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Laplacian Fractal Growth in Media with Quenched Disorder
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We study the combined effect of a Laplacian field and quenched disorder in the generation of
fractal structures in the quenched dielectric breakdown model. The growth dynamics is shown to
evolve from the avalanches of invasion percolation (IP) to the smooth growth of Laplacian fractals,
i.e., diffusion limited aggregation and the dielectric breakdown model (DBM). The fractal dimension is
strongly reduced with respect to both the DBM and IP, due to the combined effect of memory and field
screening. This implies a specific relation between the fractal dimension of the breakdown structures
and the microscopic properties of disordered materials. [S0031-9007(97)03890-8]

PACS numbers: 61.43.Hv, 02.50.—r

The growth of fractal structures is usually described in In the original DBM the local fieldE; across a perime-
terms of physical models characterized by an irreversibléer bondi of the structure is related to the probability of
dynamics and a degree of self-organization. These modetgowth by p; = E;’, wheren is a parameter character-
can be divided in two broad classes. In the first ondzing the strength of the link between the field and the
the dynamics isstochastic(modulated by a field), and growth probability. The growth probability of a bond
its prominent examples are diffusion limited aggregationis then normalized with that of all the other perimeter
(DLA) [1], the dielectric breakdown model (DBM) [2], bonds. If we consider the generalization of such a process
and their variants. The second class is characterized g a random medium [7] each bond can be associated
a deterministic dynamics in guenchedandom medium. with a quenched variable; € [0, 1], extracted from a
An example is invasion percolation (IP) [3] and a relatedgiven probability distribution, which defines the strength
model is the Bak and Sneppen (BS) [4] model of biologicalof the bond (resistivity) with respect to the breakdown.
evolution. Concerning the growth dynamics, some ofThe growth process proceeds by breaking the weakest
these models grow in a smooth way (i.e., DLA and DBM),bond. Without the field this means to break the bond with
while other ones grow bgvalanchegi.e., IP) [5]. min;{x;}; this is invasion percolation [3]. If we introduce

Our understanding of the origin of fractal structuresthe local fieldE;, the tendency to break will be modulated
for the two classes is based on the idea thatfiective by the field itself. This requires the introduction of a new
screeningis present in the scale invariant dynamics [6].variable,

However, the origin and the properties of this screening X;
are very different. For Laplacian fractals it arises from yit) = W )
the geometrical screening of the electric field around the hich takes | hl' f G h .
structure. For the case of quenched dynamics, instea Iich takes into account this effect. -Growth at time

: ' : ; atcurs at the bond with the smallgstr).
there is no field and an effective screening develops as a Th " . ' . .

2 e probability density of;, following Ref. [7], is

memory effect from the quenched dynamics itself. el

The two kinds of dynamical models, stochastic with a po(x) = ax“"", )
field and quenched without a field, represent, howevernwhere the parameter (a € [0,]) models the strength
two extreme limiting cases of real natural phenomenaf the material. Small values af (¢ < 1) correspond
which usually present both features. For example, dito a fragile material in which most bonds are easy to
electric breakdown and fracture propagation in disorderetireak. Large values ofi (a > 1) correspond instead
solids represent important cases in which these elements a strong material. The limi¢ — o (p — ) implies
are combined [7]. that growth occurs deterministically at the bond with the

In this Letter we address the question of understandingargest field. The casg = 0 eliminates the effect of the
how the combination of these two basic elements operatdield and leads to the IP model. On the other hand, there
and leads to new phenomena. From a theoretical point 6§ no obvious limit that brings us back to the original
view this requires the unification of the concepts developedstochastic) DBM. In this respect the present model
for the two limiting cases. Together with suitable simula-that we may call quenched DBM (QDBM) contains the
tions, this allows us to link the microscopic properties ofelements of both the DBM and IP models, but it has a
disordered materials to the resulting fractal structures.  simple limiting case only towards IP.
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The effect of the field on the quenched variables is tdbe zero fory > 1 by construction, because at least the
modify the extension of its distribution for a given bond, variable with the maximum field must be smaller than 1.
as shown in Fig. 1. So, while the extensiongfis on  Therefore the bonds that are allowed to grow must refer to

the[0, 1] interval for all bonds, the distribution of; will values ofy in [0, 1]. On the other hand, its approximately
have an extension depending on the local figldFig. 1). flat behavior is quite nontrivial, and it indicates that the
It is convenient to use a normalized field (at time effect of the field dominates with respect to that of the
E() | quenched disorder. The best candidates for growth are
[E[(n]" = |:E7(t)} , (3) near the tips because of the field, so that memory effects

are limited with respect to IP and the process is close to
where E .« (1) is the maximum value of the field among deterministic DBM (which would givéd = 1).

