70
0.5 1.56
1.0 1.37
2.0 1.23
3.0 1.15

step, however, is nontrivial, and it requires the followin
considerations. The original dynamics is quenched a
IP, but in the end it does not lead to a critical thresho
for the effective probability distribution. This implies tha
we cannot consider the growth by avalanches as in
which would correspond to a specific implementation
the FST [8]. On the contrary, the Gaussian screening
Eq. (9) implies that a fast convergence of the FST ma
elements will be achieved using the same scheme a
DLA and DBM [14].

A nontrivial problem, instead, is the identification o
the scale invariant dynamicsfor this problem. In IP
the simple extremal rules and the avalanche dynam
can be used to argue that the small scale dynamic
already scale invariant [8]. In DLA (DBM) the situatio
is more complex, and it requires a specific renormalizat
study which also showed, however, that the small sc
dynamics is rather close to the scale invariant one [6].
the present case a systematic study of the scale inva
dynamics would require the combined renormalizati
of the effective probability densities and of the electr
fields of the bonds. At the moment, this appears far
complex. So, inspired by the results of the two cases
can treat, we assume that the small scale dynamics
reasonable approximation to the scale invariant one.

In this way we can proceed to the explicit calculatio
of the FST matrix elements and of the correspond
fractal dimensions. The results are reported in Table
for different values ofh with a ­ 1 (the calculation is up
to the second order in the FST scheme).
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These results allow us to understand the strong red
tion of the fractal dimension for QDBM (D ­ 1.37 for
h ­ 1) with respect to both IP (D ­ 1.8879 [8]) and
DBM (D ­ 1.6406 for h ­ 1 and cylinder geometry
[14]). On the other hand, the values ofD we obtain from
theory appear to be somewhat larger that those of the s
ulations. One can speculate that this may be due to
approximation used for the scale invariant dynamics.

We would like to thank G. Caldarelli for useful
discussions.
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