the perimeter bonds at time. Using this field we Sample structures of QDBM growth are shown in Fig. 3.
havey;(t) = x;/[E/(t)]?, with a probability density [from They were found to satisfy fractal scaling with a definite
Eq. (2)] fractal dimension which is reported in Table | for different
_ 1 \1an a1 values ofz andz. These give a strong numerical evidence
poy) = alE{(0F7y*, () for the invariance property
and therefore the range of the variablér) for the bond L
with the largest field is alway® = y;(r) = 1, which is Dy(n;a) = Dy(na). ()
more convenient for the analysis. This result is quite interesting and nontrivial in view of

A fundamental characterization of the growth processhe very different role that the parametejsand a play
comes from the acceptation profiles, corresponding to thg the growth process. Later we are going to see theoreti-
distributions of thex;, y; for the grown bonds. In Fig. 2 cally what is the origin of this symmetry property. More-
we report, for parameter values= 1 and n = 1, the  over, we found that these values of fractal dimensions do
distribution of the variables; of the grown bonds, while npot depend on the sizes of the simulation. In fact, for
the inset refers to the analogous distribution for the a = 1 andn = 0.2 fixed, and different extensions of the

The behavior of these distributions as a function ofpaser, = 128, L = 256, andL = 512, we found, respec-
the total growth timer shows theself-organizationof tively, D; = 1.3 = 0.1, Dy = 1.34 = 0.04, and D; =
the system towards specific limiting distributions. The1.33 + 0.02.
distribution of thex; converges to a function which  From the theoretical side the growth process is deter-
extends on the entirg0, 1] interval. This implies that ministic, and it arises from the quenched disorder modu-
a value ofx; close to1 (unfavorable) may actually |ated by the field of the structure itself. A suitable
prevail on all others because of the effect of the ﬁe|d.approach to deal with a problem of fractal growth with
This situation is very different from the case of IP, in quenched disorder is the method of the run time statistics
which the analogous distribution is a theta function with(RTS) [8—10]. It consists in the mapping of a quenched
a discontinuity atx = p. < 1, where p, is the critical dynamics into a stochastic one wittognitive memory.
bond percolation probability. The existence of such arhe basic concept of the mapping is the following: if a
threshold implies that the dynamics evolves by scaléyond has “lost” many times, there is a finite probability
invariant avalanches [5,8].

The acceptation profile of the (inset of Fig. 2) seems

to converge to a theta function, but its meaning is quite 1.0 ”
different from the case of IP. In fact, the distribution must
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FIG. 1. Schematic picture of the role of a field;J on
the dynamics of QDBM. The two bonds have the sameFIG. 2. Time evolution of the acceptation profiles for the
(flat) distribution for the variablex;, which represents the variablesx; andy; (inset) for the bonds which grow. For—
microscopic properties of the material. However, once theex the convergence towards limiting distributions corresponds
bonds are subjected to different fields, (> E,), the effective  to the self- organized nature of the dynamics. The absence of
variables for the breakdown process become jthe= x;/E;, a threshold value fou(x) implies a smooth growth (not by
whose distributions are modulated by the field. avalanches).
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n=0.2, a=1 1=0.5, a=1 N=1.0, a=1 TABLE I. Fractal dimension of QDBM clusters of size
D=1.35 D=1.22 D=L15 512 X 2048, in cylinder geometry, for different values of the

parameters: and 7.
N D(n;a = 1) a D(a;n = 1)
y%’" =y 402 1.33 + 0.02 0.2 1.35 + 0.02
& iy o 0.5 121 + 0.02 0.5 122 + 0.02
\}i (}J" 1.0 1.15 = 0.02 1.0 1.15 = 0.02
: 2.0 1.07 = 0.01 2.0 1.06 = 0.01
g \} 3.0 1.02 = 0.01 3.0 1.03 £ 0.01

Y

(a) (b) (©) nal onep,;(y) = po(y) = a[EN(1)]*"ye~!. After a time
FIG. 3. Examples of QDBM clusters for different values 7 the density is modified in a way that is conditional to
of a - n. Note the small values oD with respect to IP the growth history of the bonds here can be considered
and DBM. as the “age” of the variable and, as a result of extreme

dynamics, the distribution of the variableacquires a de-
that it will never grow, even after an infinite time. This in- pendence on its age. This dependence can be quantified
troduces an effective dynamical screening which is at theising the RTS method. Following [8], we can derive an
basis of fractal properties. The RTS method provides &xpression for the probability that is the extremal vari-
systematic technique to describe this phenomenon, whichble, which is the growth probability, ; of the variablei
is typical of models with quenched disorder. at timer [11]
In the present case the situation is more complex in ! an(?)

view of the modulation induced by the field. To this pur- i = [0 dy pri(y) l_[ f dym prm(ym),  (6)
pose it is convenient to introduce the following concepts. mFi

To each interface bond we assign an effective probability’here @.() = [E, ()17 and the product accounts for
densityp,(y), wherei gives the position of the bond and the competition between the growing bond and the other

¢ is the total growth time. As soon as a bond become®€rimeter bonds. In the same way we can obtain an equa-

part of the growing interface, its distribution is the origf— ;[]ilon f_(t)r g;iupg.at?t;‘ron:et'irﬂe tor + 1 of the effective
ensity of bond; after sitei has grown,

rjy ay (1)
pri1j(y) = |:rjpt,j(rjy)]0 dy; pri(yi)0(ai(t) — y;) l_[ O(am(t) — yi)

m#j,i Yi

1
dym pt,m(ym)i| D (7)

t,i

wherer; = [Ej(t + 1)/E;(t)]" accounts for the changé an exponential screening which, for growth models [13],
of the electric field of the variablg from time r to time  yields E/(r) « ¢=<¢~%)_ Therefore, in terms of the age

r+ 1. T, =t — to, EQ. (8) becomes
Equations (6) and (7) provide the mapping of the —cant?
original quenched problem into a stochastic one defined Mii > e K (9)

by grow’gh probabilities. The specific real_izgtions O.f tiS this result shows that screening effects in QDBM are
stochastic process have the same statistical weight %?ronger than in stochastic DBMwhere p,; e~
N

t.hos‘? of Fhe O“gif‘a' quen_cheq problem.. The approximq[l:g])' This explains therefore why QDBM has a fractal
tion in this mapping consists in neglecting the geometri-yi < <ion much smaller than the usual DBM or DLA.

gal gorrilatl(:?s betwbeen P?mbab'“tg densme_s OP: dllffe_ren oreover, the exponential screening in QDBM, compared
onds, but this can be shown to be exact in the limit of, ) o power law screeninguf; = (r; + 1)~ [10]]

corresponding to IP and similar models, gives a further

. ' . @vidence for the absence of scale invariant avalanches

mthg fixed scale transf_ormatl_on (FST) scheme for the Calin IP. Indeed, as discussed in [8], the form of the

culation of the fractal cﬁmensmn. . . . _screening in extremal processes determines the shape of
Fr_om Fhe expression (6) it is pQSS|bIe to derlVethe corresponding avalanche size distribution. Therefore,

the Invariance property (5) that we mfer_red fr.om thea power law distribution for the avalanche sizes can

simulations. In fact, one can show by induction thatOnly arise from a power law screening of the growth

meila;m) = peilan) [11]. We can also study the o : :
behavior of screening effects in QDBM dynamics. An probability of the interface bonds with respect to the

. ; growth time.
analysis of Egs. (6) and (?) glvezigl)l] Having characterized the quenched dynamics of the
Mri o [E; ()], (8) QDBM in terms of RTS growth probabilities, we can

where 1y is the time where the bond first became partnow consider the use of the FST [14] method to analyze
of the interface. The electric field is characterized bythe fractal properties of the resulting structures. Such a
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TABLE Il. Second order FST computation of the fractal These results allow us to understand the strong reduc-
dimension of QDBM, for different values of with a = 1. tion of the fractal dimension for QDBMI = 1.37 for

n D(n) n = 1) with respect to both IPI§ = 1.8879 [8]) and
DBM (D = 1.6406 for » = 1 and cylinder geometry

85 1;2 [14]). On the other hand, the values Dfwe obtain from
1.0 1.37 theory appear to be somewhat larger that those of the sim-
2.0 1.23 ulations. One can speculate that this may be due to the
3.0 1.15 approximation used for the scale invariant dynamics.
We would like to thank G. Caldarelli for useful
discussions.
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